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Abstract In this paper, we prove that the necessary and sufficient condition for a Toeplitz
operator T, on the Dirichlet space to be hyponormal is that the symbol u is constant for the
case that the projection of u in the Dirichlet space is a polynomial and for the case that u is
a class of special symbols, respectively. We also prove that a Toeplitz operator with harmonic
polynomial symbol on the harmonic Dirichlet space is hyponormal if and only if its symbol is
constant.
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1. Introduction

Let D be the open unit disk in the complex plane C and dA denote the normalized area
measure on D. We denote by W12(D) the Sobolev space which consists of all functions u : D — C

with the weak partial derivatives of order 1, where the norm satisfies

full = (| [ waa + [ (|52] + |5 )aa) <

9z
The Sobolev space W12(D) is a Hilbert space with the inner product

ou Ov ou Ov
{u, ) /UdA/ vdA+ 82 Bz> )+<%’%>L2D

where the symbol (-, ) 12(p) denotes the inner product in the Hilbert space L?(D,dA).
The Dirichlet space ® consisting of all the analytic functions vanishing at 0 is the closed
subspace of W12(D), and is a Hilbert space with inner product

(h,g) = <h/’g/>L2(D)'
The Sobolev space W1°°(D) is defined by

ou Ou
1,00 _ 1,2 . o)
W (D)_{ue W (D).u,—az,—82 eL (D)},
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where L*°(D) is the space of essentially bounded measurable functions on D. The norm in
W1°(D) is defined by
ou Ju
o = mase {52 52 -
Let P be the orthogonal projection from W2(D) onto @, and P is an integral operator
represented by

P(u)(z) = . g—zalg;ju)d/l, u € WH2(D), (1)

where K, (w) = > 1o, # is the reproducing kernel of ®. By the reproducing property of K,

we can see that
f(z)=(}K.), VfeD. (2)

Given u € W1°(D), the Toeplitz operator T, with symbol u is the linear operator on D
defined by
T.f = P(uf), VfedD. (3)

We know that the Toeplitz operator T}, : ® — @ is always bounded for every u € W1°°(D).

A bounded linear operator T on a Hilbert space is said to be hyponormal if its self-commutator
T*T — TT* is a positive operator. The hyponormality of the Toeplitz operators on the Hardy
space has been studied by [1-8]. The corresponding problem for Toeplitz operators on the
Bergman space has been studied by Hwang [9, 10], Lu and Liu [11], Lu and Shi [12] and others.
Cowen [1] gave an elegant characterization of the hyponormality of Toeplitz operator with a
bounded measurable symbol on the unit circle in the complex plane. In [10], Hwang and Lee
gave some necessary conditions for the hyponormality of T, under certain assumptions about
the coefficients of ¢, where ¢ = f 4+ 7, f and g are polynomials.

From the definition of the Dirichlet space, we know it has a direct connection with the
Bergman space. However, the hyponormality of the Toeplitz operators on the Dirichlet space is
very different from the one on the Bergman space. In this paper, we investigate the hyponormality
of the Toeplitz operators on the Dirichlet space. In Section 2 we first prove that the Toeplitz
operator with a harmonic symbol whose projection in the Dirichlet space is a polynomial is
hyponormal if and only if its symbol is constant. Furthermore, we study the same property of
Toeplitz operators with a special symbol.

In Section 3 we discuss Toeplitz operators with harmonic polynomial symbols on the harmonic
Dirichlet space, and prove a Toeplitz operator is hyponormal if and only if its symbol is constant.

That u is a harmonic polynomial means that u has a form as u(z) = Y, a;2' + > iz

2. Case on the Dirichlet space

Let Py be the set consisting of all polynomials on the unit disk D in variables z and z which

I+j 5l
E Eal+j7lz+Jz,

j=—11=0

have the following form:
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where j and [ run over a finite subset of Z (the set of integers), and >, ai441 = 0.

Let Ay denote the closure of Py in W12(D), and let A denote Ag + C. Then both Ay and
A are orthogonal to ® and D, the space of the conjugates of functions in ®. Then we have the

following results about the Sobolev space [13].

Lemma 1 Let Ay and A as above. Then

1) W2(D)=AoDaD.

2) ¢Ay C Ag for p € WH>°(D).

For ¢ € W12(D), the Toeplitz operator T is well defined on D NW (D), a dense subspace
of Dirichlet space. By Lemma 1 we write ¢ = u+ ¢ such that « is harmonic and ¢g € Ag. Then
(2) of Lemma 1 implies that Ty equals to the Toeplitz operator T,,. So we need only to discuss

Toeplitz operators with harmonic symbols.

For a harmonic function v € W1°(D), let u = u, +%_ with u; and u_ being analytic. Then,

by the definition of Toeplitz operator on the Dirichlet space, we have a bounded sesquilinear form

<Tuf7g> = <ufvg> = <u+fvg>+<ﬂ*fvg>7 vag€©

Now suppose that u is a harmonic function. If uy is bounded and |uy|?dA is a D-Carleson
measure, then the first item of the right side of above equation is a bounded sesquilinear form

[14], and the boundedness of u_ ensures the boundedness of the second item.

Let H*°(D) be the space of all bounded analytic functions on D. Denote
Q = {u is harmonic on D : u = f + g, f,g € H*®(D), and |f|*dA is a D-Carleson measure}.
By the discussion above, the Toeplitz operator T, is bounded for u € .

Lemma 2 We fix m,k > 1, then

k k
e g
(@) Th(Ry = k—m® o MMk
0, if m > k;
k
* ky — k+m.
(b) sz(z)_k—l—mz ’
2
m?
(0) [ Tum(ZR)2 = [T (Y2 =4 Tmme EM<F
k+m, ifm>k;
- if m <k
, 1I'm R
(d) |Ten ()2 = |T20 (P)|2 = ¢ F 50
kE+m

Proof (a) For any m and k, by (2) and (1) we have

8_11}’“ owm K, (w)

* kY _ * k _ .k _ |k om _
TZm (2 )_ (TZm (2 )7Kz> = <Z uszKz> = <Z y % Kz> = 5 Ow Jw

dA(w)
= mw* 1T K (w)dA(w wk_lmmLKz(w) w
—/Dk K. (w)dA( )+/Dk = L dA(w).
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A simple calculation shows that

/kmw " 1K( )dA(w) = k—m
D 0
and

w

/ kwkflwmaKz(w)dA(w) _ Zh=m it m <k,
D 0 0 i

Hence, we have

k
2m i m < k,

=

Th () = F—m
0, ifm>k.

The proof of (b) is similar to (a), so we can use (a) and (b) to obtain the results of (c¢) and
(d) directly.

Now, we can state and prove our result.

Theorem 1 Let u € €, such that the analytic part of u is a polynomial. Then T, is hyponormal

on ® if and only if u is a constant function.

Proof The sufficiency is trivial. Now, we give the proof of the necessity.

Fix k > 1, we can obtain the following results:

(@) ATem (")} o0, {Tem () }0or, {72 (2%)}0020, and {T2n (%)}, are orthogonal se-
quences respectively;

(b) T.m(2¥) and Tz (2*) are orthogonal, for all m >0, 1 > 1;

(¢) Tin(z*) and T7(2%) are orthogonal, for all m >0, 1 > 1.

The results above can be acquired by computation of inner product.

Suppose T}, is hyponormal on ®, then we have
ITuE)IP = ITs (M) 2 0, ¥k 1.

By the hypothesis, write u as u(z) = 3,7, bz + Zl]io a;z!, where N € N. By Lemma 2, we

have

N o
| Tuz™ |2 = TR 2 = 1) Tt 5+ T (2 WWZGM Zmz
1=0 =1

N 0o
=Y U T0a GO =I5 )+ Y (I Tz P = 1522917
=1

=0

~

if N <k,

—12|al|2 —12|b1|2 e —k2|bl|2

- VY

= k-l k+1 = k+1
k—1

—Llal® | b —k?|bu|?
(k+1) it N > k.
;( =1 Tkt +Z|‘”| + +Z el 2
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Let k=N + 1. Then

N

—12|al|2 —l2|bl|2 e —k2|bl|2
Tu k2 _ T* k 2 _ - >0
Tk |2 = |75 25| g i >+l§+l = =0

sowecan get ; =0 (I =1,2,...,N) and b, =0 (I = 1,2,...) because of the hyponormality of

T,. Hence, we know that v is a constant function. This completes the proof. O

Theorem 2 Let u € Q and write u(z) = > 7o, biZ' + 3> 12, 2! (z € D). If there exist a constant
d >0 and N € N, such that |b;| > 6l|ay|, for I > N, then T,, is hyponormal on ® if and only if u

is a constant function.

Proof Similarly to the proof of Theorem 1, we have, for all £ € N,

k—1

—l2|al|2 —l2|bl|2 e k2|bl|2
T 2" |? = | T 2"|° = 2(k+1) :

Let k> N and k > 2. We have k?|b|? > 412|a;|? by hypothesis, and so
i N 412
kE+1) ) < | — <0.
; Jad "k +1) = 7)< Z ktl-pp)s

Since ||T,2"||% — || T 2%||? > 0, we get

N
_l2|al|2 —l2|bl|2
>0
;( k—1 + k+1 )20,

then a; = by = 0, for [ < k. From the arbitrariness of k, we complete the proof of the theorem. O

3. Case on the harmonic Dirichlet space

In this section we discuss Toeplitz operators on the harmonic Dirichlet space. The harmonic
Dirichlet space, denoted by Dy, is a closed subspace of the Sobolev space W2(D) consisting of

all the harmonic functions. It is well known that
D, =20CaD,

where ® = {f : f € D}, and D}, is also a reproducing Hilbert space with reproducing kernel

— 1 1
z :Kz Kz 1:1 — 1 — 1
R () = Tolw) + K. () +1 = log —— + log —— + ®)

Let Q be the orthogonal projection from W12(D) onto ®j,. By means of the reproducing kernel

R,, the projection @) can be written as an integral operator

@NE) =B = [ Pw)Z—aaw)+ [ L) aamw) + /D fAA (@)

p Ow p 0w — Zw
for f € Wh2(D). For u € W1>°(D), the Toeplitz operator on the harmonic Dirichlet space with
symbol u denoted by T, is the linear operator defined by

Tuf: Q(uf)v V fEDp.

1—zw
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It is easy to see that the Toeplitz operator T}, is bounded for every u € W1H>°(D) (see [15]). If

w is harmonic in D, let © = u4 + u_ with u4 and u_ being analytic. Then, by (4), we have

z

Tuf(2) = Q(uf)(2) :/D(u;(w)f(w) +u(w) f} (w)) dA(w)+

1—zw
- z

l@w¢wvw&+wwwxm>

where f € ®p and f = fy + f_ with fi and f_ being analytic.

dA(w) + / ufdA, (5)

1—2zZw D

Lemma 3 For m,k € N, we have
Zh=moifm < k,
(a) Tom(2F) = 29™ Tom(2¥) =< L. ifm =k,

k
Zmk o ifm o>k

k
2 M ifm < k, L
Tk _ -m Tk _ k+m
(b) Ton(z*) =4 . itm =k, Tin(F) = g2
ﬁém_k, ifm > k;

Proof (a) The proof is a direct calculation and can consult [15].

(b) For any m and k in N, by (2) and (1) we have
Thn (2%) = (T (W), R.) = (W* TymR.) = (w*, w™R.)

:/ kwkflmﬁ)mfle(w)dA(w)—l—/ kwkilwmaRaZi(lU)dA(w).
D

D w

By the expression of R, in (3), a simple calculation shows that

k
2 ZFmo i m < k,
* k -m
sz(z ): k, 1fm:k,
ﬁim’k, if m > k.
Similarly we can prove that T2, (z) = i ZRtm
* k+m

Theorem 3 Let u be a harmonic polynomial. Then T, is hyponormal on ®y, if and only if u is

a constant function.

Proof The sufficiency is trivial. Now, we give the proof of the necessity.

Suppose T}, is hyponormal on ©j,, then we have
ITu () = 1T (M) > 0, Vk > 1, 6)

Let u(z) = fill bzt + ZlN:Qo a;2', where N1, No € N. Fix k > max{Nj, N2}, by Lemma 3, we

have

B N, B No B 2 N1 No 9
| Tu(zM)))? = H Zbszz(zk) + Z a5 (zk)H = H Zblzk_l + Z alzk'HH
=1 =1 =1 1=0
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N1 N2
=D Pk =0+ lal*(k+1),
=1

1=0

and N N N N
- L.k 2 k 2 L by 2k2 2 || 2k?
k2 — H b kit - kle _ '
17271 ;lmzz +l§“lk—zz ;mz +l§ oy

Thus we have
Ny 2712 No
— o]l

Tk |12 — 1T 252 =

1=1
Using (6) and (7), we can get b =0 (I =1,2,...,N7) and a; =0 (I = 1,2,..., N3), hence, we

know that u is a constant function. This completes the proof. O
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