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Abstract Values of new series

∞
∑

n=1

(2n − 1)!ζ(2n)

(2n + 2k)!
α2n,

∞
∑

n=1

(2n − 1)!ζ(2n)

(2n + 2k + 1)!
β2n

are given concerning ζ(2k + 1), where k is a positive integer, α can be taken as 1, 1/2, 1/3, 2/3,

1/4, 3/4, 1/6, 5/6 and β can be taken as 1, 1/2. Some previous results are included as special

cases in the present paper and new series converges more rapidly than those exsiting results for

α = 1/3, or α = 1/4, or α = 1/6.
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1. Introduction

Riemann zeta function is defined as follows

ζ(s) =

∞
∑

k=1

1

ks
, Re(s) > 1. (1.1)

For Re(s) ≤ 1, s 6= 1, ζ(s) is defined as the analytic continuation of (1.1). Therefore, ζ(s) is

analytic for all complex plane except for a simple pole at s = 1 with residue 1. Based on this,

we have

ζ(0) = −
1

2
, ζ(2n) = (−1)n−1 (2π)2n

2(2n)!
B2n, n = 1, 2, 3, . . . ,

and

ζ(−2n) = 0, ζ(−2n + 1) = −
B2n

2n
,

where the rational numbers B2n are the Bernoulli numbers, that is, ζ(2n) can be expressed as a

rational multiple of π2n. There is no analogous closed evaluation for ζ(2n+1), and various series

and integral representations have been found (for example see [1–3]).

Received October 1, 2009; Accepted November 20, 2010

Supported by the National Natural Science Foundation of China (Grant No. 10571095), Ningbo Natural Science

Foundation (Grant No. 2009A610078) and Research Fund of Ningbo University (Grant No. xkl09042).
* Corresponding author

E-mail address: zhoucailian@nbu.edu.cn (C. L. ZHOU); wuyunfei@nbu.edu.cn (Y. F. WU)



522 C. L. ZHOU and Y. F. WU

In 1978 Apéry proved another remarkable result that ζ(3) is an irrational number based on

rapidly converging series [4–6]

ζ(3) =
5

2

∞
∑

k=1

(−1)k−1 1

k3

(

2k

k

) .

There exist related simple formulae for ζ(2) and ζ(4), but expressions for ζ(2n + 1), n ≥ 2, are

much more complicated [5, 7, 8].

Ewell [9] found a new simple series

ζ(3) = −
4π2

7

∞
∑

k=0

ζ(2k)

(2k + 1)(2k + 2)22k
, (1.2)

and Ewell [10] showed that there exists a multiple series representation of ζ(n) in the form

ζ(n) = −
2n−2π2

2n − 1

∞
∑

m=0

(−1)mA2m(n − 2)π2m

(2m + 2)!
, n = 3, 4, 5, . . . , (1.3)

where the coefficients A2m(n) are the finite sums which involve multinomial coefficients and the

Bernoulli numbers. Ewell’s method was modified by Zhang and Williams in [11]. They obtained

several series analogous to that in [3] and found a new formula for ζ(2n+1), n ≥ 2. Although still

complicated, their representation is simpler than that given by [10]. Again Ewell [12] deduced a

new series representation for ζ(2n+1) in a determinantal form. Further, Cvijović and Klinowski

[13] found two series representations for ζ(2n + 1), n ≥ 1, that is

ζ(2n + 1) = (−1)n (2π)2n

n(22n+1 − 1)

[

n−1
∑

k=1

(−1)k−1 kζ(2k + 1)

π2k(2n − 2k)!
+

∞
∑

k=0

ζ(2k)(2k)!

22k(2k + 2n)!

]

(1.4)

and

ζ(2n + 1) = (−1)n 4(2π)2n

(2n + 1)!

∞
∑

k=0

R2n+1,kζ(2k), (1.5)

where

R2n+1,k =
2n
∑

m=0

(

2n

m

)

(2n + 1)B2n−m

22k+m+1(2k + m + 1)(m + 1)
, k = 0, 1, 2, . . . ,

which are of rapid convergence.

Now in the present paper, by taking the advantage of Fourier’s expansion

log
(

2sin
θ

2

)

= −

∞
∑

n=1

cosnθ

n
, 0 < θ < 2π, (1.6)

and constructing integrals
∫ α

0

(α − x)klog(2sinπx)dx, k = 1, 2, 3, . . . ,

we give a family of new series

∞
∑

n=1

(2n − 1)!ζ(2n)

(2n + 2k)!
α2n,

∞
∑

n=1

(2n − 1)!ζ(2n)

(2n + 2k + 1)!
β2n, (1.7)
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which concern ζ(2l + 1), l = 1, 2, 3, . . . , k, where k is a positive integer, α can be taken as 1, 1/2,

1/3, 2/3, 1/4, 3/4, 1/6, 5/6, and β can be taken as 1, 1/2. All main results in [9–13] are included

as our special cases and new series converges more rapidly than those in [9–13] for α =1/3, or

α =1/4, or α =1/6.

2. Results and proofs

The results and proofs are as follows.

Theorem 2.1 For any positive integral k and 0 < α ≤ 1, we have the formula

∞
∑

n=1

(2n − 1)!ζ(2n)

(2n + 2k)!
α2n =

1

2

k
∑

l=1

(−1)l−1ζ(2l + 1)

(2πα)2l(2k − 2l)!
+

(−1)k

2(2πα)2k

∞
∑

n=1

cos(2nπα)

n2k+1
+

1

2(2k)!

(

log(2πα) +

2k
∑

l=1

(−1)ll−1

(

2k

l

))

. (2.1)

Proof Recalling Euler’s formula

sinπx = πx

∞
∏

k=1

(1 −
x2

k2
), 0 < x < 1, (2.2)

and taking logarithms on both sides of (2.2), we have

log(2sinπx) − log(2πx) =

∞
∑

k=1

log(1 −
x2

k2
) = −

∞
∑

k=1

∞
∑

n=1

x2n

nk2n

= −

∞
∑

n=1

( ∞
∑

k=1

1

k2n

)

x2n

n
= −

∞
∑

n=1

x2nζ(2n)

n
. (2.3)

Multiplying (α− x)2k−1 in both sides of (2.3), and integrating from x = 0 to x = α, we have
∫ α

0

(α − x)2k−1log(2sinπx)dx −

∫ α

0

(α − x)2k−1log(2πx)dx

= −

∫ α

0

(α − x)2k−1

∞
∑

n=1

x2nζ(2n)

n
dx, (2.4)

where 0 < α ≤ 1 and k is a positive integer. By Fourier expansion (1.6), replacing x by
θ

2π
and

integrating by parts, we deduce that
∫ α

0

(α − x)2k−1log(2sinπx)dx

=
1

(2π)2k

∫ 2πα

0

(2πα − θ)2k−1log(2sin
θ

2
)dθ

= −
1

(2π)2k

∫ 2πα

0

(2πα − θ)2k−1

∞
∑

n=1

cosnθ

n
dθ

= −
1

(2π)2k

∫ 2πα

0

(2πα − θ)2k−1d(

∞
∑

n=1

sinnθ

n2
)
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=
2k − 1

(2π)2k

∫ 2πα

0

(2πα − θ)2k−2d(

∞
∑

n=1

cosnθ

n3
)

= −
(2k − 1)α2k−2

(2π)2
ζ(3) +

(2k − 1)!

(2π)2k(2k − 3)!

∫ 2πα

0

(2πα − θ)2k−3d(

∞
∑

n=1

sinnθ

n4
)

= · · ·

=

k
∑

l=1

(−1)l(2k − 1)!ζ(2l + 1)

(2π)2l(2k − 2l)!
α2k−2l +

(−1)k−1(2k − 1)!

(2π)2k

∞
∑

n=1

cos(2nπα)

n2k+1
, (2.5)

and

−

∫ α

0

(α − x)2k−1log(2πx)dx =
1

2k

∫ α

0

log(2πx)d[(α − x)2k − α2k]

= −
α2k

2k

(

log(2πα) +

2k
∑

l=1

(−1)ll−1

(

2k

l

))

. (2.6)

On the other hand, integrating by parts, we deduce that

−

∫ α

0

(α − x)2k−1

∞
∑

n=1

x2nζ(2n)

n
dx = −2(2k − 1)!

∞
∑

n=1

(2n − 1)!ζ(2n)

(2n + 2k)!
α2n+2k. (2.7)

Combining (2.4), (2.5), (2.6) and (2.7) gives the formula (2.1).

Theorem 2.2 For any positive integral k and 0 < β ≤ 1, we have the formula

∞
∑

n=1

(2n − 1)!ζ(2n)

(2n + 2k + 1)!
β2n =

1

2

k
∑

l=1

(−1)l−1ζ(2l + 1)

(2πβ)2l(2k − 2l + 1)!
+

(−1)k

2(2πβ)2k+1

∞
∑

n=1

sin(2nπβ)

n2k+2
+

1

2(2k + 1)!

(

log(2πβ) +

2k+1
∑

l=1

(−1)ll−1

(

2k + 1

l

))

. (2.8)

Proof Similarly to Theorem 2.1, multiplying (β − x)2k in both sides of (2.3), and integrating

from x = 0 to x = β, we deduce that Theorem 2.2 holds.

Noting that

∞
∑

n=1

cos(2nπ)

n2k+1
= ζ(2k + 1),

∞
∑

n=1

cos(nπ)

n2k+1
= −

22k − 1

22k
ζ(2k + 1),

∞
∑

n=1

cos(2nπ/3)

n2k+1
=

∞
∑

n=1

cos(4nπ/3)

n2k+1
= −

32k − 1

2 × 32k
ζ(2k + 1),

∞
∑

n=1

cos(nπ/2)

n2k+1
=

∞
∑

n=1

cos(3nπ/2)

n2k+1
= −

22k − 1

24k+1
ζ(2k + 1),

∞
∑

n=1

cos(nπ/3)

n2k+1
=

∞
∑

n=1

cos(5nπ/3)

n2k+1
=

(22k − 1)(32k − 1)

22k+132k
ζ(2k + 1),

and making α = 1, 1

2
, 1

3
, 2

3
, 1

4
, 3

4
, 1

6
and 5

6
in (2.1), and making β = 1, 1

2
in (2.8), we obtain the

following formulas.



New rapidly convergent series concerning ζ(2k + 1) 525

Corollary 2.1 For any positive integral k, we have

∞
∑

n=1

(2n − 1)!ζ(2n)

(2n + 2k)!
=

1

2

k−1
∑

l=1

(−1)l−1ζ(2l + 1)

(2π)2l(2k − 2l)!
+

1

2(2k)!

(

log2π +

2k
∑

l=1

(−1)ll−1

(

2k

l

))

, (2.9)

where the finite sum on the right-hand side is 0 when k = 1,

∞
∑

n=1

(2n − 1)!ζ(2n)

22n(2n + 2k)!
=

1

2

k
∑

l=1

(−1)l−1ζ(2l + 1)

π2l(2k − 2l)!
+

(−1)k−1(22k − 1)ζ(2k + 1)

2(2π)2k
+

1

2(2k)!

(

logπ +

2k
∑

l=1

(−1)ll−1

(

2k

l

))

, (2.10)

∞
∑

n=1

(2n − 1)!ζ(2n)

32n(2n + 2k)!
=

1

2

k
∑

l=1

(−1)l−132lζ(2l + 1)

(2π)2l(2k − 2l)!
+

(−1)k−1(32k − 1)ζ(2k + 1)

4(2π)2k
+

1

2(2k)!

(

log
2π

3
+

2k
∑

l=1

(−1)ll−1

(

2k

l

))

, (2.11)

∞
∑

n=1

22n(2n − 1)!ζ(2n)

32n(2n + 2k)!
=

1

2

k
∑

l=1

(−1)l−132lζ(2l + 1)

(4π)2l(2k − 2l)!
+

(−1)k−1(32k − 1)ζ(2k + 1)

4(4π)2k
+

1

2(2k)!

(

log
4π

3
+

2k
∑

l=1

(−1)ll−1

(

2k

l

))

, (2.12)

∞
∑

n=1

(2n − 1)!ζ(2n)

42n(2n + 2k)!
=

1

2

k
∑

l=1

(−1)l−122lζ(2l + 1)

π2l(2k − 2l)!
+

(−1)k−1(22k − 1)ζ(2k + 1)

4(2π)2k
+

1

2(2k)!

(

log
π

2
+

2k
∑

l=1

(−1)ll−1

(

2k

l

))

, (2.13)

∞
∑

n=1

32n(2n − 1)!ζ(2n)

42n(2n + 2k)!
=

1

2

k
∑

l=1

(−1)l−122lζ(2l + 1)

(3π)2l(2k − 2l)!
+

(−1)k−1(22k − 1)ζ(2k + 1)

4(6π)2k
+

1

2(2k)!

(

log
3π

2
+

2k
∑

l=1

(−1)ll−1

(

2k

l

))

, (2.14)

∞
∑

n=1

(2n − 1)!ζ(2n)

62n(2n + 2k)!
=

1

2

k
∑

l=1

(−1)l−132lζ(2l + 1)

π2l(2k − 2l)!
+

(−1)k(22k − 1)(32k − 1)ζ(2k + 1)

4(2π)2k
+

1

2(2k)!

(

log
π

3
+

2k
∑

l=1

(−1)ll−1

(

2k

l

))

, (2.15)

∞
∑

n=1

52k(2n − 1)!ζ(2n)

62n(2n + 2k)!
=

1

2

k
∑

l=1

(−1)l−132lζ(2l + 1)

(5π)2l(2k − 2l)!
+

(−1)k(22k − 1)(32k − 1)ζ(2k + 1)

4(10π)2k
+

1

2(2k)!

(

log
5π

3
+

2k
∑

l=1

(−1)ll−1

(

2k

l

))

, (2.16)
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and

∞
∑

n=1

(2n − 1)!ζ(2n)

(2n + 2k + 1)!
=

1

2

k
∑

l=1

(−1)l−1ζ(2l + 1)

(2π)2l(2k − 2l + 1)!
+

1

2(2k + 1)!

(

log2π +
2k+1
∑

l=1

(−1)ll−1

(

2k + 1

l

))

, (2.17)

∞
∑

n=1

(2n − 1)!ζ(2n)

22n(2n + 2k + 1)!
=

1

2

k
∑

l=1

(−1)l−1ζ(2l + 1)

π2l(2k − 2l + 1)!
+

1

2(2k + 1)!

(

logπ +

2k+1
∑

l=1

(−1)ll−1

(

2k + 1

l

))

. (2.18)

Corollary 2.2 For any positive integral k, we have

∞
∑

n=1

(2n)!ζ(2n)

22n(2n + 2k)!
=

k−1
∑

l=1

(−1)llζ(2l + 1)

π2l(2k − 2l)!
+

(−1)kk(22k+1 − 1)ζ(2k + 1)

(2π)2k
+

1

2(2k)!
, (2.19)

where the finite sum on the right-hand side is 0 when k = 1.

Proof Replacing k by k − 1 in (2.18), we have

∞
∑

n=1

(2n − 1)!ζ(2n)

22n(2n + 2k − 1)!
=

1

2

k−1
∑

l=1

(−1)l−1ζ(2l + 1)

π2l(2k − 2l − 1)!
+

1

2(2k − 1)!

(

logπ +

2k−1
∑

l=1

(−1)ll−1

(

2k − 1

l

))

. (2.20)

Noting that
(2n − 1)!

(2n + 2k − 1)!
−

2k(2n − 1)!

(2n + 2k)!
=

(2n)!

(2n + 2k)!

with (2.10) and (2.20), we obtain (2.19).

As special case for (2.9)–(2.19), we get a family of ζ(3):

ζ(3) =2π2

( ∞
∑

n=1

ζ(2n)

n(n + 1)(n + 2)(2n + 1)(2n + 3)
−

1

6
log2π +

25

72

)

, (2.21)

ζ(3) =
2π2

7

(

∞
∑

n=1

ζ(2n)

22nn(n + 1)(2n + 1)
− logπ +

3

2

)

, (2.22)

ζ(3) =
2π2

13

( ∞
∑

n=1

ζ(2n)

32nn(n + 1)(2n + 1)
− log

2π

3
+

3

2

)

, (2.23)

ζ(3) =
8π2

13

( ∞
∑

n=1

22nζ(2n)

32nn(n + 1)(2n + 1)
− log

4π

3
+

3

2

)

, (2.24)

ζ(3) =
4π2

35

( ∞
∑

n=1

ζ(2n)

42nn(n + 1)(2n + 1)
− log

π

2
+

3

2

)

, (2.25)

ζ(3) =
36π2

35

( ∞
∑

n=1

32nζ(2n)

42nn(n + 1)(2n + 1)
− log

3π

2
+

3

2

)

, (2.26)
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ζ(3) =
π2

12

( ∞
∑

n=1

ζ(2n)

62nn(n + 1)(2n + 1)
− log

π

3
+

3

2

)

, (2.27)

ζ(3) =
25π2

12

( ∞
∑

n=1

52nζ(2n)

62nn(n + 1)(2n + 1)
− log

5π

3
+

3

2

)

, (2.28)

ζ(3) =2π2

(

∞
∑

n=1

ζ(2n)

n(n + 1)(2n + 1)(2n + 3)
−

1

3
log2π +

11

18

)

, (2.29)

ζ(3) =
π2

2

( ∞
∑

n=1

ζ(2n)

22nn(n + 1)(2n + 1)(2n + 3)
−

1

3
logπ +

11

18

)

, (2.30)

ζ(3) = −
4π2

7

(

∞
∑

n=0

ζ(2n)

22n(2n + 1)(2n + 2)

)

, (2.31)

(2.31) is (1.4). So does ζ(5), and so on. 2

Remark We note that (2.19) is exactly (1.4). Also, making another form combining (2.10) and

(2.18), we get (1.5). For example, combining (2.22) and (2.30), we deduce that

ζ(3) = −
8π2

5

∞
∑

n=0

ζ(2n)

22n(2n + 1)(2n + 2)(2n + 3)
. (2.32)

Combining (2.31) and (2.32) gives

ζ(3) = −
π2

3

∞
∑

n=0

(2n + 5)ζ(2n)

22n(2n + 1)(2n + 2)(2n + 3)
, (2.33)

that is (17a) in [13].

References

[1] RAMANUJAN S. Notebooks of Srinivasa Ramanujan (2 vols.) [M]. Tata Institute of Fundamental Research,

Bombay, 1957.
[2] BERNDT B C. Modular transformations and generalizations of several formulae of Ramanujan [J]. Rocky

Mountain J. Math., 1977, 7(1): 147–189.
[3] BERNDT B. Ramanujan’s Notebooks, Part II [M]. Springer, New York, 1989.
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