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(p, Y )-operator frames). Through defining a new union, we prove that adding some elements to

a given (p, Y )-operator frame, the resulted sequence will be still a (p, Y )-operator frame. We

obtain a necessary and sufficient condition for a sequence of compound operators to be a (p, Y )-
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1. Introduction

In 1946, Gabor [26] discussed a decomposition of signals in terms of elementary signals.

In 1952, Duffin and Schaeffer [21] generalized Gabor’s fundamental idea and firstly introduced

the notion of frames in a Hilbert space when they studied nonharmonic Fourier analysis. But

their work was not continued until 1986 when Daubechies, Grossman and Meyer [19] found

that the functions in L2(R) could be expressed as the series which was similar to the orthonor-

mal basis by using the theory of frames and applied the theory of frames to wavelet and Ga-

bor transform. From then on, the theory of frames began to be studied widely and deeply

[4, 6, 8, 10, 18]. Recently, the theory of frames for Hilbert spaces has been generalized in sev-

eral directions [3, 9, 11, 12, 17, 25, 29–32] and applied to signal processing, image processing, data

compressing and sampling theory and so on [26–28].

In 1990s, Grochenig, Aldroubi, Sung and Tang began to study the theory of frames in Banach

spaces [27]. They introduced two kinds of notions of frames in a Banach space: Banach frames
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and p-frames (1 < p < ∞). Sun [35, 36] introduced and discussed the concept of g-frames for a

Hilbert space, which generalizes the concepts of frames [6], pseudo frames [34], oblique frames

[13, 22], outer frames [1], bounded quasi-projectors [23, 24] and frames of subspaces [3, 15]. Cao

[5] generalized the concept of g-frames to the concept of (p, Y )-operator frames for a Banach

space X . Hence, the concept of (p, Y )-operator frame for a Banach space generalizes all of the

concepts of frames.

In this paper, we study the stability of (p, Y )-operator frames for a Banach space. At first,

we review the concepts of p-frames, (p, Y )-operator Bessel sequences and (p, Y )-operator frames

for a Banach space X . We discuss the relations between p-Bessel sequences (or p-frames) and

(p, Y )-operator Bessel sequences (or (p, Y )-operator frames). Moreover, by defining a new union,

we prove that adding some elements to a given (p, Y )-operator frame, the resulted sequence will

be still a (p, Y )-operator frame. We obtain a necessary and sufficient condition for a sequence of

compound operators to be a (p, Y )-operator frame. Lastly, we show that (p, Y )-operator frames

for X are stable under some small perturbations.

Throughout this paper, let Λ and Γ be infinite countable sets, F be the field C of all complex

numbers, or the field R of all real numbers, and F(Λ) be the set of all nonempty subsets of Λ.

In what follows, X, Y are Banach spaces over F, X∗ is the dual space of X . Let B(X, Y ) denote

the Banach space of all bounded linear operators from X into Y , and B(X) = B(X, X).

Recall that

ℓp(Y ) = {{yn}n∈Λ : yn ∈ Y (∀n ∈ Λ) with ‖{yn}n∈Λ‖p < ∞}, (1)

where

‖{yn}n∈Λ‖p =
(

∑

n∈Λ

‖yn‖
p
)

1

p

, 1 ≤ p < ∞, (2)

‖{yn}n∈Λ‖∞ = sup
n∈Λ

‖yn‖. (3)

It is easy to check that (ℓp(Y ), ‖ · ‖p) becomes a Banach space over F.

Definition 1.1 ([27]) Let {fi}i∈Λ ⊂ X∗, 1 < p < ∞. Then {fi}i∈Λ ⊂ X∗ is a p-Bessel sequence

for X , if there exists a positive constant B such that

(

∑

i∈Λ

|〈f, fi〉|
p
)1/p

≤ B‖f‖, ∀f ∈ X. (4)

We say that {fi}i∈Λ ⊂ X∗ is a p-frame for X , if there exist two positive constants A, B such

that

A‖f‖ ≤
(

∑

i∈Λ

|〈f, fi〉|
p
)1/p

≤ B‖f‖, ∀f ∈ X. (5)

Definition 1.2 ([5]) Let T = {Ti}i∈Λ ⊂ B(X, Y ), 1 ≤ p ≤ ∞. Then {Ti}i∈Λ ⊂ B(X, Y ) is a

(p, Y )-operator Bessel sequence in X , if there exists a positive constant B such that

‖{Tif}i∈Λ‖p ≤ B‖f‖, ∀f ∈ X. (6)
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Definition 1.3 ([5]) Let T = {Ti}i∈Λ ⊂ B(X, Y ), 1 ≤ p ≤ ∞. Then {Ti}i∈Λ ⊂ B(X, Y ) is a

(p, Y )-operator frame in X , if there exist two positive constants A, B such that

A‖f‖ ≤ ‖{Tif}i∈Λ‖p ≤ B‖f‖, ∀f ∈ X. (7)

We denote by Bp
X(Y ) and F p

X(Y ) the sets of all (p, Y )-operator Bessel sequences and (p, Y )-

operator frames for X , respectively. For every T ∈ F p
X(Y ), define

BT = inf{B > 0| B satisfies (1.7)}, (8)

AT = sup{A > 0| A satisfies (1.7)}, (9)

which are called the upper and lower frame bounds of T , respectively.

This paper is organized as follows. At first, we review the concepts of p-frames, (p, Y )-

operator Bessel sequences and (p, Y )-operator frames for a Banach space X . In Section 2,

we discuss the relations between p-Bessel sequences (or p-frames) and (p, Y )-operator Bessel

sequences (or (p, Y )-operator frames). By defining a new union, we prove that adding some

elements to a given (p, Y )-operator frame, the resulted sequence will be still a (p, Y )-operator

frame. Moreover, we obtain a necessary and sufficient condition for a sequence of compound

operators to be a (p, Y )-operator frame. In Section 3, we show that (p, Y )-operator frames for

X are stable under some small perturbations.

2. Some properties of (p, Y )-operator frames

It was proved in [5] that Bp
X(Y ) is a Banach space. Let T = {Tn}n∈Λ ∈ Bp

X(Y ), S =

{Sn}n∈Λ ∈ Bp
X(Y ) and λ ∈ F. We define

T + S = {Tn + Sn}n∈Λ, λT = {λTn}n∈Λ, (10)

‖T ‖ = sup
‖f‖≤1

‖{Tnf}n∈Λ‖p. (11)

Moreover, for every f in X , put Tf = {Tnf}n∈Λ. Then

‖Tf‖p ≤ ‖T ‖|f‖, ∀f ∈ X.

The following result was given in [5], which gives some characterizations of (p, Y )-operator

Bessel sequences. But there exists a bug in the proof for (3) ⇒ (4) of the theorem. Next, we

give a revised proof of it.

Theorem 2.1 Let 1 < p < ∞, p−1 + q−1 = 1 and T = {Ti}i∈Λ ⊂ B(X, Y ). Then the following

statements are equivalent.

1) T ∈ Bp
X(Y ).

2) ∀x ∈ X,
∑

i∈Λ ‖Tix‖
p < ∞.

3) ∀{y∗
i }i∈Λ ∈ ℓq(Y ∗),

∑

i∈Λ T ∗
i y∗

i converges in X∗.

4) The operator ST : ℓq(Y ∗) → X∗ given by

ST {y
∗
i }i∈Λ =

∑

i∈Λ

T ∗
i y∗

i (12)
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is well-defined and bounded.

Proof 3) ⇒ 4). Let 3) be valid. Then the operator ST : ℓq(Y ∗) → X∗ is well-defined and

linear. Take Λn ∈ F(Λ) such that Λn ⊂ Λn+1 for n = 1, 2, . . . and Λ = ∪∞
n=1Λn. Define Bn :

ℓq(Y ∗) → X∗ by Bn{y
∗
i }i∈Λ =

∑

i∈Λ χΛn
(i)T ∗

i y∗
i , then Bn ∈ B(ℓq(Y ∗), X∗) for all n = 1, 2, . . . .

For every {y∗
i }i∈Λ ∈ ℓq(Y ∗), we compute that limn→∞ Bn{y

∗
i }i∈Λ =

∑

i∈Λ T ∗
i y∗

i = ST {y
∗
i }i∈Λ.

By the Banach-Steinhaus Theorem, we know that ST is bounded. The proof is completed. 2

The following theorem is a generalization of Theorem 2.2 in [5], which gives a relation between

(p, Y )-operator Bessel sequences and p-Bessel sequences.

Theorem 2.2 Let 1 ≤ p < ∞, T = {Ti}i∈Λ be a (p, Y )-operator Bessel sequence for X . Then

for every family {y∗
i }i∈Λ ∈ ℓ∞(Y ∗), the family {T ∗

i y∗
i }i∈Λ is a p-Bessel sequence for X .

Proof ∀{y∗
i }i∈Λ ∈ ℓ∞(Y ∗) and ∀f ∈ X , we compute that

∑

i∈Λ

|〈f, T ∗
i y∗

i 〉|
p =

∑

i∈Λ

|〈Tif, y∗
i 〉|

p ≤
∑

i∈Λ

(‖Tif‖
p · ‖y∗

i ‖
p)

≤
(

∑

i∈Λ

‖Tif‖
p
)

·
(

sup
i∈Λ

‖y∗
i ‖

)p

≤ Bp
T ‖f‖

p · ‖{y∗
i }‖

p
∞.

This shows that {T ∗
i y∗

i }i∈Λ is a p-Bessel sequence for X . The proof is completed. 2

Corollary 2.3 Let 1 ≤ p ≤ ∞, T = {Ti}i∈Λ be a (p, Y )-operator Bessel sequence for X . Then

for every family {y∗
i }i∈Λ ∈ ℓq(Y ∗), the family {T ∗

i y∗
i }i∈Λ is a p-Bessel sequence for X .

Proof Use ℓq(Y ∗) ⊂ ℓ∞(Y ∗). 2

Theorem 2.4 Let T = {Ti}i∈Λ ∈ Bp
X(Y ) and there exists a family {y∗

i }i∈Λ ∈ ℓ∞(Y ∗) such that

g = {T ∗
i y∗

i }i∈Λ is a p-frame for X . Then T = {Ti}i∈Λ ∈ F p
X(Y ).

Proof Since g = {T ∗
i y∗

i }i∈Λ is a p-frame for X , ∀f ∈ X ,

Ap
g‖f‖

p ≤
∑

i∈Λ

|〈f, T ∗
i y∗

i 〉|
p =

∑

i∈Λ

|〈Tif, y∗
i 〉|

p ≤
∑

i∈Λ

‖Tif‖
p‖{y∗

i }i∈Λ‖
p
∞,

thus, ∀f ∈ X,

(

∑

i∈Λ

‖Tif‖
p
)1/p

≥
Ag

‖{y∗
i }i∈Λ‖∞

‖f‖.

On the other hand, since T = {Ti}i∈Λ ∈ Bp
X(Y ), T = {Ti}i∈Λ ∈ F p

X(Y ). The proof is completed.

2

Definition 2.5 Let T1 = {T 1
i }i∈Λ, T2 = {T 2

i }i∈Λ, . . . , Tn = {T n
i }i∈Λ ⊂ B(X, Y ) (2 ≤ n < ∞)

and Λ = Λ1 ∪ Λ2 ∪ · · · ∪ Λn, where Λ1, Λ2, . . . , Λn are disjoint infinite subsets of Λ. Then there

exist n bijections

α1 : Λ → Λ1, α2 : Λ → Λ2, . . . , αn : Λ → Λn.



Stability of (p, Y )-operator frames 539

Define {Hi}i∈Λ by

Hi =



























T 1
α−1

1
(i)

, i ∈ Λ1;

T 2
α−1

2
(i)

, i ∈ Λ2;

· · ·

T n
α−1

n (i)
, i ∈ Λn,

(13)

called the disjoint union of {T 1
i }i∈Λ, {T 2

i }i∈Λ, . . . , {T n
i }i∈Λ, denoted by

{T 1
i }i∈Λ ⊔ {T 2

i }i∈Λ ⊔ · · · ⊔ {T n
i }i∈Λ.

Theorem 2.6 Let T = {Ti}i∈Λ ∈ F p
X(Y ) and S = {Si}i∈Λ ⊂ B(X, Y ). Then H = {Hi}i∈Λ =

{Ti}i∈Λ ⊔ {Si}i∈Λ ∈ F p
X(Y ) if and only if S = {Si}i∈Λ ∈ Bp

X(Y ). In that case, AT ≤ AH ≤

BH ≤ (Bp
T + Bp

S)
1

p .

Proof ⇐. Assume S = {Si}i∈Λ ∈ Bp
X(Y ). ∀f ∈ X , we have

∑

i∈Λ

‖Hif‖
p =

∑

i∈Λ1

‖Hif‖
p +

∑

i∈Λ2

‖Hif‖
p =

∑

i∈Λ1

‖Tα−1

1
(i)f‖

p +
∑

i∈Λ2

‖Sα−1

2
(i)f‖

p

=
∑

i∈Λ

‖Tif‖
p +

∑

i∈Λ

‖Sif‖
p ≤ (Bp

T + Bp
S)‖f‖p.

On the other hand,
∑

i∈Λ

‖Hif‖
p ≥

∑

i∈Λ

‖Tif‖
p ≥ Ap

T ‖f‖
p, ∀f ∈ X.

Therefore, {Hi}i∈Λ ∈ F p
X(Y ) with AT ≤ AH ≤ BH ≤ (Bp

T + Bp
S)

1

p .

⇒. Assume H = {Hi}i∈Λ ∈ F p
X(Y ). Then ∀f ∈ X , we have

∑

i∈Λ

‖Sif‖
p ≤

∑

i∈Λ

‖Hif‖
p ≤ Bp

H‖f‖p.

Therefore, we conclude that

S = {Si}i∈Λ ∈ Bp
X(Y ).

The proof is completed. 2

Theorem 2.7 Let T = {Ti}i∈Λ ⊂ B(X, Y ), S = {Sj}j∈Γ ∈ F p
Y (Z). Then the following

statements are equivalent.

1) {Ti}i∈Λ ∈ F p
X(Y ).

2) ST := {SjTi}(i,j)∈Λ×Γ ∈ F p
X(Z). In that case, ASAT ≤ AST ≤ BST ≤ BSBT .

Proof 1) ⇒ 2). Let 1) hold. ∀f ∈ X ,
∑

(i,j)∈Λ×Γ

‖SjTif‖
p =

∑

i∈Λ

∑

j∈Γ

‖SjTif‖
p ≤

∑

i∈Λ

Bp
S‖Tif‖

p ≤ Bp
SBp

T ‖f‖
p

and
∑

(i,j)∈Λ×Γ

‖SjTif‖
p =

∑

i∈Λ

∑

j∈Γ

‖SjTif‖
p ≥

∑

i∈Λ

Ap
S‖Tif‖

p ≥ Ap
SAp

T ‖f‖
p.

This shows that {SjTi}i∈Λ,j∈Γ ∈ F p
X(Z) with ASAT ≤ AST ≤ BST ≤ BSBT .
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2) ⇒ 1). Let 2) be valid. ∀f ∈ X , since S = {Sj}j∈Γ ∈ F p
Y (Z), we conclude that

AS‖Tif‖ ≤ (
∑

j∈Γ

‖SjTif‖
p)1/p ≤ BS‖Tif‖, ∀i ∈ Λ,

Ap
S‖Tif‖

p ≤
∑

j∈Γ

‖SjTif‖
p ≤ Bp

S‖Tif‖
p, ∀i ∈ Λ.

Thus

Ap
S

∑

i∈Λ

‖Tif‖
p ≤

∑

i∈Λ

∑

j∈Γ

‖SjTif‖
p ≤ Bp

S

∑

i∈Λ

‖Tif‖
p.

So, we get that, ∀f ∈ X ,

∑

i∈Λ

‖Tif‖
p ≤ 1/Ap

S

∑

(i,j)∈Λ×Γ

‖SjTif‖
p ≤

Bp
ST

Ap
S

‖f‖p,

and
∑

i∈Λ

‖Tif‖
p ≥ 1/Bp

S

∑

(i,j)∈Λ×Γ

‖SjTif‖
p ≥

Ap
ST

Bp
S

‖f‖p.

Therefore,

T = {Ti}i∈Λ ∈ F p
X(Y ).

The proof is completed. 2

Theorem 2.8 Suppose that {Lj}
n
j=1 ⊂ B(Y, Z), T = {Ti}i∈Λ ∈ F p

X(Y ), and there exists

m (1 ≤ m ≤ n) such that Lm is bounded below, then H = {Hk}k∈Λ =
⊔n

j=1{LjTi}i∈Λ ∈ F p
X(Z)

with

cAT ≤ AH ≤ BH ≤
(

n
∑

j=1

‖Lj‖
p
)

1

p

BT .

Proof Since Lm is bounded below, there exists c > 0 such that

c‖y‖ ≤ ‖Lmy‖ ≤ ‖Lm‖‖y‖, ∀y ∈ Y.

Thus, ∀f ∈ X , we get that

cpAp
T ‖f‖

p ≤ cp
∑

i∈Λ

‖Tif‖
p ≤

n
∑

j=1

∑

i∈Λ

‖LjTif‖
p =

∑

k∈Λ

‖Hkf‖p.

On the other hand,

n
∑

j=1

∑

i∈Λ

‖LjTif‖
p ≤

(

n
∑

j=1

‖Lj‖
p
)(

∑

i∈Λ

‖Tif‖
p
)

≤
(

n
∑

j=1

‖Lj‖
p
)

Bp
T ‖f‖

p.

Consequently, H ∈ F p
X(Z) with cAT ≤ AH ≤ BH ≤ (

∑n
j=1 ‖Lj‖

p)
1

p BT . The proof is com-

pleted. 2

An interesting question is whether the inverse of Theorem 2.8 is true.

Note that following Definition 2.5, n in Theorem 2.8 is assumed to be ≥ 2. In fact, it is easy

to prove that {LTi}i∈Λ ∈ F p
X(Z) where n = 1.
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3. The perturbations of (p, Y )-operator frames

Theorem 3.1 Let T = {Ti}i∈Λ ∈ Bp
X(Y ).

1) Suppose that T = {Ti}i∈Λ ∈ F p
X(Y ), S = {Si}i∈Λ ∈ Bp

X(Y ) with ‖S‖ < AT , then

T + S ∈ F p
X(Y ) and T − S ∈ F p

X(Y ).

2) Suppose that there exists S = {Si}i∈Λ ∈ Bp
X(Y ) such that T + S ∈ F p

X(Y ) and ‖S‖ <

AT+S , then T = {Ti}i∈Λ ∈ F p
X(Y ).

Proof 1) ∀f ∈ X , we get

‖(T + S)f‖p = ‖Tf + Sf‖p ≤ ‖T ‖‖f‖+ ‖S‖‖f‖ ≤ (BT + ‖S‖)‖f‖,

and

‖(T + S)f‖p = ‖Tf + Sf‖p ≥ ‖Tf‖p − ‖Sf‖p ≥ (AT − ‖S‖)‖f‖.

Thus, T + S ∈ F p
X(Y ). Similarly, we can get that T − S ∈ F p

X(Y ).

2) Use 1).

The proof is completed. 2

Theorem 3.2 Let T = {Ti}i∈Λ ∈ F p
X(Y ), S = {Si}i∈Λ ⊂ B(X, Y ). Suppose that there

exist constants λ1, λ2, µ ≥ 0, such that max{λ1 + µ/AT , λ2} < 1, and the following condition is

satisfied:

‖(T − S)f‖p ≤ λ1‖Tf‖p + λ2‖Sf‖p + µ‖f‖, ∀f ∈ X, (14)

then S = {Si}i∈Λ ∈ F p
X(Y ) with

AS ≥ AT (1 −
λ1 + λ2 + µ/AT

1 + λ2
), BS ≤ BT (1 +

λ1 + λ2 + µ/AT

1 − λ2
).

Proof Since T = {Ti}i∈Λ ∈ F p
X(Y ), we get that

‖f‖ ≤
1

AT
‖Tf‖p, ∀f ∈ X,

it follows from (14) that

‖(T − S)f‖p ≤ (λ1 + µ/AT )‖Tf‖p + λ2‖Sf‖p. (15)

By the triangle inequality, we have

‖(T − S)f‖p ≥ ‖Tf‖p − ‖Sf‖p. (16)

Hence, by (15) and (16), we have

(1 + λ2)‖Sf‖p ≥ (1 − λ1 − µ/AT )‖Tf‖p ≥ (1 − λ1 − µ/AT )AT ‖f‖.

Therefore,

‖Sf‖p ≥
1 − λ1 − µ/AT

1 + λ2
AT ‖f‖,

that is

‖Sf‖p ≥ AT (1 −
λ1 + λ2 + µ/AT

1 + λ2
)‖f‖.
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On the other hand, by the triangle inequality, we have

‖(T − S)f‖p ≥ ‖Sf‖p − ‖Tf‖p. (17)

Hence, by (15) and (17), we have

(1 − λ2)‖Sf‖p ≤ (1 + λ1 + µ/AT )‖Tf‖p ≤ (1 + λ1 + µ/AT )BT ‖f‖,

hence

‖Sf‖p ≤ BT (1 +
λ1 + λ2 + µ/AT

1 − λ2
)‖f‖.

Consequently, S = {Si}i∈Λ ∈ F p
X(Y ) with

AS ≥ AT (1 −
λ1 + λ2 + µ/AT

1 + λ2
), BS ≤ BT (1 +

λ1 + λ2 + µ/AT

1 − λ2
).

The proof is completed. 2

In [2], a perturbation of a g-frame was introduced.

Definition 3.3 ([2]) Let {Ti}i∈Λ be a g-frame for U with respect to {Vi}i∈Λ, 0 ≤ λ1 < 1,

0 ≤ λ2 < 1 and {ci}i∈Λ a sequence of positive numbers with
∑

i∈Λ ci
2 < ∞. Then the family

{Si}i∈Λ is a (λ1, λ2, {ci}i∈Λ)-perturbation of {Ti}i∈Λ if

‖Tif − Sif‖ ≤ λ1‖Tif‖ + λ2‖Sif‖ + ci‖f‖, ∀i ∈ Λ, ∀f ∈ U.

Now we generalize this concept to the case of (p, Y )-operator frames.

Definition 3.4 Let {Ti}i∈Λ ∈ F p
X(Y ), 0 ≤ λ1 < 1, 0 ≤ λ2 < 1, and {ci}i∈Λ a sequence

of positive numbers with c =
∑

i∈Λ ci
p < ∞. Then the family S = {Si}i∈Λ ⊂ B(X, Y ) is a

(λ1, λ2, {ci}i∈Λ)-perturbation of {Ti}i∈Λ, if

‖Tif − Sif‖ ≤ λ1‖Tif‖ + λ2‖Sif‖ + ci‖f‖, ∀i ∈ Λ, ∀f ∈ X. (18)

Theorem 3.5 Let T = {Ti}i∈Λ ∈ F p
X(Y ) and S be a (λ1, λ2, {ci}i∈Λ)-perturbation of {Ti}i∈Λ.

If (1 − λ1)AT > c1/p. Then S = {Si}i∈Λ ∈ F p
X(Y ) with

AS ≥
(1 − λ1)AT − c1/p

1 + λ2
, BS ≤

(1 + λ1)BT + c1/p

1 − λ2
.

Proof ∀f ∈ X , we get from (18) that

(

∑

i∈Λ

‖Sif‖
p
)1/p

≤
(

∑

i∈Λ

(‖Tif‖ + ‖(Ti − Si)f‖)
p
)1/p

≤
(

∑

i∈Λ

(‖Tif‖ + λ1‖Tif‖ + λ2‖Sif‖ + ci‖f‖)
p
)1/p

≤(1 + λ1)
(

∑

i∈Λ

‖Tif‖
p
)1/p

+ λ2

(

∑

i∈Λ

‖Sif‖
p
)1/p

+ c1/p‖f‖.

Hence,

(1 − λ2)
(

∑

i∈Λ

‖Sif‖
p
)1/p

≤
(

(1 + λ1)BT + c1/p
)

‖f‖, ∀f ∈ X,
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which yields
(

∑

i∈Λ

‖Sif‖
p
)1/p

≤
(1 + λ1)BT + c1/p

1 − λ2
‖f‖. (19)

Similarly, by (18) we have

(

∑

i∈Λ

‖Sif‖
p
)1/p

≥
(

∑

i∈Λ

(‖Tif‖ − ‖(Ti − Si)f‖)
p
)1/p

≥
(

∑

i∈Λ

(‖Tif‖ − λ1‖Tif‖ − λ2‖Sif‖ − ci‖f‖)
p
)1/p

≥(1 − λ1)
(

∑

i∈Λ

‖Tif‖
p
)1/p

− λ2

(

∑

i∈Λ

‖Sif‖
p
)1/p

− c1/p‖f‖.

Hence,

(1 + λ2)
(

∑

i∈Λ

‖Sif‖
p
)1/p

≥
(

(1 − λ1)AT − c1/p
)

‖f‖, ∀f ∈ X.

Finally,
(

∑

i∈Λ

‖Sif‖
p
)1/p

≥
(1 − λ1)AT − c1/p

1 + λ2
‖f‖. (20)

By (19) and (20), we get that S = {Si}i∈Λ ∈ F p
X(Y ) with

AS ≥
(1 − λ1)AT − c1/p

1 + λ2
, BS ≤

(1 + λ1)BT + c1/p

1 − λ2
.

The proof is completed. 2

References

[1] ALDROUBI A, CABRELLI C, MOLTER U M. Wavelets on irregular grids with arbitrary dilation matrices

and frame atoms for L2(Rd) [J]. Appl. Comput. Harmon. Anal., 2004, 17(2): 119–140.
[2] KHOSRAVI A, MUSAZADEH K. Fusion frames and g-frames [J]. J. Math. Anal. Appl., 2008, 342(2):

1068–1083.

[3] ASGARI M S, KHOSRAVI A. Frames and bases of subspaces in Hilbert spaces [J]. J. Math. Anal. Appl.,
2005, 308(2): 541–553.

[4] CASAZZA P G. The art of frame theory [J]. Taiwanese J. Math., 2000, 4(2): 129–201.
[5] CAO Huaixin, LI Lan, CHEN Qingjiang. et al. (p, Y )-operator frames for a Banach space [J]. J. Math. Anal.

Appl., 2008, 347(2): 583–591.

[6] CAO Huaixin. Bessel sequences in a Hilbert space [J]. Gongcheng Shuxue Xuebao, 2000, 17(2): 92–98.
[7] CAO Huaixin, YU Baomin. Orthogonal Wavelet Vectors in a Hilbert Space [M]. Birkh”auser, Basel, 2007.

[8] CAZASSA P G, CHRISTENSEN O. Perturbation of operators and applications to frame theory [J]. J. Fourier

Anal. Appl., 1997, 3(5): 543–557.
[9] CASAZZA P, CHRISTENSEN O, STOEVA D T. Frame expansions in separable Banach spaces [J]. J. Math.

Anal. Appl., 2005, 307(2): 710–723.
[10] CASAZZA P G, HAN D, LARSON D. Frames for Banach spaces [J]. Contemp. Math., 1999, 247: 149–182.

[11] CHRISTENSEN O. An introduction to frames and Riesz bases [M]. Birkhäuser Boston, Inc., Boston, MA,

2003.
[12] CHRISTENSEN O, STOEVA D T. p-frames in separable Banach spaces [J]. Frames. Adv. Comput. Math.,

2003, 18(2-4): 117–126.
[13] CHRISTENSEN O, ELDAR Y C. Oblique dual frames and shift-invariant spaces [J]. Appl. Comput. Harmon.

Anal., 2004, 17(1): 48–68.

[14] CHUI C K. An Introduction to Wavelets [M]. Academic Press, Inc., Boston, MA, 1992.
[15] CASAZZA P G, KUTYNIOK G. Frame of subspaces [J]. Contemp. Math., 2004, 344: 87–113.

[16] CONWAY J B. A Course in Functional Analysis [M]. Springer-Verlag, New York, 1985.



544 Z. H. GUO, H. X. CAO and J. C. YIN

[17] DAHLKE S, STEIDL G, TESCHKE G. Coorbit spaces and Banach frames on homogeneous spaces with

applications to the sphere [J]. Adv. Comput. Math., 2004, 21(1-2): 147–180.
[18] DAI Xingde, LU Shijie. Wavelets in subspaces [J]. Michigan Math. J., 1996, 43(1): 81–98.

[19] DAUBECHIES I, GROSSMANN A, MEYER Y. Painless nonorthogonal expansions [J]. J. Math. Phys.,

1986, 27(5): 1271–1283.
[20] DIESTEL J. Sequences and Series in Banach Spaces [M]. Springer-Verlag, New York, 1984.

[21] DUFFIN R J, SCHAEFFER A C. A class of nonharmonic Fourier series [J]. Trans. Amer. Math. Soc., 1952,
72: 341–366.

[22] ELDAR Y C. Sampling with arbitrary sampling and reconstruction spaces and oblique dual frame vectors

[J]. J. Fourier Anal. Appl., 2003, 9(1): 77–96.
[23] FORNASIER M. Quasi-orthogonal decompositions of structured frames [J]. J. Math. Anal. Appl., 2004,

289(1): 180–199.
[24] FORNASIER M. Decompositions of Hilbert spaces: Local construction of global frames [M]. DARBA, Sofia,

2003.

[25] FRANK M, LARSON D R. Frames in Hilbert C∗-modules and C∗-algebras [J]. J. Operator Theory, 2002,
48(2): 273–314.

[26] GABOR D. Theory of communications [J]. J. Inst. Elec. Engrg., 1946, 93: 429-457.
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