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Abstract Let H be a Hopf m-coalgebra over a commutative ring k& with bijective antipode
S, and A and B right m-H-comodulelike algebras. We show that the pair of adjoint functors
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1. Introduction

As a generalization of ordinary Hopf algebras [1], Hopf group-colgebras were studied in the
work of Turaev [2] related to homotopy quantum field theories. Let us note that there exists a
symmetric monoidal category, the so called Turaev category, the Hopf algebras in which are the
same as Hopf group-coalgebras [3]. A purely algebraic study of Hopf group-coalgebras can be
found in the references [4-6].

In the theory of the classic Hopf algebras, Caenepeel et al. proved the following results: Let
A and B be right faithfully flat H-Galois extensions of A and B°H. Then the categories
Morita (A, B) and Morita™" (A" BeH) are equivalent [7]. It is natural to ask whether
or not there exists an analogue of the above results in the setting of Hopf m-coalgebras. This
becomes a motivation of our paper.

This paper is organized as follows.

In Section 1, we recall some basic definitions and results related to relative group Hopf
modules and group corings. In Section 2, we get a Structure Theorem for two-sided group
relative Hopf modules (cf. Theorem 2.2), which is also a main tool used during the rest of

the paper. Furthemore, the compatibility of the category equivalence with the Hom and tensor
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functors has been also investigated. In Section 3, we introduce the notion of 7- H-Morita contexts
and show that if A and B are right faithfully flat m- H-Galois extensions of A°°H and B®H | then
the categories Morita™ (A, B) and Morita~"# (A®H  B¢H) are equivalent (see Theorem
3.6). The main results we get generalize the results of Caenepeel et al. [7] to the setting of Hopf

m-coalgebras.

2. Preliminaries

Throughout this paper we will adopt the following notational conventions. k denotes a com-
mutative ring. We will work over k. Let 7 be a discrete group with unit 1, H = ({Hy, Ma, 1o baer,
a,g,S) a Hopf w-coalgebra [4] with bijective antipode S, and ® means ®j. For an object M in
a category, M will also denote the identity morphism on M.

Let M be a right - H-comodulelike object with structure maps p™ = {pM},c,. The coin-

variants of H on M are the elements of the k-module
Mt —tme M| pM(m) =m® 1,, forall acr}.

Me°H is called a m-coinvariant submodule of M. It is easy to see that M<H is a right
7-H-comodulelike object. Similarly, we may define the coinvariants N°°# of H on left 7-H-
comodulelike object NN.

In particular, let A be a right m-H-comodulelike algebra. The coinvariant of H on A is
A" = la € A| pA(a) =a®1,, forall a € w}. Tt is easy to see that A°°H is a subalgebra of A
and (A, p7') is an ordinary right H;-comodule algebra.

A right relative m-(H, A)-Hopf module M is both a right A-module and 7-H-comodulelike
object such that the following relations hold:

pgf(ma) = myg)aj] @ M[1,4]0[1,a], forall a€m,me M,ac A.

MZ_H denotes the category of right relative n-(H, A)-Hopf module, where the morphisms are
both right A-linear maps and 7-H-comodulelike maps. Similarly, the category of left realative
7-(H, A)-Hopf module is denoted by 4 M7™H.

Recall from [8] that a m-A-coring C is a family C = {Cu}aer of A-bimodules together with
A-bimodule maps

A={Ay3:Cap — Ca®aCs}a,per and e:Cp — A
satisfying the coassociativity in the sense that, for any «, 3, v € 7,
(Ba, 3 ®4Cy)Aap,y = (Ca ®a Ap y)Aa, gy,
and the counit properties in the sense that, for all a € 7,
(Ca®a€)An1=Cq=(e®aCa)A1 4.

Let A be a right m- H-comodulelike algebra. Then C = AQ H = (A® Hy)acr is a m-A-coring

(group coring).
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Assume that A is a right 7- H-comodulelike algebra, and B is a left 7- H-comodulelike algebra,

define the cotensor product

ADHB:{ZCLZ(@@ €cA®B | Zpé(ai)@)bi:Zai®)\f(bi),Va€ﬁ}.

If H is cocommutative, then Ay B is also a right (or left) m-H-comodulelike algebra with the

diagonal comodulelike structure.

Theorem 1.1 Let A be a right m-H-comodulelike algebra. We have a pair of adjoint functors
(Fy,G1) between the categories geon M and AM™ . For any N € geon M, and M € saM™ H,
Fi(N) = A®pcon N, G1(M) = MH. The unit and counit of the adjunction (Fy,G1) are given
by the formulas

M,N - N — (A & pcoH N)COH,HLN(TL) =14 ®n;

e1,Mm  A®peon MeoH M, e1,m(a ®pcon m) = am.
Consider the morphism of group corings
can: (A®@r A)(m) — A®@ H, can,(a®0b) = aqb® aj, q-

Then the following assertions are equivalent:
(1) can is an isomorphism of group coring and A is faithfully flat as a right A°°*-module;
(2) (F1,G1) is a pair of inverse equivalences between the categories gcon M and aM™
and A is flat as a right A°°H-module.
If the above equivalent conditions hold, then we call A a faithfully flat group Galois extension

(simply 7-H-Galois extension).

Proof From Theorem 1.1 of [7], we can infer that A is a left m-H°P-comodulelike algebra, so,
(2) is equivalent to flatness of A € M geom =2 M 4eomeor and equivalence between the categories
ACOHM and Z_HCOPM = AMT"_H. (]

For a concise treatment of corings and their applications, we refer to [9, 10].

3. Two-sided relative group Hopf module

Under our assumption on H, for any a € 7, set (HQ® HP), = Ho,Q H? = Hy, @ Hy—1. It is
clear that H® HP = {H, ® HS°P} . is a Hopf m-coalgebra with the comultiplication A ® AP
and counit € ® e. It can be verified that H is a left 7-H ® H“°P-module coalgebra with a module
structure decomposition ¥ = {1y, : Hy @ Hy-1 @ Hy — Hy, 0o (l @ m @ h) = 1hS,-1(m)}.

Let A be a right m-H-comodulelike algebra and B a left m-H-comodulelike algebra. Then
A® B is a right m-H ® HP-comodulelike algebra, with the m-comodule structure maps pA®8 =
{pA®B . A@ B — A® B® Hy ® Hy1}aer defined by

P2 (a®b) = ajg) ® bpg) @ apy,0) @ bj-1,0-1)-

Then by [11], (H ® H®°P, A® B, H) is a left-right m-Doi-Hopf datum, and the category of 7-Doi-
Hopf modules is denoted by agpM™ 7 (H @ HP). It is straightforward to verify that A ® B
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is an object of 4 M™ H(H ® HP), with comodulelike structure maps
PP (a ®b) = ag) @ bg) @ ap,a)Sa-1(b1,0-1))-

Proposition 2.1 With the notation as above, we have a pair of adjoint functors (Fp =
A® B ®an,B — G2 = (—)°H) between the categories so, pM and agpM™ H(H @ HeP).
Furthmore, if A is a faithfully flat w-H-Galois extension, then (Fy, G2) is a pair of inverse equiv-

alences between the categories 40, pM and agpM™ 2 (H @ HP).

Proof We only prove the second part of the conclusion. Firstly, we describe the unit of this

adjunction:

Mo i M — (A® B@ag,s M), nam(m)=14© 15 @an,s M.
The counit €2 is the following:

con:A@B@an,p N — N, eon(a®@b@an,pn) = (a®b)n.

Take M € ap,pM. We can check that ¢ : A — AOyB,(a) = a ® 1p is an algebra map,
and then M is a left A°°®-module by restriction of scalars. Consider the composite of some
isomorphic maps:
gr A ®pcon M2 AR peon (ADHB) ®a0ps M
—>A ® B ®ADHB M

It is easy to see that gar(a ® gcon m) = a ® 1 ® a0, 5 M, and gas is a right 7 H-comodulelike

map. It follows that gy is restricted to an isomorphism

(A® peorr M)°H — (A® B®4n, 5 M)™H.

It is observed that no = gﬁjo oni,m. It follows immediately from Theorem 1.1 that 7y 5/ is an

isomorphism, furthermore, 12 ps is also an isomorphism.
Take N € aopM™ H#(H ® H°P), then N is both a left A-module by a-n = (a ® 15)n, and

a m-(H, A)-relative Hopf module, since

pa(a . n) = pa((a ® 13)71) = (a[o] ® 1B)n[0] ® a[l)a]n[lﬂ]Saa (10471)
= a[0]7o] @ [1,0)M[1,0]-
It is then to see that €1 y = €2 § 0 gneorr. Since A is a faithfully flat 7- H-Galois extension, €15
is an isomorphism, and this implies that €2  is also an isomorphism. O
In what follows, we always assume that H is a finite type Hopf 7-coalgebra [4, 5], and A and
B are right m-H-comodulelike algebras.
A two-sided relative 7-(H, A, B)-Hopf module M is both a left A-module, right B-module

and 7- H-comodulelike object such that the following relation holds:
pi/[(amb) = a[o]m[o]b[o] ® a[l)a]m[l)a]b[l)a], forall aem,me M,a € A,be B.

We denote the category of two-sided relative m-(H, A, B)-Hopf module with A-linear, B-linear,
7-H-comodulelike maps by a4 ME .
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Observe that B°P is a left m-H-comodulelike algebra, with the left 7-H-comodule maps
AB = INB™ Y e, ABT (b)) = S5 (bpi,a-1)) @ boj. In particular, A ® B is a right m-H © HP-

(63

comodulelike algebra with the comodule structure maps
p£®Bop (a ® b) =ajp ® b[o] ®a[1,a] @ S;,ll (b[l,a])a Va € .

Furthermore, A ® B°P is a right m-H-comodulelike algebra with the comodulelike structure
maps p = {pataer, Pala ®b) = ap) @ bjg) ® af1,01b[1,4)- So we have (A ® Bor)eol — Ay Bep.

It is straightforward to verify that the category 4qpM™ H (H® H®P) of left-right 7-Doi-Hopf
modules is isomorphic to the category of two-sided relative m-(H, A, B)-Hopf module AMTE;_H .

Applying Proposition 2.1, we immediately obtain the Structure Theorem for two-sided rela-
tive m-(H, A, B)-Hopf modules.

Theorem 2.2 With the notations as above, we have a pair of adjoint functors (F3 = A ®
B°P @ an,,gor — G3 = (—)°f) between the categories oo, porM and AM’E;H. If A is a faith-
fully flat m-H-Galois extension, then (F3,G3) is a pair of inverse equivalences.

Proposition 2.3 Let A, B,C be right w-H-comodulelike algebras. If M € AM};_H and
N € gpMZEH, then M @ N € AME . When A and B are faithfully flat 7-H-Galois exten-
sions, the map
fiM Qpeon NOH — (M ®@p N, f(m@pewnn)=m®pn

is an isomorphism. Consequently, M°°H @ gcon N°H is a left AQ i C°P-module.

Proof We define the right m- H-comodulelike structure maps on M @ g N as pM@N(m@pn) =
mio] ®B Njo] @ M[1,0]M1,qa]; for all a € 1, m € M and n € N, and the (A, C)-bimodule action on
M ®p N is natural. It is easy to check M ®p N € AM’é—H with the given action and coaction.

It follows from Theorem 1.1 that

e A®pecon MH — M, and ey n: B®peon N7 — N
are isomorphism. Let g be the composite of the following isomorphic maps
ELM ®BcoH NCOH : A ®AcoH MCOH ®BCOH NCOH — M ®BcoH NCOH,

and
M ®pe1N:M®pgen N°# — M ®p N.

g is bijective with the formula
g(a ® geor M @peon N) = am Qp n,

foralla € A,m € MH and n € N It is easy to verify that g is an isomorphism in A M7™ .

Then g restricts to an isomorphism
gcoH . (A ® pcor McoH Qpeort NcoH)coH N (M Qp N)coH.
The map f is the composition of g°H and the isomorphism

H H H HycoH
M, MeoH® oopy NeoH s MY @pgeon N — (A ® pgeorr M7 Q@peon N )CO .
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Finally, the left Az CP-action on (M ®p N)°°H can be transported using f to M°H @ geon
NCOH. O
In what follows, let M, N € 4M™ . We define the maps

Pa t AHom(M; N) I AHOHl(M, N) ® Haq, Pa(f) = f[O] ® f[l,a]
satisfying the relation

fio)(m) @ frr.a) = flmyo)io) © ot (mpa-1) f(mig)) 1,015
for all f € s-Hom(M,N), and «, 8 € 7. A straightforward calculation shows that 4Hom(M, N)

is a right 7 H-comodulelike object with the 7-H-comodulelike structure maps p = {pq }acx-

Proposition 2.4 Let A, B,C be right n-H-comodulelike algebras. If M € AMTJ;H and
N € AMg_H, then sJHom(M,N) € BMZ_H, and we have a map 1 : sHom(M, N)°H —
acon Hom (Mo Neot) wj(f) = feoH where f° is a restriction to M. If A is a faithfully

flat m-H-Galois extension, then v is an isomorphism of left By C°P-modules.

Proof We firstly define the (B, C)-bimodule structure on 4Hom(M, N) as (b-g-c) = g(mb)c
for any g € aHom(M,N), b € B,c € C. It is clear that b- g - c is left A-linear. The right
m-H-comodule is defined as above. Secondly, one can show that 4Hom(M,N) € BMZfH by a
tedious computation.

1 is well-defined, by the definition of p,(f), it follows that f(m)® 1o = f(m)j0) @ f(mM)[1,a],
for any f € sHom(M, N)*°H m e M so f(m) e Ne°H.

If A is faithfully flat 7-H-Galois extension, then we define the inverse of ¢ as ¢(f) =e1,n 0
(A® f)o 51_}\4 and this completes the whole proof. O

Remark 2.5 In particular, set M = N, it is straightforward to verify that 4End(M)°P is a
right 7- H-comodule algebra.

Proposition 2.6 Let A, B, C be right n-H-comodulelike algebras. Consider M &€ AME_H and
N € aMZH, then the evaluation map ¢ : M @p aHom(M,N) — N,p(m ® f) = f(m) is a
morphism of the category AM’CTV*H . If A and B are faithfully flat w-H-Galois extensions, then

the evaluation map
sDcoH . MCOH Qpeont AcoHHOm(MCOH,NCOH) N NcoH

is left A0y C°P-linear.

Proof We only show that ¢ is a right m- H-comodulelike map. In fact, for any f € s4Hom(M, N),
and m € M,

(¢ ® Ho)(pa(m®@p f)) = (¢ @ Ho)(mio) @B flo) @ M[1,0] @ fl1,a])
= f(mp)) o] ® Mpz,015%  (M[1,0-17) F (M) 1,01
= f(m)) ® f(Mm)1,0] = pal@(m @5 f)).

The second statement follows from Propositions 2.3, 2.4 and Remark 2.5. O
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Proposition 2.7 Take M € aM7 ", then the map ¢ : B — AEnd(M), ¢(b)(m) = mb is a
morphism in BME_H . In particular, ¢ is also an algebra map between B and aEnd(M)°P. If A
and B are faithfully flat m-H-Galois extensions, then the map ¢° : B°? — ,End(M ) =
acon End(Me°H) is left BOy B°P-linear.

Proof One can check ¢ is a B-bimodule map and also an algebra map between B and 4End(M)°?

by a straightforward computation. ¢ is also a right 7 H-comodulelike map, since

B(b)joy(m) @ d(b)1,0) = ¢(B) (Mo 0] ® Sax " (m[1,0-17) (D) (M) ) 1,0
= ¢(bjo)) (M) @ bj1,q];

forany m e M, be B. O

Applying Propositions 2.6 and 2.7, we can obtain the second statement.

Proposition 2.8 Let A, B, C be right w-H -comodulelike algebras, and consider M &€ AME_H, N e
AMETH A € yMTTH | then the map ¢ : sHom(M, A) @4 N — sHom(M, N),&(f @ n)(m) =
f(m)n is a morphism in pME ™. If A and B are faithfully flat 7-H-Galois extensions, then
the map £ : jcon Hom(MH  AH) @ yeon NH — couHom(MH NeoH) js left BOrCoP-

linear.

Proof We have to show that £ is a right 7m- H-comodulelike map. In fact, it suffices to compute
that the relation

E(fio) @ njo)) (M) @ fir,an1,a) = fio)(M)njo] @ fi1,a)1,0)
= f(m)onio) @ Sq t (Mmi1,a-11) f (M(0)) [1,6)7 (1,01
=&(fen)g(m) @E(f @n)i,q
holds, for any f € sHom(M, A), n € N,m € M.

The rest of the proof is similar to Proposition 2.7. O

3. Generalized Morita equivalences

In this section, we introduce the group Morita context and study the generalized Morita

equivalences induced by two-sided relative m-(H, A, B)-Hopf module.

Definition 3.1 Let A and B be right w-H-comodulelike algebras. Consider M € AM};H,
N e gpMTH A e M7 and B € gpME | then a group Morita context over H (simply
m-H-Morita context) connecting A and B is a Morita context (A, B, M, N, T, i) of objects defined
above such that 7 : M®p N — A is a morphism in AMZ(H and i1 : N® 4 M — B is a morphism
in B./\/IE;H.

A morphism between two w-H-Morita context (A, B, M, N,7,u) and (A", B’, M', N’ 7/, i)
consists of a fourtuple (f,g,s,t), where f : A — A’,g: B — B’ are m-H-comodulelike algebra
maps, s : M — M’ is a morphism in o4M% # and t : N — N is a morphism in M7~ satisfying
the relations 770 (s®t) = fr and p' o (t®s) = gu. We use the notation Morita™ (A4, B) for the
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subcategory of the category of m- H-Morita context, consisting of m- H-Morita context connecting

A and B, and morphisms with the identity of A and B as the underlying algebra maps.

Example 3.2 Let A be a right 7-H-comodulelike algebra. Take P € 4 M™ # then through
Remark 2.5, B = 4End(P)°? is a right m-H-comodulelike algebra. Therefore one can show
that P € 4 M7 with the right B-module given by p- f = f(p), for all f € B,p € P and
Q = aHom(P, A) € pM7~ by Proposition 2.4. Define the map

7:P®p aHom(P,A) — A, 7(p® f) = f(p),

and the map
p: aHom(P, A) ®4 P — 4End(P)°?, u(f @ p)(z) = f(z)p.
It can be verified that the sextuple (A4, B, P,Q, T, u) is a m-H-Morita context by a tedious and

straightforward computation. In this case, we call it the m-H-Morita context associated with
Pe AMF_H .

Remark 3.3 1) The m-H-Morita context associated to P is strict if and only if P is a left
A-progenerator.
2) If m-H-Morita context (A, B, P,Q, T, u) is strict, then (Fy = P®p —,G4 = N ®4 —)

between the categories 4 M™ H and g M™ H is a pair of inverse equivalences.

Proposition 3.4 If (A,B,M,N,r,u) is a strict m-H-Morita context, then the w-H-Morita

context is isomorphic to the m-H-Morita context associated to M € 4 M™ .

Proof Firstly, by [12, Theorem 3.5] and Remark 2.5, it follows that g : B — 4End(M)°P is an
isomorphism of 7- H-comodulelike algebra and ¢ : N — gsHom(M, A), t(n)(m) = 7(m ® n) is an
isomorphism of (B, A)-bimodules.

Secondly, one can show that ¢ is a m-H-comodulelike map and (A4, g, M, t) is an isomorphism

of m-H-Morita context by a tedious computation. O

Definition 3.5. Let A and B be faithfully flat w-H-Galois extensions of A" and B®°H". A
O, _g-Morita context between A and B! is a Morita context (A% B« P Q 1/ u')
satisfying the following conditions:

(M1) P is a left AQg B°P-module;

(M2) Q is a left BOy A°P-module;

(M3) 7' : P®peon Q — AH is left Ay A°P-linear;

(M4) 1 : Q @ geon P — B is left BOy B°P-linear.

A morphism between two O,_ z-Morita contexts connecting A°°H and B°H is a morphism
between Morita contexts of the form (A B o 3), where « is left Ay B°P-linear and (3 is
left B0y A°-linear. The category of (I, _ -Morita contexts connecting A°°# and B®H will be
denoted by Morita™—# (AH BeoH),

In what follows, we will give the main result of this paper.

Theorem 3.6 Let A and B be faithfully flat m-H-Galois extensions of A" and B¢H. Then
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the categories Morita™ ¥ (A, B) and Morita~"—# (A°H  BeH) are equivalent. The equivalence

functors send strict contexts to strict contexts.

Proof Let (A, B,P,Q,7, 1) be a m-H-Morita context. Then P € 4, por M and Q°°H €
B0, A0 M by Theorem 2.2. It follows from Proposition 2.3 that we have a left Az A°P-linear
map

7_/ — 7_coH o f . PcoH Qpeont QcoH i) (P Qp Q)coH TZH AcoH
and a left By B°P-linear map

coH
/1'/ _ MCOH ° f . QCOH ®ACOH PcoH i} (Q ®B P)coH :“‘_) BcoH7
I’
where f is defined in Proposition 2.3. By Proposition 2.3, (P®5 Q) @ 4eon P°H = (PRpQ®a
f//
P)°H and PH @ geon (Q®@4 P)°H = (P25 Q®4 P)®H it follows that f/'o (f ® geor PH) =
o (M @peon f).
Since T ®4 P = P ®p u, it follows that

TI ®ACOH PCOH = PCOH ®BcoH /,L/.

Similarly, we can obtain

1 @ pgeorr Q1 = QH @ peon 7.
Therefore, it follows that (A°H BeoH peoll Qeol /1)) is a O, _y-Morita context. If (A, B,
P, Q, 7, u) is strict, then it follows that (A Beotl peot Qeol '+ ") is strict by the definition
of 7/ and p'.

Conversely, let (A B M N, 7/ 1) be a O,_g-Morita context. Then set P = (A ®
BP)® a0, ger M and Q = (BRAP)Qpn,, aor N. From Theorem 2.2, we can obtain P € AM’E;H,
Q€ pMTH and A 2 (A ® A%P) @40, 400 AT B 2 (B ® B?) ®p0,por BT, Define
T:PRpQ — A r=1p0F(")oh,and u: Q®4 P — B,u =g o F(y') oh. By Theorem
2.2 and the definition of 7, u, one can deduce that (A, B, P,Q, T, p) is a m-H-Morita context. O

Proposition 3.7 Assume that A and B are faithfully flat w-H-Galois extensions of A°°" and
Be°H " and let (A°H  B°H M, N, 7', i') be a strict Morita context. If M has a left AQy B°P-
module structure, then there exists a unique left By A°P-module structure on N such that
(AceH peoH NN 7' ') s a strict O, g-Morita context.

Proof One can see that M = AR®BP® a0, or M € A/\/l}ng and ¢°°H . BeoH AEnd(M)COH =
AcoH End(M cf) is an isomorphism as left B0z B°’-module by Proposition 2.7 and the strict
property of the Morita context. So ¢ : B — AEnd(M ) is an isomorphism in BMTE;_H by the
faithful flatness of B and M is a progenerator by the strict property of the Morita context. Set
N = sHom(M, A), it follows that N7 = ,..n Hom(M, A" as left By A°P-modules and
N and geon Hom(M, A%°H) are canonically isomorphism as (B¢ AcH) himodule. Using the
isomorphism, the left B0y A°P-module structure can be transported to N. The corresponding
O, _ g-Morita context from Theorem 3.6 is canonically isomorphic to (A% B M N 7/ u'),

this completes the proof. O
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Recall that M is a left A-progenerator if M is finitely generated projective and its trace ideal
is the whole ring. If this property holds in 4 M™ # then we call M a m-H-progenerator.

The following result is easy to obtain.

Corollary 3.8 Assume that A and B are faithfully flat m-H-Galois extensions of A°°H and
Be°H | If 7-H-Morita context (A, B, P,Q, T, j1) is strict, the P is a m-H-progenerator.

Proposition 3.9 If A is a faithfully flat Galois extension of A and P € 4M™ H is a left
A-progenerator, then B = 4End(P)° is a faithfully flat w-H-Galois extension of B°°H if and

only if P is a w-H-progenerator.

Proof By Proposition 3.4, the m-H-Morita context (A, B, P,Q = sHom(P, A), 7, 1) defined in
Example 3.2 is strict.

Necessity. It immediately follows from Corollary 3.8.

Sufficiency. By Example 3.2, P € AM’E;H and P, = P°°H ¢ ,con Mpeon. From Theo-
rem 1.1, it follows that P; is a left A°°-progenerator. One can get B®H =~ ,..nEnd(P;)°P
and QH =~ ,..uHom(P;, B°H) by Proposition 2.4. The Morita context (A®H K BeoH =
acon End(Py)°P, Py, gcon Hom(Py, BH) 7/ i) associated to P; € jeon M is strict. From the
fact that the three functors Py ® geonr —, AR 4com — and P®p — are equivalent functors, it follows

that B ® geor — is also an equivalence. Furthermore, it follows that B is a faithfully flat Galois

extension of B,
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