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Abstract In this note we define the property (w’), a variant of Weyl’s theorem, and establish for
a bounded linear operator defined on a Hilbert space the necessary and sufficient conditions for
which property (w’) holds by means of the variant of the essential approximate point spectrum
o1(+) and the spectrum defined in view of the property of consistency in Fredholm and index. In
addition, the perturbation of property (w’) is discussed.
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1. Introduction

Weyl [1] examined the spectra of all compact perturbations of a hermitian operator on Hilbert
space and found in 1909 that their intersection consisted precisely of those points of the spec-
trum which were not isolated eigenvalues of finite multiplicity. This “Weyl’s theorem” has been
considered by many authors. Variants have been discussed by Harte and Lee [2] and Rakocevit
[3,4]. In this note, we introduce a new variant of Weyl’s theorem called property (w’) and show
how property (w’) follows from properties of the variant (1) of the essential approximate point
spectrum and the spectrum defined in view of the property of consistency in Fredholm and index
(defined in Section 2). In addition, the perturbation of property (w’) is discussed.

Throughout this note, let B(H) (K(H)) denote the algebra of bounded linear operators
(compact operators) acting on a complex, infinite dimensional Hilbert space H. If T € B(H),
write N(T') and R(T) for the null space and the range of T'; o(T) for the spectrum of T}
7oo(T) = mo(T) Nisoo(T), where mo(T) = {A € C: 0 < dim N(T — A\I) < oo} are the eigenvalues
of finite multiplicity. An operator T' € B(H) is called upper semi-Fredholm if it has closed range
with finite dimensional null space and if R(T) has finite co-dimension, T' € B(H) is called a
lower semi-Fredholm operator. We call T' € B(H) Fredholm if it has closed range with finite

dimensional null space and its range of finite co-dimension. For a semi-Fredholm operator, let
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n(T) = dim N(T') and d(T') = dim H/R(T) = codim R(T"). The index of a Fredholm operator
T € B(H) is given by ind(T") = dim N(T')—dim H/R(T) = n(T)—d(T"). The ascent of T', asc(T),
is the least non-negative integer n such that N(7™) = N(T™*!) and the descent, dsc(T), is the
least non-negative integer n such that R(T™) = R(T™"!). An operator T € B(H) is called Weyl
if it is Fredholm of index zero. And T' € B(H) is called Browder if it is Fredholm “of finite ascent
and descent”: equivalently if T" is Fredholm and 7' — AI is invertible for sufficiently small A # 0
in C. The essential spectrum o.(7T), the Weyl spectrum o,,(T"), the Browder spectrum o(T),
the upper semi-Fredholm spectrum ogp, (7') and the lower semi-Fredholm spectrum osp_(T") of
T € B(H) are defined by

0.(T) ={A € C: T — Al is not Fredholm},
ow(T)={A € C:T — Al is not Weyl},
op(T) = {A € C: T — A is not Browder},
osr, (T) = {A € C:T — A is not upper semi-Fredholm},
osp_(T) ={A € C:T — A is not lower semi-Fredholm}.

The property (w’) which we will define has close relations with Weyl’s theorem. The rest
of this paper is organized as follows. In Section 2, by defining two new spectrums, we give the
definition of property (w’) and the necessary and sufficient conditions for T such that property

(w’) holds. As a consequence of the main result, the perturbation of property (w’) is discussed.

2. CFI operator and Property (w')
We begin with a definition and a lemma [5]:

Definition 2.1 Wesay T € B(H) is consistent in Fredholm and index (abbrev. a CFI operator),
if for each B € B(H), one of the following cases occurs:

(1) TB and BT are Fredholm together and ind(T'B) = ind(BT) = ind(B);

(2) Both TB and BT are not Fredholm.

Lemma 2.1 T € B(H) is a CFI operator if and only if one of the following three mutually
disjoint cases occurs:
(1) T is Weyl;
(2) R(T) is not closed;
(3) R(T) is closed and dim N(T') = codim R(T") = oo.
Let
p2(T) ={A € C:T — X is a CFI operator}

and let o2(T) = C\p2(T). Clearly, A\g € o2(T) if and only if T'— A\g! is a semi-Fredholm operator
but ind(T — A\oI) # 0. By perturbation theorem of semi-Fredholm operator, o2(T") is an open
set in the spectrum o(T) of operator T. Let H(T) be the class of complex-valued functions

which are analytic in a neighborhood of ¢(T") and are not constant on any neighbourhood of any
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component of o(7T).

Remark 2.1 (1) If int o(T") = 0, then oo(T) = 0;
(2) It is easy to prove that oo(f(T)) C f(o2(T)) for any f € H(T); But in general the
converse inclusion fails.

For example, suppose A;, Ay € B(¢?) are defined by:

Al((El,ZEQ,ZEg, .. ) = (O,$1,0,.’L’2,0,.’L’3, .. ')7

A2($1,$2,$3, . ) = (:vl,0,0, . )

A
Let T = < 01 A ) and p(T) = T(4 —T). Then p(T) is a CFI operator, that is, 0 ¢ o2(p(T)).
2

But since 3 € 02(T'), we know that 0 € p(oa(T)), which means that the inclusion f(o2(T)) C
oo (f(T)) fails.

(3) For any f € H(T), o2(f(T)) = f(o2(T)) if and only if o2(T) = 0.

Suppose o2(T) = 0, then f(o2(T)) = 0. Since o2(f(T)) C f(o2(T)), o2(f(T)) = 0. Then
o2(f(T)) = f(o2(T)) for any f € H(T).

Conversely, suppose that spectrum mapping theorem holds for oo(-). If 0o(T) # 0, let
Xo € 02(T), that is T — Xo[ is a semi-Fredholm operator. Since ogr, (T') Nogr_(T) # 0, take
po € osp, (T)Nosp_(T), and let f(T) = (T'—XoI)(T —pol). If R(T — poI) is not closed, R(f(T))
must not be closed, in this case f(7") is a CFI operator. In the following we suppose R(T — ol ) is
closed, then n(T—pol) = d(T—pol) = co. Using the fact that R(f(T)) = R(T—Xol)NR(T—pol)
and N (T —pol) € N(f(T)), we know that R(f(T")) is closed and n(f(T')) = d(f(T)) = oo, which
means that f(7") is a CFI operator again, that is 0 ¢ o2(f(T))(= f(02(T))). Then Ao ¢ o2(T),
it is in contradiction to the fact that Ao € o2(T).

(4) o2(T) =0 if and only if ogp, (T) = o5r_(T) = 0u(T).

Weyl’s theorem for an operator says that the complement in the spectrum of the Weyl spec-

trum coincides with the isolated points of the spectrum which are eigenvalues of finite multiplicity.
Weyl [1] discovered that this property holds for hermitian operators and it has been extended
to many other operators. In recent years, a number of researchers have considered the Weyl’s
theorem for operators and operator matrices (such as [2,6-9], et.) In the following, we consider
a variant of Weyl’s theorem called property (w’).

We say that the Weyl’s theorem holds for T' € B(H) if there is equality

o(T)\ow(T) = moo(T).

Let SF_(H) = {A € B(H) : A is an upper semi-Fredholm operator with ind(A4) < 0}. The
essential approximate point spectrum o, (7T") of T is defined by: 0eo(T) ={A € C: T — A\ ¢
SF_ (H)}. Rakocevic has looked at variants of “ Weyl’s theorem ” in which the spectrum is
replaced by the approximate point spectrum: “the a-Weyl’s theorem holds ” for T if

0a(T)\oea(T) = 750 (1),
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where we write o,(T) for the approximate point spectrum of T, 7§, (T") for the set of all A € C
such that A is isolated point in 0, (T) and 0 < dim N(T' — ) < cc.

Definition 2.2 T € B(H) is said to satisfy property (') if
o(T)\ow(T) = w50 (T).-

Remark 2.2 (1) Property (w') implies Weyl’s theorem, but the converse is not true.
For example, let A, B € B({?) be defined by

A(II;IQ;IB?"') = (0;I17x27x37"')5
To T
B(xy, 20, 73,...) = (0,0,72,?3,...),
A 0
and T' = 0o B ) Then o(T) = 0,(T) = {A € C: |\ < 1} and mo(T) = 0, 7§, (T) = {0},

which means that Weyl’s theorem holds for T' but property (w’) fails for T'.
(2) Property (w') cannot induce a-Weyl’s theorem.
For example, let A, B € B(?) be defined by:

A(l’l,fEQ,fL’g}, o ) = (O,fEl,O,fEQ,O,(Eg, o ')7

B(Ilax27x37 .- ) = ($2,$3,ZE4, <. ')a

A 0
and let T = 0 B | Then o(T) = 04,(T) = 04(T) = {A € C: |\ < 1}, 74 (T) = § and
0ea(T) = {\ € C: |A] = 1}, thus T has property (w’), but a-Weyl’s theorem is not true for 7.
(3) a-Weyl’s theorem cannot induce Property (w’).
Let T' € B(¢?) be defined by:

T($1,$2,$3, .. ) = (1'1,0,07113,1'4, .. )

Then
(@) 0o(T) ={0}U{A€C: A\ =1}, 0ea(T) ={X € C: |\ =1}, and 7§, (T) = {0};
(b) o(T)=0u,(T)={reC: |\ <1}
This shows that a-Weyl’s theorem holds for T', but property (w’) fails for T.
(4) Property (w') holds for T' < Weyl’s theorem holds for T and mo(T") = 7y (T) & Weyl’s
theorem holds for T and 0., (T)N7&(T) = 0 < o(T) = 0, (T) Uy (T) and o, (T) N 75 (T) = 0.
Let p1(T) = {\ € C: n(T — X) < oo and there exists € > 0 such that T'— I € SF_ (H) and

N(T = puI) € () RUT = pD)" 30 < |u— A| < &}

n=1
and let 01 (T) = C\p1(T). Clearly, 01(T) C 0ea(T) C 04(T) and o1(T) C op(T). T is called
a-isoloid if A € iso 0, (T) = N(T — M) # {0}. The following theorems give the relation between

property (w’) and property of consistency in Fredholm and index.

Theorem 2.1 T € B(H) is a-isoloid and property (w') holds for T' if and only if o(T) =
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01(T) U [o2(T) N acc 02 (T)] U [pa(T) N o(T)).

Proof Suppose that 03(T") = 01 (T)U[o2(T)Nacc o (T)]U[pa(T)No(T)]. Let Ao € o(T)\ow(T).
Then A\ ¢ [01(T) U po(T)]. By the perturbation theorem of semi-Fredholm operators, we know
that Ao ¢ 02(T), then A\ ¢ [02(T) Naccaq(T)]. Thus Ng ¢ o1 (T) U [o2(T) Nacc oa(T)] U [pa(T) N
o(T)], which means that T'— X\oI is Browder, and hence Ay € 7§y (T"). For the converse, let
Xo € who(T). Tt is easy to see that Ao ¢ 01(T") U [02(T) Naccoy(T)] U [pa(T) N o(T)]. Then
Ao & op(T), that is A\g € o(T)\ow(T). This shows that o(T)\ow(T) = 7§, (T) and property
(w’) holds for T. For the a-isoloid, let Ag € iso0,(T") and suppose that n(T — \gI) = 0, then
o ¢ 01(T) U [02(T) Nacco,(T)] U [po(T) N o(T)]. This induces that T — Aol is Browder and
n(T — XoI) =0. Thus T — Ao/ is invertible. It is in contradiction to the fact that Ao € o(T).

Suppose that T is a-isoloid and property (w’) holds for T. The inclusion ¢y (T) U [o2(T) N
accoq(T) U [pa(T) N o(T)] C op(T) is clear. For the converse inclusion, let \g ¢ o1 (T) U
[02(T) Naccog(T)] U [pa(T) N o(T)]. Then n(T — MI) < oo and there exists € > 0 such
that T — X € SF_(H) and N(T — M) C (,_; R[(T — XI)"] if 0 < |A — Xo| < e. Also,
o ¢ [pa(T) N o(T)] and Ao ¢ [02(T) Nacco,(T)]. Without loss of generality, we suppose that
Mo ¢ pa(T), that is A\g € 04(T"). There are two cases to consider.

Case 1 Suppose \g ¢ 02(T). Then T — Al is CFI operator if 0 < |A — A\p| is small sufficiently.
But since T — Al € SF_(H) and N(T — XI) C (\,—; R[(T — AXI)"] if 0 < [\ — Xg| < €. Then
T — A is Weyl if 0 < |\ — Xg| is sufficiently small by Lemma 2.1. Since property (w’) holds for T,
it follows that T'— AI is Browder. Then N(T —X) = N(T' = X)N(,2_, R[(T — XI)"] = {0} (see
[10, Lemma 3.4]), which means that 7" — A is invertible. This proves that Ao € isoo(T"). Using
the fact that T is a-isoloid and n(T — Agl) < co we know that Ao € 7y (7). Since property (w')
holds for T, it follows that T'— Aol is Browder. Then Ao ¢ ou(T).

Case 2 Suppose Ao ¢ accoq(T). Then A\g € isoo,(T) and hence A\g € 7§, (7). Using the same
way, we know that \g ¢ op(T). O

In the same way, we can prove

Corollary 2.1 T € B(H) satisfies property (w') < o(T) = 01(T) U [02(T) Nacc o, (T)|U{X €
o(T):n(T — \) =0}.
If 09(T) = 0, then po(T) N o(T) = 0. Thus:

Corollary 2.2 Suppose o2(T) = 0, then
(1) T is a-isoloid and property (w') holds for T < op(T) = 01(T);
(2) Property (w') holds for T < op(T) = o1 (T)U{X € o(T) : n(T — X\I) = 0}.
“T is a-isoloid” is essential in Theorem 2.1. For example, T' € B(¢?) is defined by

T2 T Tn,
T($1,I2,I3, .. ) = (O,Il, 72, 33, ceey 7, .. .),

then o(T) = 04(T) = 04(T) = {0} and 7§, (T") = 0, which shows that T has property (w’) and T'
is not a-isoloid. But we know that o,(T") = {0} and o1 (T)U[o2(T)Nacc o4 (T)|U[pa(T)Nao (T)] = 0,
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that is 03 (T) # 01 (T) U [02(T) N acc oa(T)] U [pa(T) N o (T)).

Theorem 2.2 Suppose T € B(H) is a-isoloid and property (w’) holds for T, then the following
statements are equivalent:

(1) For any f € H(T), property (w’) holds for f(T);

(2) Forany f € H(T), 0 (f(T)) = f(0(T)), and o(T) = 5,,(T) or o(T) = 04(T);

(3) For each pair A\, p € C\o.(T), ind(T — AX)ind(T — pI) > 0, and o(T) = 0,(T) or
o(T) = ocq(T).

Proof (1) = (2). 0w (f(T))) C f(ow(T)) is clear. We need to prove f(oy,(T)) C 0w (f(T)).
Suppose o ¢ 0w (f(T)), then f(T) — pol is Weyl. Let

F(T) = pol = (T =2 I)" (T = Ao d)™ -+ (T = M d) ™ g(T),

where \; # \; and g(7T') is invertible. Thus T'— A1 is Fredholm operator and po ¢ o(f(T)) or
o € o(f(T)\ow(f(T)). If uo ¢ o(f(T)), then f(T) — pol is invertible, which means that each
T — NI is invertible. Then po ¢ f(0w(T)). If po € o(f(T))\ow(f(T)), since property (w’) holds
for f(T), we know that f(7T) — pol is Browder. Hence T — A; I is Browder and A; ¢ 0,,(T"). Then
o & F(o(T)).

Next we will prove if 0(T") # 04,(T), then o(T') = 04(T). Let Mg € 0(T)\ow(T). Then T—XoI
is Browder because property (w’) holds for T'. For any pg € 04(T), let f(T) = (T — ol )(T— X o).
Then f(T') is an upper semi-Fredholm operator with asc(f(T)) < oo and n(f(T)) > 0. Thus
0 € w8, (f(T)). Since f(T) satisfies property (w’), f(T) is Browder. This implies that T — uol is
Browder. Using the fact that T'— ugl is bounded from below, we know that T'— ugl is invertible.
Then we prove that o(T) = 04(T) if o(T) # 0 (T).

(2) = (1). If o(T) = 0w(T), then 7§y (T") = 0 since T satisfies property (w’). In this case,
o(f(T)) = H(o(T)) = F(ou(T)) = 0u(F(T)) and mio(f(T)) = 0. Then o(f(T)\ou(F(T)) =
75y (f(T)), which means that f(T) satisfies property (w’). In the following, we suppose that
o(T) # 0uw(T), then o(T) = 04(T). Let po € o(f(T))\ow(f(T)). Then f(T) — ol is Weyl and
n(f(T) — pol) > 0. Let

F(T) = pol = (T =2 I)" (T = Aod)™ -+ (T = M d) "™ g(T),

where A\; # A; and ¢(7T') is invertible. Since o, (f(T)) = f(0w(T)) and po ¢ o (f(T)), it follows
that A; ¢ 0., (T'). Then T — \; 1 is Weyl. Since property (w’) holds for T', it follows that T — \; 1
is Browder. Then f(T') — ol is Browder, thus ug € n§,(f(T")). Conversely, let po € wio(f(T))
and let f(T) — pol = (T — MI)™(T — M) - - (T — A\ L) g(T), where \; # \; and ¢g(T) is
invertible. Let T'— \;I is bounded from below if 1 < ¢ < j and A; € 0,(T) if j < i < k. Then
T — M1 is invertible if 1 <14 < j since o(T) = 0o(T). If j < i <k, then A\; € 7§,(T"). Since T has
property (w’), T — A\;I is Browder. Thus f(T') — pol is Browder and uo € o(f(T))\ow(f(T)).
Hence property (w’) holds for f(T).
(2) < (3). By Theorem 2 in [2], we can get the result. O

If 01(T) = 0u(T), using the perturbation theorem of semi-Fredholm operators, we can prove
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that 04(T) = o(T) and ind(T — AI) > 0 for any A € C\o.(T"). By Corollary 2.2 and Theorem
2.2, we get:

Corollary 2.3 If 01(T) = 04(T), then property (w') holds for f(T) for any f € H(T).
From Theorem 1.10 in [11], for each pair A, u € C\ogr, (T), ind(T — AI)ind(T — puI) > 0 if
and only if for any f € H(T), f(o1(T)) C o1 (f(T)).

Corollary 2.4 Suppose that T € B(H) is a-isoloid and property (w') holds for T. If for any
fe HT), f(o1(T)) C o1(f(T)), then for any f € H(T), property (w') holds for f(T) if and
only if 0(T) = 04,(T) or o(T) = 4(T).

If 02(T) = 0, we have that o¢(T) = 64, (T) and 0(T) = 04(T). Then f(o1(T)) C o1 (f(T)) for
any f € H(T). In this case, if T € B(H) is a-isoloid and property (w’) holds for T, by Corollary
2.2, 0p(T) = 01(T). Then for any f € H(T), property (w’) holds for f(T) (Corollary 2.3) and

f(o1(T)) = f(ou(T)) = o (f(T)) 2 o1 ((T)).

Corollary 2.5 Suppose that T € B(H) is a-isoloid and property (w') holds for T. If oo(T) = 0),
then

(1) f(o1(T)) = o ((T)) for any f € H(T);

(2) For any f € H(T), property (w') holds for f(T).

Oberai [12] has examples showing that the Weyl’s theorem for T is not sufficient for the
Weyl’s theorem for T+ F' with finite rank F. For property (w’), it has the same case. For
example, let T = A@® I acting on H & H with A an injective quasinilpotent operator. It is clear
that T satisfies property (w’). Take any finite rank projection P € B(H), and let F = 0® (—P).
Then TF = FT, but property (w’) fails for T+ F because 0 € 7§y (T + F) N oy (T + F).

Corollary 2.6 Suppose that T € B(H) is a-isoloid and property (w') holds for T. If F € B(H)
is a finite rank operator commuting with T and 0,(T) = o,(T + F), then T + F is a-isoloid and
property (w') holds for T + F.

Proof By Theorem 2.1, we need to prove that o3,(T+ F) C o1(T + F)U[oo(T + F)Nacco, (T +
F)]U[pa(T+F)No(T+F)]. Let g ¢ 01(T+F)U[oo(T + F)Nacc o4 (T+F)|U[pa (T+F)No (T+F)).
Without loss of generality, we suppose that Mg € 0o (T + F). Then n(T'+F — A\oI) < oo and there
exists € > 0 such that T+ F — X € SF_ (H) and N(T + F — X) C (", R[(T + F — AI)"] if
0 < |A=Xo| < e Also Xy ¢ [02(T + F)Nacco,(T+F)]. Then n(T—NoI) < oo. If Xy ¢ 0o(T + F),
we can prove that T+ F — A is Weyl if 0 < |X — Ag| is small enough. Then T — AI is Weyl.
Since property (w’) holds for T', we know that T'— AI is Browder. This shows that T4+ F — AT
is Browder. Then we can get that T+ F — \I is invertible. Now we get A\g € isoo (T + F'). Thus
Ao € is004(T). The fact that T is a-isoloid tells us that Ao € 7§, (T). Since property (w’) holds
for T, it follows that T'— Aol is Browder. Then T'+ F — A\oI is Browder, that is Ao ¢ op(T + F).
If Ao ¢ acco,(T + F'), we can prove that Ag € isoo(T). Again, we get that A\ ¢ op(T + F). O
For finite rank operator F' commuting with T', we know o, (T+ F) = 0(T). If 01(T) = op(T),
we claim that o1 (T+ F) = op (T + F). In fact, let \g ¢ 01(T+F). Then n(T+ F —XoI) < oo and
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there exists € > 0 such that T+F—\ € SF_(H) and N(T+F—XI) C (., R[(T+F—\)")] if
0<|A=Xo| <e. Thus T — A € SF (H) and n(T — XoI) < o0. By 01(T) = 04(T) we know that
T — M is Browder. This induces that T+ F'— Al is Browder if 0 < |[A—Xg| < €. Then T+ F — \I
is invertible. Now we get that Ao € [isoo(T'+ F)Up(T + F)]. We may suppose A\g € isoo (T + F).
Then A\g € isoc,(T + F). Using Corollary 2.4 in [11], A\g € is004(T) U pa(T). Thus Xy ¢ o1(T).
The fact that o1(T) = 0,(T) implies that T — Aol is Browder. Then T + F — \oI is Browder,
that is Ao € op(T + F).

Corollary 2.7 (1) Suppose 01(T) = ou(T). If F € B(H) is a finite rank operator commuting
with T, then T + F is a-isoloid and property (w’) holds for T + F';

(2) If 0o(T) = 0, T is a-isoloid and property (w') holds for T, then for any finite rank
operator F' € B(H) commuting with T, T + F is a-isoloid and property (w') holds for T + F.
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