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Abstract In this paper, closure of the linear span on complex exponential system in weighted
Banach space L% is studied. Each function in the closure of complex exponential system can be
extended to an entire function represented by Taylor-Dirichlet series.
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1. Introduction and main result

Let E = {er: k=1,2,...} be a system in a Banach space B, span E be the linear span of
E, and span FE be the closure of span of E in B. If span E # B, E is called incomplete in B (see

[1,2]).
Suppose that «(t) is a continuous function (called a weight on R) such that

lim ¢t ta(t) = oo, ag = limsup |t| !|a(t)| < cc. (1)
t—+o00 t——o00

Given a weight «(t), let

Coa={f€C®): lim f(t)e® =0}

with the norm
| f lla=sup{|f(t)e= V| : t € R}

and
—+oo

R - / F(Be O P} < 400}, 1< p< +oo.

— 00

Thus, C, and L? equipped with these norms are weighted Banach spaces.
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In addition, assume that A = {)\,, = [A\n]e? : n =1,2,...} is a sequence of distinct complex

numbers in the right half plane C,, = {z = & + iy : > ag} satisfying the following conditions:

(2)

™

ar(A) = sup 0] < 2

and the space condition [3]
(3)

Let M = {m,, : n=1,2,...} be a sequence of positive integers and ¢(r) be an increasing positive

az(A) = lim inf inf{log |Ax — An| 1 kK # n} .
e log | Ay |

function on [0, +00) with

as(q) = limsup q(r)ril logr < +o0. (4)

r——400
Suppose A, M and ¢(r) satisfy the upper density condition [3]

sy 2T 1) = (1)
Pl = =

< +o00, (5)

where n(t) =37, <, ™M is the counting function of (A, M). Define now

n On :
An(r) = 22z g e 2 M,
0, otherwise.

Denote by E(A, M) the complex exponential system of the form
E(AM) = {th"terMt ik =1,2,... ,my;n=1,2,...}.

The condition (1) guarantees that E(A, M) is a subset of C,, and L2.

One of the most important problems in the approximation theory is the completeness of
some special function system. Many results are obtained by the method of complex analysis. For
example, the famous Miintz theorem [4] and the Bernstein problem [5-7] on weighted polynomial
approximation were studied by many authors with complex methods. Recently, one of the authors
[3, 8] and the others obtained some results about the completeness of the exponential system in
some weighted Banach space. In [3], the author has obtained some results on incompleteness
of E(A,M) in C,. In [9], the necessary and sufficient condition for E(A, M) to be dense in L?
was obtained, but the another problem was not considered, i.e., if span E(A, M) is not dense in

Lp

[e 2]

what is the spanF(A, M) in LE? The aim of the present paper is to give a solution to this

problem. Our main conclusion is as follows.

Theorem Suppose a(t) is a continuous function on R satisfying (1) and convex function on
(tg, +oc) for some constant tg, A = {\, = |\,|e?" : n = 1,2,...} is a sequence of distinct
complex numbers in C,,, satisfying (2) and (3), M = {m,, : n =1,2,...} is a sequence of positive
integers, and ¢(r) is an increasing positive function on [0,400) such that (4) and (5) hold. If
E(A, M) is incomplete in LE, then for each f € spanE(A, M), there exists an entire function
g(z) represented by a Taylor-Dirichlet series

oo Mmpy—1

9(z) =D Y anpte (7)

n=1 k=0
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such that g(x) = f(z) almost everywhere for x € R.

2. Proof of Theorem

Hereafter, A denotes a positive constant, not necesarily the same at each occurrence in the

paper.
In order to prove the Theorem, we need the following lemmas:

Lemma 1 ([3]) Let 3(x) be a convex function on [0, +00) and
B*(t) =sup{zt — B(x) : x >0}, teR
be the Legendre transform [10] (or the Young dual function) of S(x). If A(r) is an increasing
function on [0, +00) satisfying
AMR) = A(r) < A(logR —logr+1), R>r>1,
then there exists an analytic function f(z) #0in Co = {z =z + iy : & > 0} with
|f(2)] < Aexp{Ax + B(x) — zA(|2])}, z=2z+1iy € Co

if and only if there exists a € R such that

/*“’ B*(\(t) +a)

e dt < +o0.

Lemma 2 ([3]) Suppose that A = {\, = |\,|e?» : n = 1,2,...} is a sequence of distinct
complex numbers in C,, satisfying (2) and M = {m,, : n = 1,2,...} is a sequence of distinct
integers. If there exists a positive and increasing function g(r) on [0,00) such that (4) and (5)

hold, then for each positive number b, the function

Gu(z) = Qu(2) ][] (

Re A, >b

I w jmn exp(2zmn cos Oy,
It< Al

) (8)

is meromorphic and analytic in the half-plane C_, = {z = = + iy : © > —b} with zeros of order

my, at each point A\, (n =1,2...) and satisfies the following inequality

| Go(2) |< exp{|z|A(2r) + Alz| + A}, z€ C_y, 9)
where \
»—
Qu(z) = H (=1 ymn
Reanj<p © T 0T
Moreover, for each positive constant Ay and €y > 0,
|Gy (2)| = exp{zA(r) — Alz| — A}, z € C(Ao, €0), (10)

where C(Ap,€0) = {2 € C_p: |z — M| > 0n,n=1,2,...}, 0p = €0\, |2, n=1,2,....

Lemma 3 ([9]) Let a(t) be a continuous function on R satisfying (1) and convex function on
the real line R = (to,+0oc) for some constant to. Suppose that A = {\, = [A\,|e?®" :n=1,2,...}

is a sequence of distinct complex numbers in C,, satisfying (2) and M = {m, : n=1,2,...} is
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a sequence of distinct integers. If there exists a positive and increasing function q(r) on [0, 00)
such that (4) and (5) hold, then E(A, M) is incomplete in LE, if and only if there exists a real

number a such that
B  a(A(t) +a)
J(a) = /O Tdt < 0 (11)

holds, where X(r) is defined in (6).

Proof of Theorem For the proof of incompleteness of E(A, M) in L?, see Section 3.2 in [9]. By
(3), there exist postive constants ¢y and Ay such that open disks D,, = {z: |z — \,| < dn} (n =
1,2,...) are disjoint, where §,, = W n=1,2,.... If E(A, M) is 1ncomplete in LP, then by
Lemma 3, there exists a real number a, such that (11) holds. If for any constant a, J(a) < oo
(For example, if A\(r) is bounded, then J(a) < oo for any constant a), then there exists an infinite
sequence {r, : n =1,2,...} satisfying 7,41 > 1+ 2r, (n=1,2,...) and

+oo

Thus there exists positive sequence A = {\,, : n = 1,2,...} satisfying the following four condi-
tions:

i) A(r) is unbounded in (A1, 00), where

Alr) =285 o, = (r = A1)

1

An

ii) lminf, oo (Ans1 — An) > 0;

i) inf{| A — An | n=12..}>0;

iv)

dt < oo.

/°° a(A(t) + A1)
o 14 ¢2

Therefore, without loss of generality, we may suppose A(r) is unbounded and (11) holds with
a = 0. Let ¢(t) be an even function such that ¢(t) = a(A(t)) with ¢ > 0. By the proof of the
necessity of Theorem in [9], there exists an analytic function g(z) on Co = {z =z + iy : © > 0}
such that g(z) satisfies Re g(2) > ¢(|2]). For any b > 0 and € € (0, §), we have

lim ! max{Reg(b+ re') : ] < 5 —€e}=0. (12)
Let b > 2 + ag and ¢p(z) be defined by
Go(2)

L exp{—g(z +b)}, (13)

ou(2) =

where Gp(z) is defined by (8), then there exists a positive constant A such that

lop(2)] < sexp{a’(z — 1)+ Asx}, > -0, (14)

1+ 2|
where

o (z) =sup{zt —a(t):t € R}, >z
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is the Legendre transform [10] (or Young transform) of the convex function a(z). We may

assume, without loss of generality, that «(0) = 0. As is known [10], a*(0) = 0 and (a*)* = a.
Hence for ¢t > tg,
sup{zt — a*(z) : x > 0} = a(t).
Let A, ; be the coefficient of the principal part of the Laurent series of the function Z:(t) in
D'n, - {An}v i'e'v
et N Ay
= = — + 0 (2), 15
FTE R MewiAd ) 1s)
where @, (2) is analytic in disk D,,. By Cauchy’s formula,
1 eAgz )
A, i = —/ 2 — )1z, 16
»J 2 2= | =60 Sﬁb(z)( ) ( )
According to (10) and (13),
max{|A, ;| : 1 <j<m, } <exp{—Re A A(|]A\n|) + ARe A, + A}. (17)
Note that A is independent of x and \,. Consider the analytic function
mp—k A
n,k—+1 o . o
Hn,k(z):(Pb(Z)eXp{—AQZ} ; m, k—(),l,...,mn, n = 1,2,..., ZGC,b. (18)
For every x > —b, combining (14) with (17) gives
A
|Hp x(2)] < FaRE exp{a*(z — 1) — Re My A(|An]) + ARe \,, }. (19)

Let
1 “+o0 -
hpi(t) = — H, (iy)e”"'d
& (1) or /_OO K (1Y) y

be the Fourier transform of H, x(iy). Then h,, x(¢) is bounded and continuous on (—oo, +00).

By Cauchy’s formula,

I ;
hn (1) = \/T/ H, (x4 iy)e”@FWidy o> —b,
m™J—-c0o
From (18) and the formula of Legendre transform (a*)* = a, one gets that
[ i ()] < exp{A + ARe A, — ReAn A(|An]) — [¢]}. (20)

For every > —b, the function h,, i (t)e** can be regarded as the Fourier transform of H,, j(z+iy),

consquently,
I
H, 1(z) = ﬁ/ Bk (t)e*dz, Rez > —b.

Next we will prove that

1, if n=4 and k=1,

0, otherwise.

l
HY.(0) = {
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i.e.
I A 1, if n=j and k=1,
—/ et h, k(t)dt = Bon=goan

V2T J—oo 0, otherwise.

It is obvious that if j # n, then H.',(A;) =0 (I =0,1,...,m; — 1). If j = n, then by (17), one
gets that, for z € D,

My A
_ —Asz n,l
Hur() = ou(2)e™ ™" 30 iy
l=k+1
k
_ —Asz (Z — )‘n)k eAgz _ An,l _
= en()em Mg (s Z;@fxy on(2))

z2—A,)F =
— % + Z Bn,l(z_)\n)l,

l=m,

where £k =0,1,...,m, —1; n=1,2,.... Thus we obtain

1 [t
H&Mﬂi?ﬁ/ N o (£)E = 6.

Define a linear function T}, j, on spanE(A, M) by

I
Thk(P)=apr = — aiihy, ttteMitde
P === [ T aubustt)
for each exponential polynomial P(t) = a;,tle*? € span E(A, M). By (20),
|Tnk(P)| < 2| Pllre exp{A+ ARe A,y — Re Ay A(JAn])}-

Hence, T, 1 is a bounded linear functional on E(A, M) and can be extended to a bounded linear
functional (denoted by T, ) on L?, by Hahn-Banach theorem with

| Tk =1l Tk 1€ G = 2exp{A + ARe A, — Re AuA(IAal)}- (21)

If f e spanE(A, M), then there exists a sequence of exponential polynomials

J mnp—1
P;(t) = Z aﬁhktke’\"t € span E(A, M)
n=1 k=0
such that
Jim || £ = P, la= 0.
Since

T () < T M1 F Nl

and A(r) is unbounded on (0, 00), (21) implies that the function

oo mp—1

g(z) = Z Z anﬁkzke)‘"z

n=1 k=0

is an entire function, where a,, j, = Tnk(f) Note that

Toni(f) =Tnr(Py)| <Co || f =Py |

|an, K — afl,k| = P
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For any real number a and b (a < b), one gets that

b
(/ (F(t) = g@®)e D Pdt)> <|| f = P; [lpa+ | P = ¢ Ipa

Jj mp—1 b
R T D S A
n=1 k=0
400 My —
55 [ g
Jj+1 k=0
J mp—1 4o
F=P e 14+ Y M1+ [al + IbI)K(A)(/ e~ dt)r]+
n=1 k=0 -0

400 my—1

+oo
T e —pa 1
ST 3T 1 F o ITelleReA2 (1 + Ja] + (b)) K™ ( / P dt)s

j+1 k=0

Let j — oo. (21) and (22) imply that f(t) = g(¢) a.e for ¢ € R. This completes the proof of
Theorem. O
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