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1. Introduction

In recent years, the theory of ordinary differential equations in Banach space has become
a new important branch of investigation (see, for example, [1-4] and references therein). In
a recent paper, Liu [14] investigated the existence of solutions of the following second-order

two-point boundary value problems (BVP for short) on infinite intervals in a Banach space E:

{ 2 (t) = f(t,a(t),2'(t), teJ,
2(0) = o, #'(00) = Yoo,

where f € C[J x E x E,E], J = [0,400), 2'(c0) = lim;_,o 2'(t). The main tool used is the
Sadovskii’s fixed point theorem. On the other hand, the multi-point boundary value problems
arising from applied mathematics and physics have been studied extensively in the literature.
There are many excellent results about the existence of positive solutions for multi-point bound-

ary value problems in scalar case (see, for instance, [5-11] and references therein). However, such
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results are fewer in Banach spaces [12,13,16]. In [16], we investigated the positive solutions for

the following multi-point boundary value problems in a Banach space E

{ 2 (t) + f(t,2(t),2' (1) =0, teJy,
2(0) = i  ua(&), @/ (00) = Yo

where J = [0,00), J1 = (0,00), a; € [0,400), & € (0,400) with 0 < & < & < -+ < &p_a <
00, 0< M 0 < 1L, Y P i /(1- 0 P i) > 1

It seems that there are few results available for systems of second-order differential equations
with multi-point in Banach spaces. In this paper, we consider the following singular m-point

boundary value problem on the half line in a Banach space E:
(1)

where J = [0,00), J1 = (0,00), a;, 53 € [0,4+0), & € (0,4+00) with 0 < & < & < -+ <
Em—o < 400, 0 < 211712 o < 1,0 < ZZ’;Q B; < 1. Nonlinear terms f(t,xo,z1,Y0,y1) and
9(t, o, 1, Y0,y1) permit singularities at t = 0, z;, y; = 6 (i = 0,1) where 0 denotes the zero
element of Banach space E. By singularity, we mean that || f(¢,zo, z1,%0,y1)|| — o0 as t — 0T
or z;,y; — 0 (i=0,1).

Recently, using Shauder fixed point theorem, Guo [15] obtained the existence of positive
solutions for a class of nth-order nonlinear impulsive singular integro-differential equations in a
Banach space. Motivated by Guo’s work, in this paper, we shall use the cone theory and the
Monch fixed point theorem combined with a monotone iterative technique to investigate the
positive solutions BVP (1). The main features are as follows: Firstly, compared with [14], the
problem we discussed here is systems of multi-point boundary value problem and nonlinear terms
permit singularity not only at t = 0 but also at a;, y; = 0 (¢ = 0,1). Secondly, the construction of
nonempty convex closed set is completely different from that in [15] and [16] since the problems
considered here are multi-point boundary value problems for systems. It is worth pointing out
that by employing the new constructed nonempty convex closed set, we relax the restriction
on the coefficients a; and &;, i.e., we delete the condition that 221_12 ;& /(1 — 221_12 a;) > 1.
Furthermore, the relative compact conditions we used are weaker. Finally, an iterative sequence
for the solution under some normal type conditions is established which makes it convenient in

applications.

2. Preliminaries and several lemmas
Let

t
FC[J,E| ={z € C[J, E]: supM <
tes t+1

oo},
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and

DC'J,E]={z € C'[J,E] : supM < oo and sup ||z(t)|| < oo}.
teg t+1 teJ

Evidently, C'[J, E] C C[J, E], DC'[J, E] C FC[J, E]. 1t is easy to see that FC[J, E] is a Banach

space with norm

and DC'[J, E] is also a Banach space with norm

lzllp = max{|lz|r, 2"l c},

where

'l = sup ||/ (t)]
teJ

Let X = DC'[J, E] x DC'[J, E] with norm ||(z,y)||x = max{||z|/p, |lyllp}, ¥V (z,y) € X. Then
(X, |I,-|lx) is also a Banach space. The basic space in this paper is (X, |-, || x)-

Let P be a normal cone in E with normal constant N which defines a partial ordering in £
by x <y. If x <yand z # y, we write z < y. Let Py = P\{0}. So, z € Py if and only if x > 6.
For details on cone theory, see [4].

In what follows, we always assume that xe > 2, Yoo > S, 2§, Y5 € P1. Let Poy = {z €
P:x>Xaf}, Pix={y e P:y> Xy}t (A>0). Obviously, Pox, Pix C Py for any A > 0. When
A =1, we write Py = Pp1, P = P11, ie, Bhb={x e P:x >z}, PL={ye P:y>yj} Let
P(F) ={z € FC|J,E] : z(t) > 0,V t € J}, and P(D) = {x € DC*[J,E] : x(t) > 0,2/(t) >
0,vt € J}. Clearly, P(F), P(D) are cones in FC[J, E] and DC[J, E], respectively. A map
(z,y) € DC'[J, E] N C?[J! , E] is called a positive solution of BVP (1) if (z,y) € P(D) x P(D)
and (x(t),y(t)) satisfies BVP (1).

Let o, ar, ap, ax denote Kuratowski measure of non-compactness in E, FC[J, E], DC[J, E]
and X, respectively. For details on the definition and properties of the measure of non-compactness,

the reader is referred to references [1-4]. For notational simplicity, denote

m—2 m—2
1 1
Do=——m=— ) & Di=——m=- ) B
1= o ; 120216 ;
A; = min{ Dy, 1}, A =min{Dy,1}. (2)

Throughout this paper, we make the following assumptions.
(Hl) f,g S O[JJr X Pox X Pyx X P1y X Ppy, P] for any A > 0 and there exist a;, bi, C; € L[J+, J]
and h; € C[Jy x Jp x Jy x Jy, J] (i =0,1) such that

£ (¢, 2o, 21, Yo, y1)|| < ao(t) + bo(t)ho([|lzoll; lz1l; lyoll, lyal),
Vie JJ,-,.’I]i € POXSuyi € Pl)\’lka 2'20,1,
llg(t, zo, 21,90, y1)Il < a1 (t) + ba(&)hi(|lzoll, lz1ll; lyoll, lyal),

Vite i, wi € Poxg,yi € Piar, 1=0,1,
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and
| f(t, z0, 21, Y0, Y1)l . llg(t, zo, 1,0, y1)|
co(t)([zoll + llz1ll + [lyoll + llyall) " a(®)(lzoll + Nzl + llyoll + lyll)
as ; € Poxg,yi € Pray (i = 0,1), |lzol| + |z1 || + [[yoll + lya ]| — oo,

— 0

uniformly for ¢ € J, and

/ a;(t)dt = a} <oo/ dt—b*<oo/ Y1+t)dt=¢f <00, i=0,1.
0

(Hz) For any ¢ € J; and countable bounded set V; C DC'[J, Pox:], Wi C DC'[J, Pyx:] (i =
0,1), there exist L;(t), K;(t) € L[J,J] (i =0, 1) such that

a(f(t, Vo(t), Va(t), Wolt ) < ZLOz ) + Koi(t)a(Wi (1)),

a(g(t, Vo(t), Va(t), Wo(t ) < Zle ) + Ki(t)a(Wi(t))

with

+o0 1

(Hs) t€ Jy, Agag < 2 ST, Ajyg < 4 <, (i =0,1) imply
f(t7x07$17y07y1) S f(taff)ufluyO?yl)a g(t x07x17y07y1) g(t $07x17y07y1)
Hereafter, we write Q; = {x € DC'[J,P] : ) (t) > Nsaj, Vt € J,i = 0,1}, Q2 = {y €
DC[J, P] : y®D(t) > Nyg, ¥Vt € Jyi = 0,1}, and Q = Q1 x Qo. Evidently, Q1, Q2 and Q are
closed convex set in DC[J, E] and X, respectively.

We shall reduce BVP (1) to a system of integral equations in E. To this end, we first consider
operator A defined by

Az, y)(t) = (A1(z,y)(t), A2(z,y)(t)), (3)
where
Ai(z,y)(t)
= ﬁ [( ; algz Too + Z o /El /+0° f(r z(r),2' (), y(r),y’(ﬂ)drds}—l—
/ /+°° (1, 2(7), 2" (1), y(7), ' (7))d7ds + txs, (4)
Az (z,y)(t)
:ﬁfﬁﬁK;@&%+z@f7m'” UM)%WWF

t 400
/0 / g(r,2(r), 2/ (7),y(7), o (7))drds + tyes. (5)
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Lemma 1 If condition (Hy) is satisfied, then operator A defined by (3) is a continuous operator

from @ into Q.

Proof Let

1 1
aozmin{ S akma ) T }
110‘1m2 i=1 iSm—2
(14 Bhptee) st (1+ B

and Nl Al
IE) 111%0
{ N N }>O'

r = min
By (H;), there exists an R > r such that
1£ (8 20, 21,90, y2) | < coco@) (ol + [zl + [lyoll + lyal)), VT € Ty,

z; € Poxg,yi € Piag, ©=0,1, [[2oll + [lz1 ]l + [lyoll + [lyall > R,

and
£ (¢, z0, 21,90, y1) || < ao(t) + Mobo(t), VT € Jy,
zi € Poxg,yi € Piag, i =0,1, [[zol| + [lz1 ]l + [lyoll + 1]l < R,
where
Moy = max{ho(ug, u1,v,v1) : r <uj,v; <R, i =0,1}.
Hence

1t o0, 21, 50, 1)l < coco(®)(lzoll + [zl + [lyoll + [Iy11]) + ao() + Mobo(?),

VteJy,x; € P())\;«),yi S Pl)\’{,i =0,1.
Let (z,y) € Q. By (8) we have
1f (& 2(8), 2" (), (), 4" ()l

(
< ggeo(t)(1 +1:)(H;CfL )1” ”ffi” + |Lyf)1” + ”tyi i”) ao(t) + Mobo(t)
<eoco®)(A +)(llzllF + 2" le + lyllF +11Ylc) + ao(t) + Mobo(t)
< 2e9co(t) (L + ) ([[2llp + [yl p) + ao(t) + Mobo(t)
<degco(t)(1 +)|[(2, y)|lx + ao(t) + Mobo(t), ¥Vt € Jy,

which together with condition (Hs) implies the convergence of the infinite integral

/0 T, a(s), ' (5), y(s). v () ds.

Thus, we have

HA{AHEﬂﬂxﬁ%fﬁ%Mﬂﬂ%ﬂﬂﬂb
< /Ot /S+°° £ 2(7), 2 (7), y(7), ¥ (7)) || drds

StAwHﬂaﬂgﬂﬂ@w@%y@mM&vtelk

(11)
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This together with (4) and (H;) means that
E — 151

+o0
(A (e, 9) (¢ ||<// £ 2(r), 2/ (7), w(), <)>|\des+t|\xw||+T

Em—2 +oo
T az/ | 1) (090, () s
1 1 al i=1
+oo
St(/o ||f<T,:c(T),ac’(T),y(T),y'(TmdT+|gcoo||)+7Elz1 15; [EERS
1 = e 1 /
s Letnea( [ 0 @ @)lar).
Therefore, by (6) and (9), we get
A @O - " BTN vl
S/O (7 (), (7, y(r), g (D)l AT + o]l + 7 S H oo+

1+t
S [ ||f<r,xm,x’(ﬂ,y(ﬂ,y’(r))HdT)

B[RS

1- 2?52 Qi =1
1 m—2
(1 T D a2 leoc | w)llx + g + Modi]+
=300 & i
Z — 151
(1 + W) (B2
1= o
1 1 m—2
<Z - ) _ * *
Sl ml + (14 T 3 s ) 66 + Mot +
Y e
(1+ === ) losoll (12)
1= a
Differentiating (4), we find
—+oo
A)) = [ £(5,0(9.0'(5),(5), (5))ds + o (13
t
Hence,
—+oo
141 (=, y) D) S/O 1f(s,2(s),2"(5), y(s), ' (s))l|ds + [lwoo |
< deocol|(z,y)llx + ag + Mobg + |||
Vel (14)

1 * *
< Sl v)llx + ag + Mobg + [|zeol],

By (12) and (14), we have

A wlp < Sl y>||x+(1+z_z%)<as+%bo> (1+%)nxoon (15)

So, Ai(z,y) € DC'[J, E]. On the other hand, it can be easily seen that

Aq(z,y)(t) > 12577”%2& o = ANjToo = Njz5, Al(m,y)(t) > 2eo > xf > Njag, VE € J
T 2ui=1
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That is, A1(z,y) € Q1. In the same way, one has

m—2 . m—2 .
Zi:l 615m_2)(aT+M1bI)+ (1+ Zi:l Bi&s

—=m=2, ) l¥eell, (16
S =5ty el (19

1
|42, pllp < 5l y)lx+ (1+

and

m—2
Ag(z,y)(t) > Zlﬁ
1- Zi:l Bi
where My = max{hj(ug,u1,v0,v1) : 7 < us,v; < R (i = 0,1)}. Thus, we have proved that A

maps @ into @) and we have

Yoo = Moo = AU5, A2, 9)(t) > Yoo > y5 > Nyg, VL€,

1
lAG@ylx < 5l@yix +7, (17)
where
S aimo2Y, S g
=1ma 1+ &==——— " \(aj + Mpb}) + (1 + =) |lzso|l,
7 =max {( 1_zgw)“) obi) + ( 1_Zgzaiwu
S Bikmay, . . Yr? B

1+==——"")(a] + M1b7) + (1 + —=—=—— ol - 18
(1 25 et da) + (14 1225 (18)

Finally, we show that A is continuous. Let (Zm,¥m), (Z,79) € Q, |(@m,ym) — (ZT,7)||lx —
0 (m — o0). Then {(@m,ym)} is a bounded subset of Q). Thus, there exists » > 0 such that
sup,,, | (@m, ym)||x <7 for m > 1 and ||(Z,7)||x < r -+ 1. Similarly to (12) and (14), it is easy to
see that

A1 (2, Ym) — A1 (T, 9) [ x
“+o0
< /0 £ (s, 2m(s), 27, (8), Ym (5), Y (5)) — f(5,Z(s), 27 (s),7(s), 4 (s)) || ds+

m7204' 9 +oo ’ !
Z—l—@n/o £ (8 2m (8), @y (), Ym (8), Yo (8))—

1= o
f(s,7(5), T (5),5(5), 7' (5))|ds. (19)
Clearly,
f(taxm(t)v ‘T;n(t)u ym(t)vy;n(t)) - f(t7E(t)vf/(t)vy(t)vyl(t)) asm — o0, VteJy. (20)

By (9), we get

1f (s @ (£), 20 (8), ym (8), Y (1)) — F(£,7(), T (), (1), 7' (1)) |
< SEOCO(t)(l + t)?‘ + 2a0(t) + 2M0b0(f)

=oo(t) € L[J,J], m=1,2,3,..., Vte J;. (21)
Lebesgue dominated convergence theorem together with (20) and (21) guarantees that
lim 1£ (s, @ (8), 23 (5), Ym (), Yo (5)) = f(5.7(5), 7' (5),7(s), 7 (s)) | ds = 0. (22)

m—00 0
It follows from (19) and (22) that ||A1(Zm,ym) — A1(T,7)||lp — 0 as m — oco. By the same
method, we have ||As(zm, ym) — A2(Z,7)||p — 0 as m — oo. Therefore, the continuity of A is

proved. O



594 X. Q. ZHANG

Lemma 2 If condition (Hy) is satisfied, then (z,y) € Q N (C?[J,, E] x C?[J,, E)) is a solution
of BVP (1) if and only if (x,y) € Q is a fixed point of operator A.

Proof Suppose that (z,y) € Q N (C%[Jy, E] x C?[J4, E]) is a solution of BVP (1). For t € J,

integrating (1) from ¢ to +o00, we have

+oo
2(t) = oo + / f(5,2(5),2(5), y(5), ' (5))ds, (23)
+oo
Y (t) = Yoo + / 9(s,2(), 7/ (5), y(5), ' (5))ds. (24)
Integrating (23) and (24) from 0 to t, we get
t —+o0
z(t) = 2(0) + treo + /0 / flrx(r), 2’ (1), y(1),y (7))drds, (25)
t —+o0
y(t) = y(0) + tyoo + / / o(r,2(r), 2/ (1), y(r), ' (r))drds. (26)

Thus, we obtain

& “+o0o
2(65) = 2(0) + Eizog + / / F(ra(r), 2 (), y(r),y (7)) drds,
and

& ptoo
y(E) = 9(0) + Eiyoe + / / o(r,2(r), 2/ (7), y(r), o/ (r))drds,

which together with the boundary value condition implies that

LL’(O) = 1_2:%2(1 |:(1nz_2ai§i)xoo +1nz_2az ‘/OE /Jroo f(T,ZC(T),{IJ/(T),y(T),y/(T))deS}, (27)
i=1 @i " = i=1 s
0 = ey | S o + Z o [ st 00 Garas]. 29
1 ? i=1

Substituting (27), (28) into (25) and (26), respectively, we have

z(t) Zﬁ[(g l& ZToo + Zal/&/ﬂo f(ryz(r), 2" (1), y(7), /(T))deS}-f—

[ [ s 0. s + e

—

y(t)=w[(2m Yoo + Zﬁz/& /+OO (7, 2(r), 2 (7), y(7), ¥/ (7)) drds | +

i=1

/ /+OO (m,2(7), 2 (7), y(7), ¥/ (7))d7ds + tyoo.

Integrals fo fs f(r,x(r),2'(7),y(7),y (1))drds and fot fs+oo g(r,z(T), 2’ (1), y(7),y'(7))drds
are obviously convergent. Therefore, (z,y) is a fixed point of operator A.
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Conversely, if (z,y) is fixed point of operator A, then direct differentiation gives the proof. O

Lemma 3 Let (H;) be satisfied, V C @Q be a bounded set. Then % and (AJV)(t) are

equicontinuous on any finite subinterval of J and for any € > 0, there exists N; > 0 such that

|Aesltn)  Aeslla) ) 0) — A )] < <

uniformly with respect to (z,y) € V as ti,to > N; (i = 1,2).

Proof We only give the proof for operator A, and the proof for operator A, can be given in a

similar way. From (4), we find
Al (LL', y) (t)

= ﬁ [( Z algz Too + Z o /El /+0° f(r z(r),2' (1), y(r),y’(ﬂ)drds}—l—

=1

/ /*f"’ (7 2(7), 2 (7), y(7), y/(7))drds + taeo
:@%KZ zgz xoo_’_zal/&/*oo flra(r ()y()y’(T))des}—i—

i=1 i
1 o
tZoo —l—t/t f(s,x(s),2'(s),y(s),y (s ))ds—i—/o sf(s,z(s),2'(s),y(s),y'(s))ds. (29)
For (z,y) € V,t2 > t1, we have by (29)
HAl(x,y)(tl) As(z,y)(t2) H
1+t 1+t2
1 1 1
T T (2 ) el

i=1 X =1

Z; o /5 / +Oof(w(r),x’(r),y(r),y’(ﬂ)drds]+’ e HC

m—2

1+t 1+t
1jrlt1 1+t2 H/+Oo (5,2(5),'(5), y(s), y' (5))ds || +
‘1+t1 B 1+t2 H/o f(s,:E(s),:c’(s),y(s),y’(s))dsH+

1 -ti-ztg H /: f(s,2(s),2(s), (), y’(s))dsH+

‘%151 B Tltz’ ' H /Ot1 Sf(s,x(s),;v'(s),y(s),y’(s))dsH+
| [ sttt/ hten o],

Alv(t
1+t

(30)

Then, it is easy to see by (30) and (H;y) that {
of J.
Since V' C @ is bounded, there exists r > 0 such that for any (z,y) € V,||(z,y)||x < r. By

} is equicontinuous on any finite subinterval
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(13), we get
|muwwu—aww@m=W[?@awf@w@wwmw

< / [degreo(s)(1+ s) + ao(s) + Mobo(s)]ds. (31)

t1
It follows from (31), (Hy) and the absolute continuity of Lebesgue integral that {A}V(¢)} is
equicontinuous on any finite subinterval of J.
In the following, we are in position to show that for any € > 0, there exists N; > 0 such that
HA1(:v,y)(t1) _ Az, y)(te
1+t 1+t
uniformly with respect to z € V as t1,t2 > N.

| <, 145 ) 0) - A4t )l < <

Combining with (30), we need only to show that for any ¢ > 0, there exists sufficiently large
N > 0 such that

HAh Sf@ﬂ%f@w@wwmh—f2

s
1 —|— tl 1 + t2
for all z € V as #1,t2 > N. The rest part of the proof is very similar to Lemma 2.3 in [14], and

£ (s, (s),2/(3),y(s). o/ (9))ds | < =

we omit the details. O
Lemma 4 Let (H;) be satisfied, V be a bounded set in DC*[J, E] x DC*[J, E]. Then

aD(AiV)zmax{ilelga((AfL_i_)t(t)), itelga((AiV)'(t))}, i=0,1.

Proof The proof is similar to that of Lemma 2.4 in [14], we omit it. O

Lemma 5 ([1, 2], Ménch Fixed-Point Theorem) Let @ be a closed convex set of E and u € Q.
Assume that the continuous operator F' : (Q — @ has the following property: V C @ countable,
V ceo({u} U F(V)) =V is relatively compact. Then F has a fixed point in Q.

Lemma 6 If (H3) is satisfied, then for z,y € Q,z") < y® t € J (i = 0,1) imply that
(Az)D < (Ay)D t e J (i =0,1).

Proof It is easy to see that this lemma follows from (4), (5), (13) and condition (Hs). The

proof is obvious. O

Lemma 7 ([16]) Let D and F be bounded sets in E. Then
a(D x F) = max{a(D), a(F)},
where & and « denote the Kuratowski measure of non-compactness in E x E and E, respectively.

Lemma 8 ([16]) Let P be normal (fully regular) in E, P = P x P. Then P is normal (fully
regular) in E X E.
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3. Main results

Theorem 1 If conditions (Hy) and (Hs) are satisfied, then BVP (1) has a positive solution
(Z,9) € (DC'[J, EINC?[J, E]) x (DC'[J, E)NC*[J} , E]) satisfying (T)\") (t) > N, ()P (t) >
Nyg forte J (1 =0,1).

Proof By Lemma 1, operator A defined by (3) is a continuous operator from @ into @, and,
by Lemma 2, we need only to show that A has a fixed point (Z,7) in Q. Choose R > 2v and
let Q* = {(z,y) € Q : ||(z,y)||lx < R}. Obviously, @* is a bounded closed convex set in space
DC*[J, E] x DC'[J, E]. 1t is easy to see that Q* is not empty since ((1 +t)Zoo, (1 +1)yoo) € Q*.
It follows from (17), (18) that (z,y) € @* implies that A(z,y) € Q*, i.e., A maps Q* into Q*. Let
V ={(xm,ym) :m=1,2,...} C Q* satisfying V' C co{{(uo,v0)} U AV} for some (ug,v9) € Q*.
Then |[(@m, ym)||x < R. We have, by (4) and (13),

Al (xma ym)(t)

= 1_2:%[( Z Zgz)iCoo + Z ; /051' ‘/SJFOO f(7—7xm(7-),;v;n(7')7ym(7'),y;n(T))deS}—l—

i=1 Q" =

t —+oo
/0 | Hmm (0,00, (), (s o+ (32)
and
+oo

AL (@, ym) (1) :/t F(s,2m(8), 27, (5), Ym (), Y, (5))ds + Too. (33)

Lemma 4 implies that

_ ’ (AV) ()

ap(A;V) = max { supa((A1V) (1), 31615)04(17“) } (34)

where (A1V)(t) = {A1(@m, Ym) () : m = 1,2,3,...}, and (A1 V) (¢) = {41 (@m,ym)(t) : m =
1,2,3,...}.

By (10), we know that the infinite integral f IIf(t,2(¢t), 2" (t), y(t),y (¢))||dt is convergent
uniformly for m = 1,2,3,.... So, for any £ > 0, we can choose a sufficiently large T > &; (i =
1,2,...,m —2) > 0 such that

+oo
/T 1f(t2(t),2"(8), y(), ' (1)l dt < e. (35)
Then, by Guo et al. [1, Theorem 1.2.3] (29), (32), (33), (35), (H2) and Lemma 7, we obtain
a((AlV)(t))
1+1¢
T
<2720 [ (0 (5). 0 (9 9 (5): 910 (5) £ i) € Vs + 254
Ty /
2/0 TS (5 2 (5), 0 (8), Ym (8), Yim (5)) * (s ym) € Vs + 26

+oo
< 2Dy +2) / ({F (52 2m(5), 2 (), U (5,4 (5)) : (o i) € V})ds + de
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+oo
< (2Dg + 2)ax (V) /0 (Loo(s) + Koo(s))(1 4+ s) + (Lo1(s) + Ko1(s))ds + 4e, (36)

and

+oo
(A V(1) <2 / (L (52 (), 2 (5), Y (8), 5 (5)) * (Zom ) € Vs + 22

< ax(V) /O T (Loo(s) + Koo(s)(1+ 5) + (Lor (5) + Kor(s))ds + 2. (37)

It follows from (34), (36) and (37) that

+oo
an(A1V) < (2D + 2)ax (V) /0 (Loo(s) + Koo(s))(1 + 8) + (Loa(s) + Kor(s))ds.  (38)

Similarly, we can show that

+oo
aD(AQV) S (2D1 + 2)0[}((‘/)/0 (Llo(s) + K10(8>)(1 + S) + (Lll(S) + Kll(S))dS. (39)

On the other hand, ax(V) < ax{eo({u} U (AV))} = ax(AV). Then, (38), (39), (Hz) and
Lemma 7 imply ax (V) = 0. That is, V is relatively compact in DC[J, E] x DC*[J, E]. Hence,
the Monch fixed point theorem guarantees that A has a fixed point (Z,7) in Q1. Thus, Theorem
1 is proved. O

Theorem 2 Let cone P be normal and conditions (Hy)—(Hs) be satisfied. Then BVP (1)
has a positive solution (Z,7) € Q N (C?*[J,,E] x C?[J!.,E]) which is minimal in the sense
that w9 (t) > T (t),vD(t) > (), t € J (i = 0,1) for any positive solution (u,v) € Q N
(C?[J., E] x C?[J!_,E]) of BVP (1). Moreover, ||(Z,7)|x < 27+ ||(uo,v0)| x, and there exists
a monotone iterative sequence {(um (t),vm(t))} such that u(l)( t) — (t),v%) (t) — 79(t) as

m — oo(i = 0,1) uniformly on J and uj,(t) — Z"(t),v), (t) — 7" (t) as m — oo for any t € J,,

where
1 S +°°
uo(t) = W [( Z 04151 Too + Z az/ / (T, A0Z5s AGZG s A1 YG s Alyg)des} +
_ o
+oo
/ / (7, A0%0, AT, AT¥o, A\1¥0)dTds + troo, (40)
51 +oo
vo(t) :W K Z @fz yoo + Z ﬁz/ / T )‘Ox07 )\05507 /\1y07 Alyo)deS}
1- Zz 1 ﬁl i=1
+oo
[ atroniws Ny A Ao drds + e (41)
0 s
and
1 m—2
i) =t (5 it
0= ; ¢

-2

DI A R R T
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t “+ oo
/ / Pt ()1 (7Y, O (1), 1 (7)) drds + 100,
0 s
VteJ,m:123 (42)

omlt) = —sm=r ; @a)ym+

m—2

& +oo
>4 L] st a0 vcs (7). s (s +

—+oo
/ / 90 tmr (7)1 (), U (1), U1 (7))L + by,
0 s
Vied m=1,2,3,.... (43)

Proof From (40) and (41) one can see that (ug,vg) € C[J, E] x C[J, E] and

up(t) = /t+°° f(8, 2620, A6, ATYg, A1y )ds + @oo. (44)
By (40) and (44), we know that u(l) > AZoo = Agzg (1=0,1) and
[luo(1)]]

Hoe * sk * ok * Em_l algl
<t( [ NP Aswh Mg, My Aol + o) + “ZELER fla |+
0 1=
1 m—2

—+oo
—_— i&m— T, AJLG s AGTGs ATYG, AL dr
1_Zm,2 . Z 3 2(/0 I1f (7, A626, Ao Ao Atwo) )

=1 =1

Feo Z 151
<t / ao(s) + bo(s)ho (N5 I 153 | IALG 1, IX Ty s + llzc || + ﬁn T+
1 m—2

+oo
e > ainea( [ an(s) + b (g NG . Il TG D).
=300 & i 0

+oo
()] < / 1 (r N, Mg, ATy N T + zocl

—+o0
< /O ao(s) + bo()ho([[ Aoz, [1Ao20ll, 1A790 [1s A Typ11)ds + [lzeoll,

which imply that |lug|p < oo. Similarly, we have ||vo|p < co. Thus, (ug,v9) € DC[J, E] x
DC'[J, E]. Tt follows from (4) and (42) that

(U, Um ) () = A(um—1,vm-1)(t), Vt€ J, m=1,2,3,.... (45)
By Lemma 1, we get (4, vm) € @ and
1
1 ms vm)llx = [ Aum-1, vy )llx < Sl (Um—1, vm-1)llx +7- (46)
By (Hs) and (45), we have

ui(t) = Ar(uo(t),v0(t)) = A1(Agz, Atyp) = uo(t), vt € J, (47)
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and
v1(t) = Az(uo(t), vo(t)) = A2(Aozg, AMyg) = vo(t), Vi€ J (48)

From Lemma 6, (45)—(48), it is easy to see by induction that
(N5, Afwd) < (g (1), 057 (1)) < (u” (0), 07 (0) < -+ < () (1), 03 (1)

Vteld, i=0,1, (49)

IN

and

1 1\m—1 1\m
I vn)lx <v+57++(5) 7+ (5) Muow)lx

< 27+ ||(uo, v0)||x, m=1,2,3,.... (50)

Let K = {(z,y) € Q : (=, v)|lx < 27+ |[(uo,v0)||x}- Then, K is a bounded closed convex
set in space DC1[J, E] x DC*[J, E] and operator A maps K into K. Clearly, K is not empty
since (ug,vg) € K. Let W = {(um,vm) : m =0,1,2,...}, AW = {A(tm,vm) : m =0,1,2,...}.
Obviously, W ¢ K and W = {(ug,v0)} U A(W). Similarly to the above proof of Theorem 1,
we can obtain ax(AW) = 0, i.e., W is relatively compact in DC'[J, E] x DC*[J, E]. So, there
exists a (Z,y) € DC'[J, E] x DC'[J, E] and a subsequence {(tum,,vm,) : j = 1,2,3,...} C W
such that {(wm,, vm,)(t) 1 j =1,2,3,...} converges to () (¢),5"(¢)) uniformly on J (i = 0,1).
Since P is normal and {(usy? (t), (1)( )) =1,2,3,...} is nondecreasing, by Lemma 8 it is easy
to see that the entire sequence {(um (t), 7(711)( t)) :m =1,2,3,...} converges to (9 (t),7(t))
uniformly on J (¢ = 0,1). Considering the fact that (um,,v,) € K and K is a closed convex set
in space DC[J, E] x DC[J, E], we have (T,%) € K. It is clear that

F (5t (8), U (5), 0 (5, Vi () — F(5,7(5), 7 (5),7(s), F'(5)), asm — o0, ¥s€Jpe (51)

By (H;y) and (50), we have

£ (55t (s), i (), v (5), v (5)) = f (5, 7(s), T (), 5 (s), 7 ()
< 85060(5)(1 + S)”(Um, Um)HX + 20{)(8) + 2M0b0(5)
< 820eo(3)(1 + 8) (27 + [[ (0, v0) | ) + 2a0(5) + 2Mobo(s). (52)

Noticing (51) and (52) and taking limit as m — oo in (42), we obtain

z(t) —ﬁ [( Z az@ Too + Z a /& /+OO '(T),?(T)@’(T))drdS}ﬂL
/ /+Oo 7), 7 (1), (1), ¥ (7))drds + t2 0. (53)

In the same way, taking limit m — oo in (43), we get

7(t) :#m [(g@&)yw + 7?21261 /0& /S+Oo g(T, E(T),EI(T),y(T),y/(T))deS} +

t “+o00
/0 / o(r,7(r), T(7),5(7), 7 (7)) drds + tyeo, (54)
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which together with (53) and Lemma 2 shows that (Z,7) € K N C?[J;, E] x C?[J4, E] and
(Z(t),7(t)) is a positive solution of BVP (1). Differentiating (42) twice, we have

Upy (8) = = f(t, -1 (), ulpy_1 (1), U1 (t), V)1 (1)), VEE T, m=1,2,3,....
Hence, by (51), we obtain
im g () = —f (6,2, 7 (1), 9(0), 7' (1) =2'(1), Vie .
Similarly, one has

lim vy, (t) = —g(t, Z(¢), T (¢),5(1), 7 (t)) =7"(t), Vte J,.

Let (m(t),n(t)) be any positive solution of BVP (1). By Lemma 2, we have (m,n) € Q
and (m(t),n(t)) = A(m,n)(t), for t € J. Tt is clear that m(® (¢ ( ) > Noah > 0,00 (t) > Niys > 0
for any t € J (i = 0,1). So, by Lemma 6, we know that m((t) > ul)( t),n () > v l)(

t) for
anyteJ(izO,l).Assumethatm(z()zu(z) ()n(z()>v) ()forteJm>1(z

(i
- Ym-—1
0,1). Then, we have from Lemma 6 that (Agi)( n)(t), A(l (m,n)(t)) > ( (Um 1,Vm—1))(t),
AD (1, o )0)) for £ € 7 (i = 0,1), L, (mO (B, nD (D) > (1), 6D (1) for ¢ € 7 (i

0,1). Hence, by induction, we get

mO(t) >z (1), nD ) > 7D (t), Vteld i=0,1; m=0,1,2,.... (55)

Y
Now, taking limits in (55) gives m® () > 79 (¢),n? (t) > 7 (t) for t € J (i = 0,1). The proof

is completed. O

Theorem 3 Let cone P be fully regular and conditions (Hy) and (Hs) be satisfied. Then the

conclusion of Theorem 2 holds.

Proof The proof is almost the same as that of Theorem 2. The only difference is that, instead
of using condition (Hsz), the conclusion ax (W) = 0 is implied directly by (49) and (50), the full
regularity of P and Lemma 8.

4. An example

Consider the infinite system of scalar singular second order three-point boundary value prob-

lems:
—yl(t) = (14 230 (0) + 200 (0) + 5 + )%+
i 6n 3\/_ t2(1 +t) o i 3n?ysn(t) — 4niys, (1)
Wl n(1+ ya, (1)),
1 , 1 3 , 1
xn(O) = gxn(1>; xn(oo) = ﬁv yn(O) = Zyn(l)v yn(oo> = %7 n=12....
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Proposition 1 Infinite system (56) has a minimal positive solution (z,(t),yn(t)) satisfying
T (t), @), (£), yn (), yh(t) > 5= for 0 <t < 400 (n=1,2,3,...).

Proof Let E =cy = {z = (z1,...,%n,...) : T, — 0} with the norm ||z|| = sup,, |z,|. Obviously,
(E,] - |) is a real Banach space. Choose P = {z = (z,,) €co: zp, > 0,n=1,2,3,...}. It is easy
to verify that P is a normal cone in E with normal constant 1. Now we consider infinite system
(56), which can be regarded as a BVP of form (1) in E with ay = 1, 81 = 3, & =1, 20 =
(1, %, %, o)y Yoo = (%, %, %, ...). In this situation, © = (z1,...,Zn,...), ¥ = (U1,..., Up,...),
Y= W1, s Yny---), V=_(01,.. . Un,...), f = (f1,--s fn,-..), in which

f (t ) 71 (2+ + + + +—1 +71 )%‘F
n\l, T, U, Y,V) = Ln n T U2n T U3n
Y 3n2vi( Y 2 3

1+1) 2n2x,  8ndua,
1
— Im(1+4z), 57
s g ) (57)
(t j=— 1 (1+ 230+ wan + S )%-i-
n\l, T, U, Y, V) = T3n Ugn
g Y 613 V12(1 +t) ’ T Bn2ys, | Andug,
1
—— In(1 n)- 58
63 (1 + ) n(l+van) (58)
Let 2 = 200 = (1,%,%,...), Yo = Yoo = (%,%,%,...). Then Poy = {z = (21,22, ., Tn,...) :

Ty > %, n=123..} Pix ={y = (y1,¥2,-- s Yny---) : Yn > %, n = 1,2,3,...}, for
A > 0. By simple computation, we have Dy = %,Dl =3, = %,)\T = 1. It is clear that
f.g9 € C[J4 X Pox X Pox X Piy x Py, P] for any A > 0. Notice that €3 > V/12, e** > \/t for t > 0,
by (57) and (58), we get

1 7 3
t,x,u,y,v S—[(——I— x| + ||u|| + [|v]| + ) +In(1 + ||z }, 59
I1£( . v)|l ALY lll + lull + (o]l + [y (L + [l[l) (59)
and )
1 5
t,x,u,y,v)|| < [(44— z|| + u) +In(1 + ||v ], 60
llg( y,0)|l ¥l 2/l + [full (L+ [lol) (60)
which imply that (Hy) is satisfied for ag(t) = 0, bo(t) = ¢o(t) = 3%/2’ a1(t) =0, b1(t) = c1(t) =
6\32_2 and
7 3
ho(uo, v, uz, uz) = (5 + ug + uy + ug +U3) + In(1 + wo),
%
hl(uo,ul,u2,u3) = (4—|—’U,0—|—’U,1) +1D(1+U3)
Let
flz{fll’f%”f’i7}7 f2:{f1.27f22”f7215}7
9" ={91,92:- 9>} 9" =1{91. 05,90, },
where

1 1 3
(2+xn+yn+u2n+v3n+7+7)gu (61)

fﬁ(f,%,u,y,’l)) = 2n?x 8n3uz
n n

1
3n2Vt(1 + 1)
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1

2 _
falt,u,y,v) = 311 In(1 + z,,), (62)
gl(txuyv)zé(l—f-% + Usn + ! + . )l (63)
e 6n3V/t2(1 +t) " " 3n2ys,  4ndug,/
2 _
gn(t7 T, Uu,y, U) = W ln(l + ’Ugn). (64)

Let t € Jy, and R > 0 be given and {z(™} be any sequence in f(t, Pins Pors Pips PiR), where
2 = (2™ 2™ By (61), we have

ngr(:”)< 1

~ 3n2Vt

So, {zflm)} is bounded and by the diagonal method together with the method of constructing

7 1
(§+4R)3, nom=1,2,3,.... (65)

subsequence, we can choose a subsequence {m;} C {m} such that

{ziM} %, asi—o0, n=1,23,..., (66)
which implies by (65)
1 7 3
ogzng—(—+4R) Cn=1,2,3,.... 67
3n2/t \2 (67)

Hence Z = (Z1,...,%n,...) € co. It is easy to see from (65)—(67) that

2670 — 2] = sup ™) — 2| — 0 as § = oc.
n

Thus, we have proved that f1(t, Big, Pig, Pir, Pig) is relatively compact in co.
Foranyte Jy, R>0, z,y, T,y € D C Py, we have by (62)

1
|frt, @, u,y,v) — fA(LT,0,7,0)] = m| In(1+z,) — In(1 +7,)|
1 |y — T
< 68
T 3e(1+t) 14+& (68)
where &, is between z,, and T,,. By (68), we get
1
I £2(t, z u,y,0) — f2(6,7,0,7,0)|| < WHUC ~Z||, ,y,7, 7€ D. (69)

In the same way, we can prove that g'(¢, Pirs Pips Prr, Pir) is relatively compact in cp, and we

can also get

1
l9°(t, 2, u,y,0) — ¢°(t,7,%,7,7) || < m”v =, z,y, 7,y € D. (70)
Thus, by (69) and (70), it is easy to see that (Hz) holds for Log(t) = ﬁ, Lio(t) = m.

Our conclusion follows from Theorem 1. O
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