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1. Introduction

Let B be a Banach space, B* be the dual space of B. (-,-) denotes the duality pairing of B*
and B. Let K be a nonempty closed convex subset of B and T : K — B* be an operator. The

following problem:
Find 2* € K, such that (Tz*,y —2™) >0, forally € K (1.1)

is called classical variational inequality problem.

The variational inequality (1.1) has been intensively considered due to its various applica-
tions in operations research, economic equilibrium and engineering design [1-9]. Variational
inequalities have been extended and generalized in many directions using novel and innovative
techniques. Most recently, applying the f-projection operator, Wu and Huang [10] proposed an
iterative method of approximating solutions for the generalized variational inequality problem:
find z* € K such that

(Az®,y — ") + f(y) = f(z7) 20, VyeK, (1.2)

where A : K — B* is an operator. A convergence result for this iterative method was also given

in compact subsets of Banach spaces. They proved the following theorem:

Theorem K1 ([10, Theorem 4.1]) Let K be a nonempty compact convex subset of a uniformly
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convex and uniformly smooth Banach space B with dual space B* and 0 € K. Let A: K — B*
be a continuous mapping and f : K — R be convex, lower semi-continuous and positively
homogeneous. Suppose that

(1) f(z) >0 for allz € K and f(0) = 0;

(2) For any x € K,

(J(x — 7l (Jz — pAx)), J*(Jx — J(z — l (Jo — pAz)))) > 0.
Let gy € K and the sequence {z,,} be generated by the following iteration scheme:
Tpy1 = W{((an —apJ(x, — W{((an — pAzxy))), n=0,1,2,...,
where {o, } satisfies the conditions:
(a) 0<a, <1, foralln=0,1,2,...; (b) > an(l—a,)=oc.
Then generalized variational inequality (1.2) has a solution x* € K and there exists a subsequence

{zn,} of {x,,} such that x,, — x*, as i — oo.

In addition, Fan [9] defined a Mann type iteration scheme as follows:
Tnt1 = (1 — ap)zn + apmg (Jx, — fT2y), n=1,2,3, ..., (1.3)

where {a,} satisfies: 0 < a < o, <b < 1 for all n € N, for some positive numbers a,b € (0,1)
satisfying a < b. He established some existence results and convergence of the above iterative
scheme (1.3) for variational inequalities (1.1) in noncompact subsets of Banach spaces.
Motivated by these facts, our purpose in this paper is to establish some existence results of
solutions and the convergence of an iterative scheme in noncompact subsets of Banach spaces

for the following system of the generalized variational inequalities:

(Tx*,y —a*) + f(y) — f(z*) > 0,
(Ax*,y —2*) + f(y) — f(z*) >0,

The results presented in this paper generalize the corresponding results of [8-10].

Find z* € K, such that { € K. (1.4)

2. Preliminaries

Throughout this paper, we denote by N and R the sets of positive integers and real numbers,
respectively.

Let X,Y be Banach spaces, T : D(T) C X — Y. The operator T is said to be compact if it
is continuous and maps the bounded subsets of D(T') onto the relatively compact subsets of Y.

We denote by J : B — 25" the normalized duality mapping from B to 28", defined by
J(z) :={ve B*: (v,2) = ||v|? = ||z||*}, Vz € B.

The duality mapping J has the following properties:

(i) If B is smooth, then J is single-valued;

(ii) If B is strictly convex, then J is one-to-one;

(iii) If B is reflexive, then J is surjective;

(iv) If B is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded
subset of B.
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Let B be a reflexive, strictly convex, smooth Banach space and J the duality mapping from
B into B*. Then J* is also single-valued, one-to-one, surjective, and it is the duality mapping
from B* into B, i.e., J*J = Ip; JJ* = Ip-.

When {z,} is a sequence in B, we denote strong convergence of {z,,} to z € B by =, — «
and weak convergence by x,, — .

Let U = {z € B : ||z| = 1}. A Banach space B is said to be strictly convex if || £f2|| < 1 for
all z,y € U and x # y. Tt is also said to be uniformly convex if lim, o ||2n — yn|| = 0 for any two
sequences {z,}, {y,} in U and lim,_. ||223¥2| = 1. A Banach space B is said to be smooth

w exists for each x,y € U. It is also said to be uniformly smooth if the

provided lim;_,¢
limit is attained uniformly for z,y € U.

Alber [2,4] introduced the functional V' : B* x B — R defined by

V(g.x) = [0l - 2(¢, ) + |||,
where ¢ € B* and = € B.

Definition 2.1 ([9]) If B is a uniformly convex and uniformly smooth Banach space, the
generalized projection mi : B* — K is a mapping that assigns an arbitrary point ¢ € B* to the

minimum point of the functional V (¢, ), i.e., a solution to the minimization problem
V(¢, 7k (¢)) = inf V(6,y).
yeK

The operator mk is J fixed in each point z € K, i.e., mx(Jx) = z (see [8]).

Recently, by employing the functional V(¢,z), many authors established some existence
results and iterative methods for the classical variational inequality problems (1.1) in reflexive,
strictly convex and smooth Banach spaces, see [8,9] and the references therein. However, we
can not solve the generalized variational inequality (1.2) by using the functional V (¢, x). The
primary reason is that there is a nonlinear item f(y) — f(z*) in (1.2). Therefore, for solving
the generalized variational inequality (1.2), Wu and Huang [10] introduced the functional G :
B* x K — R|J{+oo} defined by

G(d,2) = 9> = 2{(6,2) + ||z]|* + 2pf (x),
where ¢ € B*, x € B, p > 0 is a constant and f : K C B — R|J{+0o0} is proper, convex and
lower semi-continuous. It is easy to see that G(¢,z) > (||¢]| — ||z]|)? + 2pf(z) and G(¢,x) =
Vg, ) +2pf (2).
From the definitions of G and f, it is easy to have the following properties:
(i) G(¢,z) is convex and continuous with respect to ¢ when z is fixed;

(il) G(¢,x) is convex and lower-semi-continuous with respect to  when ¢ is fixed;

(iii) (ol = [lzl)? + 20f () < G(o,2) < (l9]l + l|=[))* + 2pf (2).
Remark 2.1 If f =0, then G(¢,z) =V (¢, x), Vo € B*,z € K.

Definition 2.2 ([10]) Let B be a Banach space with dual space B* and K be a nonempty,
closed and convex subset of B. We say that W{( : B* — 2K is a generalized f-projection operator
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if
et = {u € K : G(o,u) = inf G(6,y)}Ve € B".
Yy
Definition 2.3 We say that a Banach space B has the property (h) if x, — z and ||z,| — ||z]|
implies x,, — x.
Remark 2.2 Tt is well known that any uniformly convex space has the property (h).

Theorem 2.1 ([10]) If B is a reflexive Banach space with dual space B* and K is a nonempty,
closed and convex subset of B, then the following conclusions hold:
(f1) For any given ¢ € B*, 7T'If<¢ is a nonempty, closed and convex subset of K;

(f2) wf( is monotone, i.e., for any ¢1,¢s € B*, 1 € 7T'If<¢1 and xo € wf(@,
(1 — 22,01 — $2) > 0;
(f3) If B is smooth, then for any given ¢ € B*, x € wf((b if and only if
(0= Ju,x—y) +pf(y) —pflz) 20, VyeK;

(f4) If f : K — R{J{+oo} is positively homogeneous, ie., f(tz) = tf(z) for all t > 0 and
x € K with tx € K, then for any ¢ € B* and x1,x5 € wf(qﬁ with 1 # 0 and xo # 0, we have
x1 # pag for all p € (0,+00) with u # 1;

(t5) If f : K — R|J{+oo} is positively homogeneous and B is strictly convex, then the
operator W{( : B* — K is single-valued.

Remark 2.3 If f = 0, then 7). ¢ = 75 ¢, V¢ € B*.
By Theorem 2.1 (£3), it is easy to obtain the following result.

Theorem 2.2 ([10]) Let A be an arbitrary operator acting from the reflexive smooth Banach
space B to B*, p > 0. Then the point x* € K C B is a solution of the variational inequality

<A$*7y - $*> + f(y) - f(,T*) > 07 Vy € K7
if and only if * is a solution of the following inclusion
x € ﬂ'};(J:z: — pAx).

Theorem 2.3 ([10]) Let B be a reflexive and strictly convex Banach space with dual space B*
and K be a nonempty closed convex subset of B. Suppose that f : K — R|J{+oo} is proper,

convex, lower semi-continuous, positively homogeneous and bounded from below. Then
(i) wﬁ : B* — K is norm-weak continuous;

(ii)) Moreover, if B has the property (h), then wf( : B* — K is continuous.
Theorem 2.4 ([10]) If f(x) > 0 for all x € K, then
G(Ju,y) < G(é.y) +2pf(y), Yo € B, y € K, v €mco.

Theorem 2.5 ([11]) Let B be a uniformly convex Banach space and let r > 0. Then there
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exists a continuous strictly increasing convex function g : [0,2r] — R such that g(0) = 0 and
[tz + (1 = )yl* < ta]* + 1 = )]lyll* — t(1 = t)g(ll= — y]),

for all z,y € B, and t € [0,1], where B, = {z € B : ||z|| < r}.

Theorem 2.6 ([5]) Let B be a uniformly convex and uniformly smooth Banach space. We have

16+ @[> < ||¢]|* + 2(®, J* (¢ + ®)), Vo, P € B*.

3. Main results

For any z¢ € K, we define the iteration process {z,} as follows:

xo € K chosen arbitrarily,
Yn = BnTn + (1 - 671)77{((‘]%1 - prn)v (3'1)
Tntl = Qpp + (1 - an)”{((t]yn - PTyn),

where {ay,}, {Bn} satisfy:

0<a,<1, and liminf o, (1 — ) > 0; 0< B, <1 and liminf(1 — a,)8,(1 — Bn) > 0.

Theorem 3.1 Let B be a uniformly convex and uniformly smooth Banach space. Let K be
a nonempty, closed convex subset of B and 0 € K. Assume that T, A are two operators of K
into B* and f : K — R is proper, convex, lower semi-continuous, positively homogeneous and
bounded from below. Suppose that

(1) f(z) >0 for allz € K and f(0) = 0;

(2) For any x € K, (Txz, J*(Jx — pTx)) > 0, and (Az, J*(Jx — pAz)) > 0;

(3) J—pT : K — B* is compact, and A is continuous.
Then the system of generalized variational inequality (1.4) has a solution * € K and there exists

a subsequence {z,,} of {x,} defined by (3.1) such that x,, — z*, asi — oo.
Proof From the definition of G, Theorems 2.4 and 2.6, we have

7% (Tyn — pTyn)II* = Gl (Jyn — pTyn),0)
< G(Jyn — pTYn,0) = || Jyn — pTyn|?

< 1 yall® = 2p(Tyn, T*(Tyn = pTyn)) < llynl>. (3:2)
Similarly, we have
ke (T — pAza)|? < |zl (33)
From the convexity of || - || and (3.3), we have
HynH2 < ﬁnl|$nl|2 +(1- ﬁn)””f{(‘]xn - pAwn)HQ < HanQ (3.4)

Therefore,

HanrlHQ < aonnH2 + (1 - an)|‘7§<(*]yn - pTyn)||2
< @l + (1 = an)lyall® < 2], (3.5)
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for every n € N |J{0}. Therefore, {||z,||} is nonincreasing and hence there exists lim, o ||2n]|.
So, {xn}, {yn}, {7T'If<(an — pAz,)}, {wﬂ(Jyn — pTyn)} are bounded. From Theorem 2.5 and
(3.2),(3.3), we have
I? = an(t = an)g(len = mic(Jyn = pTyn)|)
<aullznll® + (1= an)llgnl|* = an(1 = an)g(llzn = mic(Jyn = pTyn)])
<anflen]? + (1= an){Ballenll® + (1 = Ba)llwfe (Jon — pAza) |~

Bu(L = Bu)g(llwn — mie (Jan — pAza) )}, —an(1 = an)g(len — T (Tyn = pTya))
<lnl|? = (1 = an)Ba(1 = B)g(ln — mhe (Jon = pAzn)||)-

an(l = an)g(ll2n = 74 (Jya = pTya)|). (3.6)

1- an)HW{((Jyn — pTyn)
12

ln1]l* <omllznll + (
+(

That is
(1= o) Bn(1 = Ba)g(|zn — 7 (Jan — pAzy)|)) < [lzn]l? = [l2nsa ||

and
a1 = an)g(len — 7 (Tyn — pTyn)l) < a2 = lons 2

Since liminf,, o (1 — ay,) > 0, liminf,, oo (1 — @) Bn(1 — Brn) > 0, and lim,,_,« ||z, || exists,

we have

lim g(|la, — 7l (oo — pAz,)[) = 0. and lim gz, — e (Jy — #Ty)]) = 0.

n—oo

Applying the properties of g, we have

lim |2, — 7T'If<(an — pAx,)| =0, and lim |z, — 7T'If<(Jyn — pTy,)|l = 0. (3.7)

Since
lyn — znll = (1 - ﬁn)””{((an — pAzy,) — nl|,

from (3.7), we have
[yn — zn| — 0. (3.8)

Since {y,} is bounded and J — pT is compact on K, the sequence {Jy, — pTy,} must have

a subsequence {Jyn, — pTYn,}, which converges to a point ¢ € B*. By the continuity of the

projection operator ﬂ'};, we have

lim 7} (Jyn, = pTyn,) = T5c0. (3.9)
Let z* = 71'}2(;5. Since
e =271 < Ny, = 2ncll 4+ lom, = 7 (Tym, = pT )| + 175 (Syn, = pTym) = 2"ll, - (3.10)
combining (3.7), (3.8) and (3.9) gives

lim y,, = z*. (3.11)

By the continuity properties of the operators w}; and J — pT, combining (3.9) and (3.11), we

have
w};(‘]x* —pTx*) =x". (3.12)
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From (3.11) and (3.8), we have
lim x,, = z*. (3.13)

11— 00

By the continuity properties of the operators 71'{(, J and A, we have
lim 7T'If<(JJJm — pAx,,) = wf((Jx* — pAx™). (3.14)
11— 00

Since

||7T'}f<(Jxm — pAzy,) — ¥ < Hﬂé(ﬁvm — pAzn,) = T, || + |70, — 27,
it follows from (3.7) and (3.13)

lim wf((J:Em — pAx,,) =" (3.15)

11— 00

Combining (3.14) and (3.15), we obtain
W{((J:E* — pAz™) = z*. (3.16)

Theorem 2.2, equalities (3.12) and (3.16) imply that =* is a solution of the system of the gener-

alized variational inequalities (1.4) and z,, — x*. O

Remark 3.1 Note that {a,} = {2 — 1} and {8,} = {3 — 1} is an example of the sequences

an and (.

Theorem 3.2 Let B be a uniformly convex and uniformly smooth Banach space. Let K be
a nonempty, closed convex subset of B and 0 € K. Assume that T, A are two operators of K
into B* and f : K — R is proper, convex, lower semi-continuous, positively homogeneous and
bounded from below. Suppose that

(1) f(z) >0 for allz € K and f(0) = 0;

(2) For any x € K, (Tx, J*(Jx — pTx)) > 0, and (Az, J*(Jx — pAz)) > 0;

(3) J—pT : K — B* is compact, and A is continuous.

Moreover, if the solution of the the system of generalized variational inequality (1.4) is unique,

denoted by x*, then the sequence {x,} defined by (3.1) converges to z*.

Proof Let {z,,} be any subsequence of {z,}. Since {z,,} is bounded, similarly to the proof
of Theorem 3.1, we can obtain a subsequence {x,,} of {x,,} such that lim; .. x,, = z* and
hence lim,, o T, = x*. O

If f=0and A =0, then we obtain the following conclusion:

Theorem 3.3 ([9, Theorem 3.1]) Let B be a uniformly convex and uniformly smooth Banach
space and let K be a closed convex subset of B. Suppose that there exists a positive number (3,
such that

(Tz, J*(Jr — fTx)) >0, for allz € K,

and J—0T : K — B* is compact. Then the variational inequality (1.1) has a solution * € K and
the sequence {x,,} defined by (1.3) has a convergent subsequence {x,,} that converges strongly
tox* € K.
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Proof Taking f = 0 in Theorem 3.1, then we have ﬂ'}; = mg. Taking A = 0, by z, € K and
the property of the operator wy, we have ngJx, = x,, So, y, = ©,. Moreover, if 0 < a <
an <b<1forall n € N, for some positive numbers a,b € (0, 1) satisfying a < b, then we have

liminf,, oo an(l — @) > 0. Thus, by Theorem 3.1, we can obtain the desired conclusion. O

Theorem 3.4 Let H be a Hilbert space. Let K be a nonempty, closed convex subset of H and
0 € K. Assume that T, A are two operators of K into H and f : K — R is proper, convex, lower
semi-continuous, positively homogeneous and bounded from below. Suppose that

(1) f(x) >0 for allz € K and f(0) = 0;

(2) For any x € K, (Tz,z) > p||Tx||?, and (Az,z) > p||Az|*;

(3) I —pT:K — H is compact, and A is continuous.

Let the sequence {x,} be generated by the following iteration scheme:

o € K chosen arbitrarily,
Un = Bt + (1= Bo)f (zn — pAzn),
Tptl = Qpdp + (1 - O‘n)ﬂ—{( (yn - pTyn)7

where {a, },{0n} satisty:

0<a, <1, and liminf o, (1 — ap) > 0; 0< B, <1 and liminf(1l — ay,)B,(1 — B,) > 0.

n—oo n—oo
Then the system of generalized variational inequality (1.4) has a solution * € K and there exists

a subsequence {zn,} of {x,} such that x,, — z*, as i — occ.

Proof Since H* = H and J* = J = [ for a Hilbert space H, the conclusion follows from
Theorem 3.1. This completes the proof. O
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