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Abstract In this paper, closure of the linear span on complex exponential system in weighted
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p

α is studied. Each function in the closure of complex exponential system can be

extended to an entire function represented by Taylor-Dirichlet series.
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1. Introduction and main result

Let E = {ek : k = 1, 2, . . .} be a system in a Banach space B, spanE be the linear span of

E, and spanE be the closure of span of E in B. If span E 6= B, E is called incomplete in B (see

[1, 2]).

Suppose that α(t) is a continuous function (called a weight on R) such that

lim
t→+∞

t−1α(t) = ∞, a0 = lim sup
t→−∞

|t|−1|α(t)| < ∞. (1)

Given a weight α(t), let

Cα = {f ∈ C(R) : lim
|t|→+∞

f(t)e−α(t) = 0}

with the norm

‖ f ‖α= sup{|f(t)e−α(t)| : t ∈ R}

and

Lp
α = {f :‖ f ‖p,α= (

∫ +∞

−∞

|f(t)e−α(t)|pdt)
1

p < +∞}, 1 ≤ p < +∞.

Thus, Cα and Lp
α equipped with these norms are weighted Banach spaces.
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In addition, assume that Λ = {λn = |λn|eiθn : n = 1, 2, . . .} is a sequence of distinct complex

numbers in the right half plane Ca0
= {z = x + iy : x > a0} satisfying the following conditions:

a1(Λ) = sup
n

|θn| <
π

2
(2)

and the space condition [3]

a2(Λ) = lim inf
n→∞

inf{log |λk − λn| : k 6= n}
log |λn|

> −∞. (3)

Let M = {mn : n = 1, 2, . . .} be a sequence of positive integers and q(r) be an increasing positive

function on [0, +∞) with

a3(q) = lim sup
r→+∞

q(r)r−1 log r < +∞. (4)

Suppose Λ, M and q(r) satisfy the upper density condition [3]

D(q) = lim sup
r→+∞

n(r + q(r)) − n(r)

q(r)
< +∞, (5)

where n(t) =
∑

|λn|≤t mn is the counting function of (Λ, M). Define now

λΛ(r) =

{

2
∑

|λn|≤r
mn cos θn

|λn| , if r ≥ |λ1|,
0, otherwise.

(6)

Denote by E(Λ, M) the complex exponential system of the form

E(Λ, M) = {tk−1eλnt : k = 1, 2, . . . , mn; n = 1, 2, . . .}.

The condition (1) guarantees that E(Λ, M) is a subset of Cα and Lp
α.

One of the most important problems in the approximation theory is the completeness of

some special function system. Many results are obtained by the method of complex analysis. For

example, the famous Müntz theorem [4] and the Bernstein problem [5–7] on weighted polynomial

approximation were studied by many authors with complex methods. Recently, one of the authors

[3, 8] and the others obtained some results about the completeness of the exponential system in

some weighted Banach space. In [3], the author has obtained some results on incompleteness

of E(Λ, M) in Cα. In [9], the necessary and sufficient condition for E(Λ, M) to be dense in Lp
α

was obtained, but the another problem was not considered, i.e., if span E(Λ, M) is not dense in

Lp
α, what is the spanE(Λ, M) in Lp

α? The aim of the present paper is to give a solution to this

problem. Our main conclusion is as follows.

Theorem Suppose α(t) is a continuous function on R satisfying (1) and convex function on

(t0, +∞) for some constant t0, Λ = {λn = |λn|eiθn : n = 1, 2, . . .} is a sequence of distinct

complex numbers in Cα0
satisfying (2) and (3), M = {mn : n = 1, 2, . . .} is a sequence of positive

integers, and q(r) is an increasing positive function on [0, +∞) such that (4) and (5) hold. If

E(Λ, M) is incomplete in Lp
α, then for each f ∈ spanE(Λ, M), there exists an entire function

g(z) represented by a Taylor-Dirichlet series

g(z) =

∞
∑

n=1

mn−1
∑

k=0

an,kzkeλnz (7)
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such that g(x) = f(x) almost everywhere for x ∈ R.

2. Proof of Theorem

Hereafter, A denotes a positive constant, not necesarily the same at each occurrence in the

paper.

In order to prove the Theorem, we need the following lemmas:

Lemma 1 ([3]) Let β(x) be a convex function on [0, +∞) and

β∗(t) = sup{xt − β(x) : x > 0}, t ∈ R

be the Legendre transform [10] (or the Young dual function) of β(x). If λ(r) is an increasing

function on [0, +∞) satisfying

λ(R) − λ(r) ≤ A(log R − log r + 1), R > r > 1,

then there exists an analytic function f(z) 6= 0 in C0 = {z = x + iy : x > 0} with

|f(z)| ≤ A exp{Ax + β(x) − xλ(|z|)}, z = x + iy ∈ C0

if and only if there exists a ∈ R such that
∫ +∞

1

β∗(λ(t) + a)

1 + t2
dt < +∞.

Lemma 2 ([3]) Suppose that Λ = {λn = |λn|eiθn : n = 1, 2, . . .} is a sequence of distinct

complex numbers in Ca0
satisfying (2) and M = {mn : n = 1, 2, . . .} is a sequence of distinct

integers. If there exists a positive and increasing function q(r) on [0,∞) such that (4) and (5)

hold, then for each positive number b, the function

Gb(z) = Qb(z)
∏

Re λn>b

(
1 − z

λn

1 + z

λn

)mn exp(
2zmn cos θn

|λn|
) (8)

is meromorphic and analytic in the half-plane C−b = {z = x + iy : x > −b} with zeros of order

mn at each point λn (n = 1, 2 . . .) and satisfies the following inequality

| Gb(z) |≤ exp{|x|λ(2r) + A|x| + A}, z ∈ C−b, (9)

where

Qb(z) =
∏

|Re λn|≤b

(
z − λn

z + b + 1
)mn .

Moreover, for each positive constant A0 and ǫ0 > 0,

|Gb(z)| ≥ exp{xλ(r) − A|x| − A}, z ∈ C(A0, ǫ0), (10)

where C(A0, ǫ0) = {z ∈ C−b : |z − λn| ≥ δn, n = 1, 2, . . .}, δn = ǫ0|λn
|−A0 , n = 1, 2, . . ..

Lemma 3 ([9]) Let α(t) be a continuous function on R satisfying (1) and convex function on

the real line R = (t0, +∞) for some constant t0. Suppose that Λ = {λn = |λn|eiθn : n = 1, 2, . . .}
is a sequence of distinct complex numbers in Ca0

satisfying (2) and M = {mn : n = 1, 2, . . .} is
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a sequence of distinct integers. If there exists a positive and increasing function q(r) on [0,∞)

such that (4) and (5) hold, then E(Λ, M) is incomplete in Lp
α if and only if there exists a real

number a such that

J(a) =

∫ ∞

o

α(λ(t) + a)

1 + t2
dt < ∞ (11)

holds, where λ(r) is defined in (6).

Proof of Theorem For the proof of incompleteness of E(Λ, M) in Lp
α, see Section 3.2 in [9]. By

(3), there exist postive constants ǫ0 and A0 such that open disks Dn = {z : |z − λn| < δn} (n =

1, 2, . . .) are disjoint, where δn = ǫ0
|λn|A0

: n = 1, 2, . . . . If E(Λ, M) is incomplete in Lp
α, then by

Lemma 3, there exists a real number a, such that (11) holds. If for any constant a, J(a) < ∞
(For example, if λ(r) is bounded, then J(a) < ∞ for any constant a), then there exists an infinite

sequence {rn : n = 1, 2, . . .} satisfying rn+1 > 1 + 2rn (n = 1, 2, . . .) and
∫ +∞

rn

α(λ(r) + n)

1 + t2
dt <

1

2n
, n = 1, 2, . . . .

Thus there exists positive sequence Λ̃ = {λ̃n : n = 1, 2, . . .} satisfying the following four condi-

tions:

i) λ̃(r) is unbounded in (λ̃1,∞), where

λ̃(r) = 2Σλ̃n≤r

1

λ̃n

(r ≥ λ̃1);

ii) lim infn→∞(λ̃n+1 − λ̃n) > 0;

iii) inf{|λ̃m − λ̃n| : m, n = 1, 2, . . .} > 0;

iv)
∫ ∞

o

α(λ(t) + λ̃(t))

1 + t2
dt < ∞.

Therefore, without loss of generality, we may suppose λ(r) is unbounded and (11) holds with

a = 0. Let ϕ(t) be an even function such that ϕ(t) = α(λ(t)) with t ≥ 0. By the proof of the

necessity of Theorem in [9], there exists an analytic function g(z) on C0 = {z = x + iy : x > 0}
such that g(z) satisfies Re g(z) ≥ ϕ(|z|). For any b > 0 and ǫ ∈ (0, π

2 ), we have

lim
r→∞

r−1 max{Re g(b + reiθ) : |θ| ≤ π

2
− ǫ} = 0. (12)

Let b > 2 + a0 and ϕb(z) be defined by

ϕb(z) =
Gb(z)

(1 + z + b)N
exp{−g(z + b)}, (13)

where Gb(z) is defined by (8), then there exists a positive constant A2 such that

|ϕb(z)| ≤ 1

1 + |z|2 exp{α∗(x − 1) + A2x}, x > −b, (14)

where

α∗(x) = sup{xt − α(t) : t ∈ R}, x > x0
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is the Legendre transform [10] (or Young transform) of the convex function α(x). We may

assume, without loss of generality, that α(0) = 0. As is known [10], α∗(0) = 0 and (α∗)∗ = α.

Hence for t > t0,

sup{xt − α∗(x) : x ≥ 0} = α(t).

Let An,j be the coefficient of the principal part of the Laurent series of the function eA2z

ϕb(z) in

Dn − {λn}, i.e.,

eA2z

ϕb(z)
=

mn
∑

j=1

An,j

(z − λn)j
+ ϕ̃n(z), (15)

where ϕ̃n(z) is analytic in disk Dn. By Cauchy’s formula,

An,j =
1

2πi

∫

|z−λn|=δn

eA2z

ϕb(z)
(z − λn)j−1dz. (16)

According to (10) and (13),

max{|An,j| : 1 ≤ j ≤ m
n
} ≤ exp{−Reλnλ(|λn|) + ARe λn + A}. (17)

Note that A is independent of x and λn. Consider the analytic function

Hn,k(z) = ϕb(z) exp{−A2z}
mn−k
∑

l=1

An,k+l

k!(z − λn)l
, k = 0, 1, . . . , mn; n = 1, 2, . . . , z ∈ C−b. (18)

For every x > −b, combining (14) with (17) gives

|Hn,k(z)| ≤ A

1 + |z|2 exp{α∗(x − 1) − Re λnλ(|λn|) + ARe λn}. (19)

Let

hn,k(t) =
1√
2π

∫ +∞

−∞

Hn,k(iy)e−iytdy

be the Fourier transform of Hn,k(iy). Then hn,k(t) is bounded and continuous on (−∞, +∞).

By Cauchy’s formula,

hn,k(t) =
1√
2π

∫ +∞

−∞

Hn,k(x + iy)e−(x+iy)tdy, x > −b.

From (18) and the formula of Legendre transform (α∗)∗ = α, one gets that

|hn,k(t)eα(t)| ≤ exp{A + ARe λn − Reλnλ(|λn|) − |t|}. (20)

For every x > −b, the function hn,k(t)ext can be regarded as the Fourier transform of Hn,k(x+iy),

consquently,

Hn,k(z) =
1√
2π

∫ +∞

−∞

hn,k(t)etzdz, Re z > −b.

Next we will prove that

H
(l)
n,k(λj) =

{

1, if n = j and k = l,

0, otherwise.
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i.e.,

1√
2π

∫ +∞

−∞

eλjttlhn,k(t)dt =

{

1, if n = j and k = l,

0, otherwise.

It is obvious that if j 6= n, then H
(l)
n,k(λj) = 0 (l = 0, 1, . . . , mj − 1). If j = n, then by (17), one

gets that, for z ∈ Dn

Hn,k(z) = ϕb(z)e−A2z

mn
∑

l=k+1

An,l

k!(z − λn)l

= ϕb(z)e−A2z (z − λn)k

k!
(

eA2z

ϕb(z)
−

k
∑

l=1

An,l

(z − λn)l
− ϕn(z))

=
(z − λn)k

k!
+

+∞
∑

l=mn

Bn,l(z − λn)l,

where k = 0, 1, . . . , mn − 1; n = 1, 2, . . . . Thus we obtain

H
(l)
n,k(λj) =

1√
2π

∫ +∞

−∞

eλjttlhn,k(t)dt = δnjδkl.

Define a linear function Tn,k on spanE(Λ, M) by

Tn,k(P ) = an,k =
1√
2π

∫ +∞

−∞

∑

aj,lhn,k(t)tleλj tdt

for each exponential polynomial P (t) =
∑

aj,lt
leλjt ∈ spanE(Λ, M). By (20),

|Tn,k(P )| ≤ 2 ‖ P ‖L
p
α

exp{A + ARe λn − Re λnλ(|λn|)}.

Hence, Tn,k is a bounded linear functional on E(Λ, M) and can be extended to a bounded linear

functional (denoted by Tn,k ) on Lp
α, by Hahn-Banach theorem with

‖ Tn,k ‖=‖ Tn,k ‖≤ Cn = 2 exp{A + ARe λn − Re λnλ(|λn|)}. (21)

If f ∈ spanE(Λ, M), then there exists a sequence of exponential polynomials

Pj(t) =

j
∑

n=1

mn−1
∑

k=0

a
j
n,ktkeλnt ∈ spanE(Λ, M)

such that

lim
j→∞

‖ f − Pj ‖p,α= 0.

Since

|Tn,k(f)| ≤‖ Tn,k ‖‖ f ‖p,α

and λ(r) is unbounded on (0,∞), (21) implies that the function

g(z) =

∞
∑

n=1

mn−1
∑

k=0

an,kzkeλnz

is an entire function, where an,k = Tn,k(f). Note that

|an,k − a
j
n,k| = |Tn,k(f) − Tn,k(Pj)| ≤ Cn ‖ f − Pj ‖p,α .
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For any real number a and b (a < b), one gets that

(

∫ b

a

|(f(t) − g(t))e−α(t)|pdt)
1

p ≤‖ f − Pj ‖p,α + ‖ Pj − g ‖p,α

≤‖ f − Pj ‖p,α +

j
∑

n=1

mn−1
∑

k=0

|an,k − a
j
n,k|(

∫ b

a

eRe λnt−pα(t)tkpdt)
1

p +

+∞
∑

j+1

mn−1
∑

k=0

|an,k|(
∫ b

a

eRe λnt−pα(t)tkpdt)
1

p

≤‖ f − Pj ‖p,α [1 +

j
∑

n=1

mn−1
∑

k=0

eRe λnb(1 + |a| + |b|)K(Λ)(

∫ +∞

−∞

e−pα(t)dt)
1

p ]+

+∞
∑

j+1

mn−1
∑

k=0

‖ f ‖p,α ‖T̄n,k‖eRe λnb(1 + |a| + |b|)K(Λ)(

∫ +∞

−∞

e−pα(t)dt)
1

p .

Let j → ∞. (21) and (22) imply that f(t) = g(t) a.e for t ∈ R. This completes the proof of

Theorem. 2
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