Journal of Mathematical Research with Applications
Jan., 2012, Vol. 32, No. 1, pp. 108-118
DOI:10.3770/j.issn:2095-2651.2012.01.012
Http://jmre.dlut.edu.cn

The Strong Law of Large Numbers for p-Mixing Random
Variables

De Hua QIU
School of Mathematics and Computational Science, Guangdong University of Business Studies,
Guangdong 510320, P. R. China
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1. Introduction

Throughout this paper, we suppose that {2, S, P} is a probability space, and all random
variables are assumed to be defined on {Q, S, P}. For a sequence of random variables {X,,,n >

1}, we denote Ss = o(X,, : n € S C N). Given two o-subalgebras 31, 3y C S, denote

p(S1,32) = sup{|corr(¢,n)|, ¢ € L2(S1),n € La(S2)},
where the correlation coefficient is defined in the usual way

E((n) — ECEn

corr(¢,n) = Var(C)Var(n)

and by L2(J) we denote the space of all 3-measurable random variables ¢ such that F(¢?) < oo.

Stein [1] introduced the following coefficients of dependence (with slightly different notations):
p(k) = sup{p(Ss,Sr) : all finite subsets S,T C N such that dist(S,T) > k}, k > 0.
Obviously, 0 < p(k +1) < p(k) <1,k >0, and (0) = 1.

Definition A sequence of random variables {X,,,n > 1} are said to be a p-mixing sequence if
there exists k € N such that p(k) < 1.

The notion of p-mixing assumption is similar to p-mixing, but they are quite different from
each other. A number of publications are devoted to p-mixing sequence. We refer to Bradley
[2, 3] for the central limit theorem, Bryc and Smolenski [4] for moment inequalities and almost

sure convergence, Gan [5], Gut and Peligrad [6] and Wu [7, 8] for almost sure convergence, Qiu
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and Gan [9,10] for complete convergence, Qiu and Gan [11] for Hdjeck-Rényi inequality and
strong law of large numbers, Utev and Peligrad [12] for maximal inequalities and the invariance
principle, Yang [13] for moment inequalities and strong law of large numbers.

Various limit properties for sums of independent random variables have been studied by many

authors, more precisely, Chung [14] proved the following result:

Theorem A Let {X,,n > 1} be a sequence of independent random variables with EX,, =

0,n > 1. Let g be a positive, even and continuous function on R such that

9@) 5 98 s - oo
x x

If

ZE9(|Xn|)/9(”) < o0,

n=1
then "oy

lim Lin X =0 as.
n— oo n

Teicher [15] proved that:

Theorem B Let {X,,,n > 1} be a sequence of independent random variables with EX, =
0,n > 1. Suppose that

. o) n—1

(i) Doia(BXR/nt) 30 EXZ < oo;

(ii) E?:l EXf/n2 — 0;

(iii) > -7 P(|Xn| > Cy) < o0, for some positive constants {Cp,n > 1} with

Z C2EXZ2/n* < .
n=1

Then
ZXi/n —0 as..
i=1

In this paper, we study strong law of large numbers for p-mixing random variables inspired
by Kuczmaszewska and Szynal [16] and Sung [17], and present some sufficient conditions for the
general strong law of large numbers which extend and improve Theorems A and B to p-mixing
random variables.

Throughout this paper, we assume that C is a positive constant which may vary from one

place to another.

2. Main results

In order to prove our main result, we need the following lemmas. The proof of the first lemma
could be found in [12].

Lemma 1 For a positive integer J and 0 < r < 1 and u > 2, there exists a positive constant
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C = C(u, J,r) such that if { X,,,n > 1} is a sequence of random variables with p(J) < r, EX}, = 0,
and E|X|* < oo for every k > 1, then for alln > 1,

zi:Xk’u <cf zn:E|Xk|“ + (zn:EX,ff)u/2}.
k=1 k=1 k=1

The following lemma can be found in [18].

F max
1<i<n

Lemma 2 Let {b,,n > 1} be a sequence of positive numbers with b, ,/ co. For any M > 0,

there exists a sequence {my,k > 1} C N

Mby,, <b < M3y 1, k=1,2,....

ME+1

With the lemmas, we now state and prove one of our main results.

Theorem 1 Let {X,,n > 1} be a sequence of p-mixing random variables and let {a,,n > 1}
and {b,,n > 1} be sequences of constants such that a, # 0,n > 1,0 < b, / co. Assume that
{gn(z),n > 1} is a sequence of positive and Borel measurable functions on [0, +00) such that

gn () gn ()

/, \, as T — oo forsomel <p<2 Vn>1. (1)

Suppose that

Egn (| Xn]) n— 1 pEgI | X)) .
(1) Xonzo b gt sy 2imt U4 gt ey < O

(i) Yoo’y P(lanXy,| > Cr) < oo, for some sequence {Cy,,n > 1} of positive numbers such
that

e o0 E n X/”

(111) anl(%)p% < 00. Then

1 n
Jim_ o~ > ai[Xi— EXiI(|a;Xi| <b:)] =0 as. (2)

=1

Proof Let Y, = a, X, I(|anX,| <b,), T, =Y, — EY,,n > 1. Since

3

1 n
bl 2T

i=1 i=1

1

1
(X — EXiI(jaiX |<b‘ b—ZaZX|I|a1X|>b)

, 3)

noting that gn(:zr) is nondecreasing on [0, +00), by conditions (ii) and (iii), we have

> P(lanXn| > by)

n=1

M

EI(|lanXn| > bn)I(|anXn| > Cn) + I(JanXn| > bp)I(|anXn| < Cp)]

3
Il
-

e

[P(lanXn| > Cp) + EI(Jan Xn |’ gn(IXnl) > 05 gn(bn/lan])I(JanXn] < Cy)]

3
Il

> lan Xn|?gn (| Xnl)
<o+ Y gl P13l 1, x 1< 0,
ngl [ bign (bn/an|)
- Ch Egn(|Xn|)
<C+ ) (—)P————= < .
25 G G Tanl)
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Therefore, by Borel-Cantelli lemma, we have
1 n
o Z la; X;|I(Ja; Xi| > b;)) — 0 a.s. n— oo.
To prove (2), by (3), it suffices to show that
1 n
EZTi—)O a.s. n — 0. (4)

By virtue of Lemma 2, we can choose {my,k > 1} C N such that
2bmk < bmk+1 < Sbmk—i-lu k= 1727 e

Note that 0 < b, /" oo and there exists a corresponding positive integer number k such that

my < n < myy1 for every n € N, then

1

< max{ max |ZT| max

mk 1<j<my P 1 Me<j<mpi1

J
=1

Thus, to prove (4), by Borel-Cantelli Lemma, it suffices to show that

[e%e] J
1
E P|— max
b, 1<i<ms
k=1 i=1

mg

p >e)<oo. (5)

By Markov’s inequality and Lemma 1, we get

> 1
Z P(— max
b, 1<i<mi

mp
<CZ ZET4+CZ (ZETf) .
k=1 mk i=1 k=1 mk i=1

By C,-inequality, Jensen’s inequality and the conditions (ii) and (iii) and (1), we have

Z ZET4<CZ ZE|a1X|4 (|aiXs] < b;)

il e
1
—CY BaX (e X <b) Y -
P k:mp>i Mk

1
<Cy i BlaiXi 1 (jaiXi] < by)

i=1 ¢

oo 1 oo
=1 7 =1

<OZE[ (19Xl yon 10 x40 < ) (|aZX|<c)] e

b;
< cZ(%) B[y rax <w)] +c

o Ci gz(|X |)
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By Jensen’s inequality, we have
Z (ZETQ) <2Zb4 Z(ET2ZET2) Z ZET4.
klmkzl k=1 ™Mk =2 klmkzl

By (1) and the condition (i), we have

o] 1 mg i—1 00 1
S (ETf ZETJ?) -y (ETf ZETJ?) >
k=1 ™k =2 j=1 i=2 j=1 kimg>i Mk

i—1

<CZ (EJ?ZETJ?)
=2 Z Jj=1
i—1
<03 Lm0 X I x) <00 Y Bla X, I (a X, < )

121 j=1

-1
1 Egi(|Xi]) 2 Eg;(1X;])

<C bs
Z glb/|al ; J b/|a.7|

_ CZ 1 Egi(1Xi]) pr(bj)g—p Eg;(1X51)

7 gibiflail) = b0 (b la))
=2 gzb/|az = gjb/|aj|
< 00.

Therefore, (5) holds. O

Corollary 1 Let 1 <p <2 and {X,,,n > 1} be a sequence of p-mixing random variables with
EX, =0 (n>1). Let {b,,n > 1} be sequences of constants such that 0 < b,, /" co. Suppose
that
(i) Yonia b EIXalP 00 BIXlP < oo;
(i) limp—oo bp? > 1, E|XZ-| =0;
(iii) >0, P(|X,| > Cy) < oo, for some sequence {Cy,,n > 1} of positive numbers such that
(iv) Yonly 5 E| Xl < oo.
Then

1y
nh_)rrgo ™ E_l X;=0 as.. (6)
Proof Let g,(z) = |z|P,a, = 1,n > 1. By Theorem 1, we have

n—oo

L
hmb—;X EX;I(|X:] <b)] =0 as..

From the proof of Theorem 1, we have

> P(Xi| > b) < o0
i=1
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Since FX,, =0, n > 1, by Holder inequality and condition (ii), we have

i < by)

1 n
< Y EIXI(1X| > bs)
=1

Z E|X[P)VP(P(1Xa| > b)) P
1

>ici E|X|) (ZP|X|>b) 1/p—>0, n — 00. (7)

s|~'

IN

(

Therefore, (6) holds. O

Remark Let p =2, b, =n, n > 1. Then Theorem B follows from Corollary 1, thus Corollary

1 extends Theorem B for the case of p-mixing random variables.

Furthermore, form Corollary 1 we get

Corollary 2 Let 1 < p <2 and {X,,,n > 1} be a sequence of p-mixing random variables with
EX,, =0 (n > 1) and be stochastically dominated by a random variable X. That is

P(|X,| >t) < DP(D|X|>t), forallt >0 and n > 1,

where D is a positive constant. Let {an,n > 1} and {b,,n > 1} be sequences of constants such
that a, #0,n>1,0 < b, / co. Suppose that

(i) EIX|P < oo;

(i) ek = 0(1);

(iii) 323y lai? = O(nlan|?);

(iv) 302, P(lanX| > b,) < co. Then

1 n
nlLH;O E ; a; X; =0 a.s..

Theorem 2 Let {X,,n > 1} and {A,,n > 1} be sequences of random variables satisfying
A, #0,n > 1 and {A,X,,n > 1} is a sequence p-mixing random variables. Let {b,,n > 1}
be a sequence of constants such that 0 < b,, /* co. Assume that {g,(x),n > 1} is a sequence of

positive and Borel measurable functions on [0, +00) satisfying (1). Suppose that

gn (1Xn]) n—1 g:(1X:])
(1) X P E i et im0 B gt presn < 0%

(i) >, P(JA,X,| > C)) < oo, for some sequence {C,,,n > 1} of positive numbers such
that

(iif) Yoy Elgn((52) o iaeptaraean) < oo Then

1
hmb—Z X — EXGI(|AX| < b)) =0 as. (8)

n—oo

Proof Let Y, = A, X, [(|4A,Xn| < bn), T, =Y, — EY,, n > 1. To prove (8), by similar method
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in the proof of Theorem 1, it suffices to show the following statements (9)—(11) hold,

> P(|AnX,| > by) < o0,

n=1

Z ZET4<oo

k=1 mk i=1
2 2
Zb4 Z(ET ZET ) <,
k=1 "Mk =2
where {my,k > 1} C N as in Theorem 1. By (1) and conditions (i)—(iii), we have

> P(|AnX,| > by)

n=1

= Z I(|AnXn| > b)) I(|An Xn| > Cn) + I(|AnXy| > b2)I(|AnXn| < Cy)]

D. H. QIU

< Z (|An Xn| > Cn) +ZE{I 205 (1Xn]) > g5 (0n/|An]) + g5 (1Xn])I(|An Xn| < Cn)}

n=1

gn|X| (4.X,] < C.)
<C+2
< Z 2 (0n 1A ]) + 2 050)

<C+2Y E|gn < o0,
,; [g(|An|)gz<bn/|An|>+g7%<|xn|>} >
and
Z ZET4<OZ ZE|AX|4 (J4; X;| < by)
k=1 mk i=1 =1 mk i=1
< cz b—4E|AZ—X1-|4I(|AZ-XZ-| <b)
=1
< CZ E[JAXiPPT(|A: Xi| < b)I(|AXi| < C)] +C Y P(IAXi] > Ci)
=1
g7 (IXiDI(JAiXi| < Ci)
<C E +C
; 97 (bi/|Ail)
9:(|1Xi])
<C)» FE + C < o0,
Z s A1) #0714 + 2050 =
and
[e’e) 1 mp 1—1 [e’e) 1 1—1
> (EZ;QZET]?) Z—4(E7;2ZET})
k=1 "Mk =2 j=1 i=2 b; j=1

o) 1—1
- Z%E|AX|2 (14X < b) 3 LA X, P1(14; X5 < b))

j=1
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, 0. (1X]) , g:(X:)
<CZb N R A ZbE G TAD + gx]) ~ >

Therefore, (8) holds. O
Now by Holder’s inequality for ¢ > 1, we have

E|A, X, P < (E|X,[P1)Y1(E|A,|P?/(a-D)a=1)/a

or

E|A, X, P < (E|A,|P)Y(E|X, P9/ (4= a=1)/a,

Thus, the arguments in the Theorem 2 and (7) of Corollary 1 allow us to give the following

results.

Theorem 3 Let {X,,n > 1} and {A,,n > 1} be sequences of random variables satisfying
A, #0,n>1 and {A,X,,n > 1} is a sequence p-mixing random variables with mean zero. Let
{bn,n > 1} be a sequence of constants such that 0 < b, / co. If for some constants p and g,
1<p<2,g>1,

(i) sup,>q B|A, [P/ @71 < oo;

(i) 32 by (L P1)1/0 305 (LX) < oo

(i) by S0y (BIXap)/a = o(1);

(iv) >02 1 P(JA, X,| > C,) < oo, for some sequence {C,,n > 1} of positive numbers such
that

(v) (S0P (BIX, )Y < 0. Then

lim —ZAX =0 as. (12)
"il

From Theorem 3 we get

Corollary 3 Let {X,,n > 1},{A,,n > 1} and {by,n > 1} be as in Theorem 3. If for some p
andq, 1 <p<2 g>1,

(i) sup,> E|A [pa/(a=1) < oo;

(i) S0, byP(E|X,|P9)Y/ 7 < co. Then (12) holds.

Theorem 4 Let {X,,,n > 1}, {A,,n > 1} and {b,,n > 1} be as in Theorem 3. If for some p
andq, 1 <p<2,g>1,

(i) b,z EIX,[P2/07D < o,

(i) 30 b2 (B A P9) /0 05 (B AP0) e < oo

(iii) bani:1(E|Ai|pq)l/q =o(1 )7

(iv) >0, P(JA, X,| > C,) < oo, for some sequence {C,,,n > 1} of positive numbers such
that

(v) Yot (53 )P (E|An [P/ < co. Then (12) holds.

Corollary 4 Let {X,,n > 1},{A,,n > 1} and {b,,n > 1} be as in Theorem 3. If for some p
andq,1<p<2,qg>1,
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(i) sup,> EIX [pa/(a=1) < oo;
(ii) 300, by P(E|A,[P9)1/9 < co. Then (12) holds.

Theorem 5 Let {X,,n > 1} be a sequence of p-mixing random variables and let {Cy,,n > 1}
and {b,,n > 1} be sequences of constants such that C,, >0, n > 1,0 < b, / co. Assume that
{gn(z),n > 1} is a sequence of positive and Borel measurable functions on [0,+00) satisfying

(1). Suppose that
(1.) 200_2 CiE(]n(IXnD Zn 1 C2E(]¢(IX¢D

5T g (C) €y <o
(i) > ey P(|Xn| > Cn) <
(i) >0, % . Then
L1
nlinéob—;X EX;I(|X:] <C)] =0 as. (13)

Proof Let Y, = X, I(|X,| <C,), T, =Y, — EY,, n > 1. Since

n

3

1
0| <5 Z|X|I|X|>c> —[>> 7| (14)
i=1 bn i=1
from the condition (ii) and Borel-Cantelli Lemma, we have
N
lim ™ ; X[ I(|X;| > Ci) =0 as.. (15)
To prove (13), by (14) and (15), it suffices to show that
1 n
—ZTZ-—>O a.s. m — o0. (16)

=1
To prove (16), by similar method in the proof of Theorem 1, it suffices to show the following

statements (17) and (18) hold,

oo

3 b% %ET{* < 0, (17)

k=1 Mk =1
e’} 1 my 1—1
S (ETf 3 ETf) < o0, (18)
k=1 ™Mk =2 j=1
where {my,k > 1} C N as in Theorem 1. By C,-inequality, Jensen’s inequality, (1) and the

condition (iii), we have

Z ZET4 OZ 1 ZE|X|4 (1X:] < Cy) <OZ E|X|4 (1X:] < Cy)

klmkzl klmkzl 111

= CglgE {C;l_p|Xi|pI(|Xi| <) } < CZ C;Egsiz | X))

By (1) and the condition (i), we have

0o i—1

Z Z (p7? Z ET?) <0 i4 (pT2y" ET?)

i=2 1 j=1
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1—1
<Czb4E|X| I(1X:] < C) Y EIXGPI(X,] < C5)
=2 ! j=1
C'Egan ) = C2Egi(|Xs))
> < o0
Z ; 9:(C)

Therefore, (13) holds. O

Corollary 5 Let {X,,,n > 1} be a sequence of p-mixing random variables with EX,, =0, n > 1,
and let {b,,n > 1} be sequences of constants such that 0 < b,, /* co. Assume that {g,(x),n > 1}

is a sequence of positive and Borel measurable functions on [0, +00) satisfying (1). If

i Egn(|Xnl) <

OO?
el gn(bn)
then
1l
lim_ E;Xi =0 as.. (19)

Proof Let C,, = b,,n > 1. The conditions (i) and (iii) of Theorem 5 are satisfied. Note that
= Egn (X
3 P> C) £ 3 Ploual 2 liCal < 3 Ze)

Therefore, the condition (ii) of Theorem 5 is satisfied. By Theorem 5, we have

n— o0 bn

lim > X - EXI(IXi| < b)) =0 aus.. (20)
=1

Since FX,, =0,n > 1, by (1) and Kronecker Lemma, we have
1

ZEXI|X|<b

1 n
™ ZE|Xi|I(|Xi| > b)

| /\

biBgi (I X DI X > b)) 1 <
_b Z 9.(00) b_z —>O, n — o0. (21)
K2 i=1

From (20) and (21), (19) holds. O
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