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Abstract In this paper we study the stability of (p,Y)-operator frames. We firstly discuss
the relations between p-Bessel sequences (or p-frames) and (p, Y')-operator Bessel sequences (or
(p,Y)-operator frames). Through defining a new union, we prove that adding some elements to
a given (p,Y)-operator frame, the resulted sequence will be still a (p,Y)-operator frame. We
obtain a necessary and sufficient condition for a sequence of compound operators to be a (p,Y)-
operator frame. Lastly, we show that (p,Y)-operator frames for X are stable under some small
perturbations.
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1. Introduction

In 1946, Gabor [26] discussed a decomposition of signals in terms of elementary signals.
In 1952, Duffin and Schaeffer [21] generalized Gabor’s fundamental idea and firstly introduced
the notion of frames in a Hilbert space when they studied nonharmonic Fourier analysis. But
their work was not continued until 1986 when Daubechies, Grossman and Meyer [19] found
that the functions in L?(R) could be expressed as the series which was similar to the orthonor-
mal basis by using the theory of frames and applied the theory of frames to wavelet and Ga-
bor transform. From then on, the theory of frames began to be studied widely and deeply
[4,6,8,10,18]. Recently, the theory of frames for Hilbert spaces has been generalized in sev-
eral directions [3,9,11,12,17,25,29-32] and applied to signal processing, image processing, data
compressing and sampling theory and so on [26-28].

In 1990s, Grochenig, Aldroubi, Sung and Tang began to study the theory of frames in Banach

spaces [27]. They introduced two kinds of notions of frames in a Banach space: Banach frames
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and p-frames (1 < p < 00). Sun [35,36] introduced and discussed the concept of g-frames for a
Hilbert space, which generalizes the concepts of frames [6], pseudo frames [34], oblique frames
[13,22], outer frames [1], bounded quasi-projectors [23,24] and frames of subspaces [3,15]. Cao
[5] generalized the concept of g-frames to the concept of (p,Y)-operator frames for a Banach
space X. Hence, the concept of (p,Y)-operator frame for a Banach space generalizes all of the
concepts of frames.

In this paper, we study the stability of (p,Y)-operator frames for a Banach space. At first,
we review the concepts of p-frames, (p,Y)-operator Bessel sequences and (p, Y)-operator frames
for a Banach space X. We discuss the relations between p-Bessel sequences (or p-frames) and
(p, Y)-operator Bessel sequences (or (p, Y )-operator frames). Moreover, by defining a new union,
we prove that adding some elements to a given (p, Y')-operator frame, the resulted sequence will
be still a (p, Y)-operator frame. We obtain a necessary and sufficient condition for a sequence of
compound operators to be a (p,Y)-operator frame. Lastly, we show that (p, Y )-operator frames
for X are stable under some small perturbations.

Throughout this paper, let A and I be infinite countable sets, F be the field C of all complex
numbers, or the field R of all real numbers, and F(A) be the set of all nonempty subsets of A.
In what follows, X,Y are Banach spaces over F, X* is the dual space of X. Let B(X,Y’) denote
the Banach space of all bounded linear operators from X into Y, and B(X) = B(X, X).

Recall that

Y) = {{yntnea :yn €Y (Yn € A) with [{yn}neall, < oo}, (1)

where

Hundneallo = ( 3 lwnl?)”, 1<p < oo, 2)

neA
[{yn}nealloo = sup [lynl- (3)
neA

It is easy to check that (¢P(Y),| - ||,) becomes a Banach space over F.

Definition 1.1 ([27]) Let {fi}ien C X*, 1 < p < co. Then {fi}ica C X* is a p-Bessel sequence
for X, if there exists a positive constant B such that
» 1/p
(S ussar) " < BIfIL vreX. (4)
i€EA
We say that {fi}ien C X* is a p-frame for X, if there exist two positive constants A, B such
that

Alfl < (1) " < Bl vrex. 6)

€A
Definition 1.2 ([5]) Let T = {T;},ea C B(X,Y), 1 <p < oo. Then {T;}ien C B(X,Y) is a

(p,Y)-operator Bessel sequence in X, if there exists a positive constant B such that

I{Tif ieally < BIlfIl, VfeX. (6)
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Definition 1.3 ([5]) Let T = {T;}ien C B(X,Y), 1 < p < oco. Then {T;};en C B(X,Y) is a

(p,Y)-operator frame in X, if there exist two positive constants A, B such that

AlfI < I{Tif Yieally < BIfIl, Vf € X. (7)

We denote by B (Y) and F%(Y) the sets of all (p, Y)-operator Bessel sequences and (p,Y)-
operator frames for X, respectively. For every T' € FY(Y), define

Br = inf{B > 0| B satisfies (1.7)}, (8)
Ar = sup{A > 0| A satisfies (1.7)}, (9)

which are called the upper and lower frame bounds of T, respectively.

This paper is organized as follows. At first, we review the concepts of p-frames, (p,Y)-
operator Bessel sequences and (p,Y)-operator frames for a Banach space X. In Section 2,
we discuss the relations between p-Bessel sequences (or p-frames) and (p,Y)-operator Bessel
sequences (or (p,Y)-operator frames). By defining a new union, we prove that adding some
elements to a given (p,Y)-operator frame, the resulted sequence will be still a (p,Y)-operator
frame. Moreover, we obtain a necessary and sufficient condition for a sequence of compound
operators to be a (p,Y)-operator frame. In Section 3, we show that (p,Y)-operator frames for

X are stable under some small perturbations.

2. Some properties of (p,Y)-operator frames

It was proved in [5] that B% (Y) is a Banach space. Let T = {T,}nen € BX(Y), S =
{Sn}ner € B%(Y) and A € F. We define

T+ 8 ={T0+ Su}nen, AT = {\Tp }nea, (10)
IT|l = sup [{Tnf}neallp- (11)
!

Moreover, for every f in X, put Tf = {T,,f}nea. Then
ITfllp < ITIIAN, VFeX.

The following result was given in [5], which gives some characterizations of (p,Y')-operator
Bessel sequences. But there exists a bug in the proof for (3) = (4) of the theorem. Next, we

give a revised proof of it.

Theorem 2.1 Let 1 <p<oo,p '4+q ' =1andT = {T;}icn C B(X,Y). Then the following
statements are equivalent.
1) T e B%(Y).
2) Ve e X, ca | Tiz||P < oc.
3) Yy;tiea € L9(Y™), > ,cn Tiy;i converges in X*.
4) The operator St : £4(Y™*) — X* given by
Sr{yibiea = Y T}y, (12)

€A
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is well-defined and bounded.

Proof 3) = 4). Let 3) be valid. Then the operator Sy : £4(Y*) — X* is well-defined and
linear. Take A,, € F(A) such that A, C Apy1 forn =1,2,... and A = U2, A,,. Define B, :
1Y) — X* by Bu{y] iea = D ien XA, (1) Ty, then B, € B(£4(Y™*), X*) for all n =1,2,....
For every {y; }ica € £9(Y™), we compute that lim, .o Bu{y] ica = D_;en T5yi = ST{y; biea-
By the Banach-Steinhaus Theorem, we know that St is bounded. The proof is completed. O

The following theorem is a generalization of Theorem 2.2 in [5], which gives a relation between

(p, Y)-operator Bessel sequences and p-Bessel sequences.

Theorem 2.2 Let 1 < p < oo, T = {T;}ica be a (p,Y)-operator Bessel sequence for X. Then
for every family {y;}ica € £°(Y™), the family {T;y}}ica is a p-Bessel sequence for X.

Proof V{y!}ica € ¢>°(Y*) and Vf € X, we compute that

YULTIYNP =Y UTf )P < Y (TP - lyf[17)

i€A i€A i€A

A . «1)" p . *
< () - (sop i) < BEUAP - i

This shows that {T;*y} }ica is a p-Bessel sequence for X. The proof is completed. O

Corollary 2.3 Let 1 <p < oo, T = {T;}ica be a (p,Y)-operator Bessel sequence for X. Then
for every family {y;}icn € £9(Y™), the family {T}y} }ica is a p-Bessel sequence for X.

Proof Use (4(Y*) C (>°(Y*). O

Theorem 2.4 Let T = {T;}ica € B5(Y) and there exists a family {y} };ea € °°(Y™*) such that
g =A{T;y}}ica is a p-frame for X. Then T = {T;}ica € FY(Y).

Proof Since g = {T;*y} }ien is a p-frame for X, Vf € X,
AP < WA TP =Y KTf )P < DI IP Iy YieallZ,
ieA ieA €A
thus, Vf € X,
1/p A
(ITs17) ™ = 1l

: ~ I{y; Yeall
i€EA

On the other hand, since T = {T;}iea € B (Y), T = {T}ica € F%(Y). The proof is completed.
O

Definition 2.5 Let Ty = {T}}Viea, To = {T?}ien, -, Tn = {T'}iea € B(X,Y) (2 < n < o0)
and A=A UA;U---UA,, where A1, Ao, ..., A, are disjoint infinite subsets of A. Then there

exist n bijections

a1 A= Ayas: A— Ao an i A— Ay,

)
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Define {Hi}ieA by
Tl,l ., 1€ Al;
ap ()
T2, ., i€ Ay;
H; = ay (i) 2 (13)
Tn—l )9 7’ € A’n.a

ag ()

called the disjoint union of {T}}ien, {T?}ica, - -, {T! }ien, denoted by
{T Yiea U{T7Yiea U - - U{T] i

Theorem 2.6 Let T = {T;}icp € FY(Y) and S = {S;}ica C B(X,Y). Then H = {H;}icp =
{T;}iea U {Sitien € FY(Y) if and only if S = {S;}ien € B5%(Y). In that case, Ayp < Ay <
By < (BY + BE)7.

Proof <. Assume S = {S;}ica € BX(Y). Vf € X, we have

DM =D NHIP+ Y NHf 1P =Y N Toa o FI7+ D 1Sas10 FI17

i€EA i€EA i€EAo i€EA1 1€A,
=Y ITAIP+ D ISifIP < (BY + BE)| £,
i€A 1€EA

On the other hand,
SNHAP =D TP > AR FIP, Vf € X,
iEA iEA
Therefore, {H; }ien € F%(Y) with Ay < Ay < By < (BE + Bb)7.
=. Assume H = {H;},cp € FY(Y). Then Vf € X, we have
SIS < Y IHfP < BY £
i€EA i€EA

Therefore, we conclude that
S = {Si}ieA S B%(Y)

The proof is completed. O

Theorem 2.7 Let T = {T;}ica C B(X,Y), S = {S;}jer € Fy(Z). Then the following
statements are equivalent.

1) {Titiea € FR(Y).

2) ST :={SjTi} i jieaxr € F%(Z). In that case, AsAr < Asy < Bsy < BgBr.

Proof 1) = 2). Let 1) hold. Vf € X,
Yo ST =YD IS Tif P < Y BEITif|IP < BEBE|fIIP

(4,§)EAXT i€A jeT €A
and
Yo ST =)0 USTifIP = Y AGITAIP = AGAL| £IIP.
(4,§)EAXT i€A jeT €A

This shows that {Sjn}ieA,jeF S FA;;}(Z) with AsAT S AST S BST S BsBT.



540 Z. H. GUO, H. X. CAO and J. C. YIN
2) = 1). Let 2) be valid. Vf € X, since S = {S;};er € F¥(Z), we conclude that

AT A1l < O ISTfIP)? < Bs||Tif |, Vi € A,

jer
AL TfIIP <Y NS Tif|IP < BEITfIIP, Vi € A
jer
Thus
AT <SS IS TP < BEY TP
i€EA €N jeTl €A
So, we get that, Vf € X,
Bér
DT <1745 3 ISTAT < —gE AP,
ieA (i,5)€AXT S
and
Alr
DITfIP = 1/Bg 3 STl = AP
icA (4,j)EAXT 5
Therefore,

T = {Tihin € FL(Y).
The proof is completed. O

Theorem 2.8 Suppose that {L;}}_, C B(Y,Z), T = {T;}ien € Fx(Y), and there exists
m (1 <m < n) such that Ly, is bounded below, then H = {Hy}ren = |[j_ {L;Ti}ier € F%(Z)
with . )
cAr < Agp < By < (Z HLij)EBT-
j=1

Proof Since L,, is bounded below, there exists ¢ > 0 such that
cllyll < 1 Lmyll < (| Lanllllyll, Yy €Y.

Thus, Vf € X, we get that

FALNSIP <Y NTAP < DD ML TfIP = I Hf P

= j=14i€A kEA
On the other hand,

S IL T < (S ILlP) (X ITfl7) < (S ILsl ) BRI
j=14ieA j=1 i€EA j=1
Consequently, H € F3(Z) with cAr < Ay < By < (3], ||Lj|\p)%BT. The proof is com-
pleted. O
An interesting question is whether the inverse of Theorem 2.8 is true.
Note that following Definition 2.5, n in Theorem 2.8 is assumed to be > 2. In fact, it is easy
to prove that {LT;},cn € F%(Z) where n = 1.
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3. The perturbations of (p,Y)-operator frames

Theorem 3.1 Let T = {T;};en € B (Y).

1) Suppose that T = {T;}ien € FR(Y), S = {Si}ien € B5%(Y) with ||S|| < Arp, then
T+SeF(Y)and T — S € FE(Y).

2) Suppose that there exists S = {S;}ica € BX(Y) such that T+ S € FY(Y) and ||S|| <
Arys, then T = {Ti}ieA S FA;;}(Y)

Proof 1) Vf € X, we get
T+ S)fllp =T+ S < NTHILA+ ISTILAN< (Br + [SIDILF,

and

T+ 8)fllp =IITF+Sfllp = ITfllp = 15Fllp = (Ar = [ISIDIFI-

Thus, T + S € FY(Y). Similarly, we can get that T — S € F{(Y).
2) Use 1).
The proof is completed. O

Theorem 3.2 Let T = {T;}ien € FY(Y), S = {Sitiea C B(X,Y). Suppose that there
exist constants A1, Aa, it > 0, such that max{\; + u/Ar, A2} < 1, and the following condition is
satisfied:

(T = S)fllp < MITfllp + AllSFllp + pllfIl, VS € X, (14)

then S = {Si}ieA S F§ (Y) with

A+ A+ p/Ar
1+ Ao

Proof Since T = {T;}ica € FX(Y), we get that

A+ A2+ p/Ar

Ag > Ar(1 .
S = T( 1— X )

)7 BS S BT(l +

1
171 < 3T fll ¥ € X,
T
it follows from (14) that
(T =5)fllp < A1+ 1/ AT fllp + A2l Sfllp- (15)
By the triangle inequality, we have
(T = S)fllp = NTFllp = 15 £1lp- (16)
Hence, by (15) and (16), we have

L+ M)Sfllp = (1 =M = p/AD)Tfllp = (1 = M — pu/Ar) A7 || f-

Therefore,
1—X —p/Ar
> - F/ETE
1S fllp > Ty Ar| £,
that is \ \ /A
T At
IS£ll, > Ar(1 — S22 7).

14+ Ao
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On the other hand, by the triangle inequality, we have
(T = S)fllp 2 IS fllp = 1T flp- (17)
Hence, by (15) and (17), we have
(L =2)[SFllp < U+ M+ p/AT)[Tfllp < (1 + A+ p/Ar)Br| f],

hence
M+ e+ u/Ar

<
ISl < Br(1 + 22

A

Consequently, S = {S;}ica € FY(Y) with

M+ Ao+ p/Ar
1+ A

A1 +)\2+,U/AT

Ag > Ar(1 — .
S = T( 1— X )

)7 BS S BT(l +

The proof is completed. O

In [2], a perturbation of a g-frame was introduced.

Definition 3.3 ([2]) Let {T;},ca be a g-frame for U with respect to {Vi}iea, 0 < A < 1,
0 < A2 < 1 and {¢;}ien a sequence of positive numbers with ZiEA ¢;2 < oo. Then the family
{Si}tiena is a (A1, A2, {¢i}ien)-perturbation of {T;}ien if

IT5f = Sifll < MITif Il + XM Sif I + il fll, Vie A, VfeU.
Now we generalize this concept to the case of (p, Y )-operator frames.

Definition 3.4 Let {T;}iea € FR(Y), 0 < A1 < 1, 0 < Xy < 1, and {c¢;i}ica a sequence
of positive numbers with ¢ = >, .\ ¢;P < oco. Then the family S = {S;}sen C B(X,Y) is a
(A1, A2, {¢;i biea)-perturbation of {T;}icn, if

ITif = Sifll < MITif|| + Xl Sif || + il fIl, Vie A, VfeX. (18)

Theorem 3.5 Let T = {T;}ica € FY(Y) and S be a (A1, A2, {¢; }ien)-perturbation of {T;}icn.
If (1= M\)Ar > c'/P. Then S = {S;}iea € F(Y) with
(1 — )\1)AT — Cl/p
Ag >
S = 14+ X
Proof Vf € X, we get from (18) that

(
(Ssr1)" <(Samsi+ e - sosne)
(

(14 A\)Bp + /P

Bg <
’ 5= 1— X

iEA

<

1/p
STl + MITf I+ A2l Sif ]+ Cillfll)”)

/
<@+ (SIns) "+ xa (St ) + el
i€EA i€A

Hence,

(-2 (Y ||Sz-f||”)1/p < (4 2)Br+ )| fl, Vf e X,

€A
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which yields

1/ L+ X)Br + /P
(Sisirp)’” < LB o (19)
ieA 2
Similarly, by (18) we have
1/p 1/p
(S userl?) ™ = (SoUmsl = 1T = ) £1)7)
€A 1€EA
1/p
> (AT = MITA I = Aol Sif 1l = el £1)7)
€A

/p /p
> -2 (X Imr) " (1) el
i€A i€EA

Hence,
1/p
W+ 22)(USfI) 7 = (1= M)Az —e7) |1£]], Vf € X.

€A

Finally,
1/p 1—\)Ap — /P
(Sisippr)” > GAr ey g (20)
i€A 1+

By (19) and (20), we get that S = {S;}iea € F%(Y) with

Ag > (1 —M)Ap —ct/p B < (1+ A\1)Br +ct/P
- 14+ Ao ’ - 1— X '
The proof is completed. O
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