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Abstract Two graphs are defined to be adjointly equivalent if and only if their complements
are chromatically equivalent. Using the properties of the adjoint polynomials and the fourth
character R4(G), the adjoint equivalence class of graph Bn_s 1,4 is determined. According to
the relations between adjoint polynomial and chromatic polynomial, we also simultaneously
determine the chromatic equivalence class of m that is the complement of B, _g1,4.
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1. Introduction

The graphs considered in this paper are finite undirected and simple graphs. We follow the
notation of Bondy and Murty [1], unless otherwise stated. For a graph G, let V(G), E(G), p(G),
q(G) and G be the set of vertices, the set of edges, the order, the size and the complement of G,
respectively.

For a graph G, we denote by P(G, ) the chromatic polynomial of G. A partition {A4;, A,
..., A} of V(@), where r is a positive integer, is called an r-independent partition of graph
G if every A; is nonempty independent set of G. We denote by a(G,r) the number of r-
independent partitions of G. Thus the chromatic polynomial G is P(G,\) = > <, a(G,r)(N)r,
where (A\)y = AA—=1)---(A—=r+1) for all » > 1. The readers can turn to [17]7f0r details on
chromatic polynomials.

Two graphs G and H are said to be chromatically equivalent, denoted by G ~ H, if P(G,)\) =

[43

P(H,)\). By [G] we denote the equivalence class determined by G under “~”. It is obvious that

“ kM

~" is an equivalence relation on the family of all graphs. A graph G is called chromatically

unique (or simply x — unique) if H =2 G whenever H ~ G. See [4,5] for many results on this
field.
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Definition 1.1 ([7]) Let G be a graph with p vertices. The polynomial

hG,z) = Z oG, i)zt

i=1

is called its adjoint polynomial.

Definition 1.2 ([7]) Let G be a graph and hy(G, ) the polynomial with a nonzero constant
term such that h(G,z) = 2P“ hy (G, x). If h1(G,z) is an irreducible polynomial over the rational
number field, then G is called irreducible graph.

Two graphs G and H are said to be adjointly equivalent, denoted by G ~" H, if h(G,z) =
h(H,z). Evidently, “~"" is an equivalence relation on the family of all graphs. Let [G], =
{H|H ~" G}. A graph G is said to be adjointly unique (or simply h-unique) if G = H whenever
G~ H.

Theorem 1.1 ([3]) (1) G ~" H if and only if G ~ H; (2) [G], = {H|H € [G]}; (3) G is
x-unique if and only if G is h-unique.

The graphs with order n used in this paper are drawn as follows (see Figure 1).
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Figure 1 Families of £ and ¢

Now we define some classes of graphs with order n, which will be used throughout the paper.
(1) Cy(resp., P,) denotes the cycle (resp., the path) of order n, and write C = {C,,|n > 3},
P = {Pn|7’L 2 2} and U = {U171,t71,1|t 2 1}

(2) Dp(n > 4) denotes the graph obtained from C3 and P, _» by identifying a vertex of Cj

with a pendent vertex of P, _s.
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(3) Ty, is a tree with a vertex v of degree 3 such that Ty, ;, 1, — v = P, U P, U B, and
I3 >y > 1q, write To = {Th1,1,|ls > 1} and T = {1}, 1,11, 12, 13) # (1,1,1)}.

(4) O =A{Ch, Dn, K1, T, 1,150 > 4}.

(5) £={Cr(Ps),Q(r,5),Brst, Frn,Up s t,a, K }-

(6) Y= {wrlzv 1217 1#131(7“7 8)7 "/J:lz(rv 8)7 %51(“ 3, t)v ¢§}

For convenience, we simply denote h(G,z) by h(G) and hi(G,z) by hi1(G). By B(G) and
~v(G) we denote the smallest real root of h(G), respectively. Let dg(v), simply denoted by d(v),
be the degree of vertex v. For two graphs G and H, G U H denotes the disjoint union of G and
H, and mH stands for the disjoint union of m copies. By K,, we denote the complete graph with
order n. Let ng(K3) and ng(K4) denote the number of subgraphs isomorphic to K3 and Ky,
respectively. On the real field, let g(x)|f(z) (resp., g(x) 1 f(x)) denote g(x) divides f(z) (resp.,
g(x) does not divide f(x)) and 9(f(x)) denote the degree of f(z). By (f(x),g(x)) we denote the
largest common factor of f(x) and g(x).

It is an important problem to determine [G] for a given graph G. From Theorem 1.1, it is

obvious that the goal of determining [G] can be realized by determining [G]p,. Thus, if ¢(G) is

large, it may be easier to study [G]s rather than [G]. The related topics have been partially
discussed in this respect by Dong et al in [3, 14, 15]. In this paper, using the properties of adjoint
polynomials, we determine the [B,,_g1.4]n of graph By_g 1 4, simultaneously, [B,_g 14] is also

determined, where n > 7.

2. Preliminaries
For a polynomial f(z) = 2™ + bya™ 1 + box" "2 + ... + b,,, we define

- +1, if n=1.
Ri(f(z)) = 2

/(=) { bo— ("7 +1, ifn>2.
For a graph G, we write R1(G) instead of Ry (h(G)).

Definition 2.1 ([2,7]) Let G be a graph with q edges.
(1) The first character of a graph G is defined as

0, if g = 0.
Ri(G) =
1(6) {bg(G)—(bl(GQ)_l)—f—l, if g > 0.

(2) The second character of a graph G is defined as

(@) =) - (") = (6 -2 <b2<G> (" ;“)) ~h(G),

where b;(G) (0 <14 < 3) is the first four coefficients of h(G).

Lemma 2.1 ([2,7]) Let G be a graph with k components of G1,Ga,...,Gj. Then

WG) =15, h(Gy) and R;(G) = X7, Rj(G;) for j = 1,2.

It is obvious that R;(G) is an invariant of graphs. So, for any two graphs G and H, we have
R;(G)=R;(H) for j =1,2if h(G) = h(H) or hi(G) = h1(H).
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Lemma 2.2 ([7,8]) Let G be a graph with p vertices and q edges. Denote by M the set of the
triangles in G and by M (i) the number of triangles which cover the vertex i in G. If the degree
sequence of G is (d1,da, . ..,dp), then the first four coefficients of h(G) are, respectively,

(1) bo(G) =1, b1(G) =¢.

(2) ba(G) = ("3 =320, d; +"G(K3)

(3) b3(G) = & +3q+4) - 20 7+ 5300 dF - >ijen(q) didi = Xiens M(i)ds +
(¢ +2)ng(K3) + ng(Ky), where bZ(G) = a(G,p — z) (i=0,1,2,3).

For an edge e = v1vs of a graph G, the graph Gxe is defined as follows: the vertex set of G xe
is (V(G) — {v1,v2}) U{v}(v ¢ G), and the edge set of G x e is {e'le’ € E(G), €’ is not incident
with v1 or va} U {uv|u € Ng(v1) N Ng(ve)}, where Ng(v) is the set of vertices of G which are

adjacent to v.

Lemma 2.3 ([7]) Let G be a graph with e € E(G). Then
WG, z) = h(G —e,z) + h(G x e, x),
where G — e denotes the graph obtained by deleting the edge e from G.

Lemma 2.4 ([7]) (1) Forn > 2, h(P,) = Zk<n(n A

(2) Forn =4, h(Dy) =3 )<, (% (s 3))95
(3) Forn >4, m > 6 h(P,) = P _ ) h(Pn—2)), h(Dp,) = 2(h(Dm—-1) + h(Dm—2)).

Lemma 2.5 ([18]) Let {g;(z)}, simply denoted by {g;}, be a polynomial sequence with integer
coefficients and g () = ©(gn—1(x) + gn—2(x)). Then

(1) gn() = B(Pe)gn1(2) + 2h(Pe1)gn1 1 ().

(2) hi(Pn)|grm+1)+i(x) if and only if hy(Py)|gi(x), where 0 <i <n,n >2 and k > 1.

[6,10]) Let G be a nontrivial connected graph with n vertices. Then

< 1, and the equality holds if and only if G & P,(n > 2) or G = K3.

=0 if and only if G € 9.

= —1 ifand only if G € &, especially, ¢(G) = p(G) + 1 if and only if G € {F,|n >

Lemma 2.6
(1) Ri(G
(2) ’(G
(3) Ri(G

6} U{K;}
(4) Ri1(G) = —2if and only if G € ¢ for ¢(G) = p(G) + 1 and G = K, for q(G) = p(G) + 2.

Lemma 2.7 ([11]) Let G be a connected graph. Then
(1) If Ri(G) = 0,—1,-2, then ¢(G) — p(G) < |R:(G)[;
(2) If R1(G) = —3 then q(G) — p(G) < |R1(G) +1].

Lemma 2.8 ([18]) Let G be a connected graph and H be a proper subgraph of G. Then

B(G) < B(H).

Lemma 2.9 ([18]) Let G be a connected graph. Then
(1) B(G) = —4 if and only if

G e {T(1,2,5),7(2,2,2),T(1,3,3), K1.4,Cs(P2),Q(1,1), K, , Dg} UU.
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(2) B(G) > —4 if and only if
G e {Kl,T(l,Q,i)(Q <1< 4),Di(4 <1< 7)}UPUCU77.

Lemma 2.10 ([18]) Let G be a connected graph. Then —(2 4+ v/5) < 3(G) < —4 if and only if
G is one of the following graphs:

(1) Ty, forly = 1,10 = 2,13 > 5 0rly = 1,10 > 2,13 >3 orly =1ls = 2/l3 > 2 or
=20y =I5 = 3.

(2) Upstap forr=a=1, (r,s,t)€{(1,1,2),(2,4,2),(2,5,3),(3,7,3),(3,8,4)},or r = a =
1,s>1,t>1t*(s,b), b > 1, where (s,b) # (1,1) and

s+b+2, ifs>3;
t* = b+ 3, if s = 2;
b, if s =1.

(3) D, forn>9.

(4) Cn(Ps) forn > 5.

(5) F, forn > 9.

(6) Bysiforr=5s=1andt=3,orr>1,s=1ift=1,0orr>4,s=1ift=2, or
b>c+3,s=1Iift > 3.

(7) G=Cy(Ps) or G=Q(1,2).

Corollary 2.1 ([14]) If graph G satisfies R;(G) < —2, then 3(G) < —2 — /5.

3. The algebraic properties of adjoint polynomials
3.1. The divisibility of adjoint polynomials and the fourth characters of graphs
Lemma 3.1 ([18]) For n,m > 2, h(P,) | h(Py,) if and only if (n + 1)|(m + 1).

s if n is even;

1

Theorem 3.1 (1) Forn>9, p(Bn—_s,14) =
25=, otherwise.

z, if n is even;
(2) Forn Z 9, 6(Bn_871)4) = 2+1

#5=, otherwise.

(3) Forn>9, h(Bp—s1,4) = x(h(Bn-9,14) + h(Bn-101,4))-
Proof (1) Choosing a pendent edge e = uv € E(By_s,1,4) whose deletion brings about a single
vertex and a proper subgraph D,,_y of B,_s 1.4, and by Lemma 2.3, we have h(Bj_g14) =
xh(Dyp—1) + xh(Ps)h(Dp—g). It follows, from Lemma 2.4, that

p(K1UDy,—1) =1+ [252] and p(K1 U Py U D, ) =3+ | 258].

If n is even, then p(K1UD, 1) = p(K1UPyUD,,_¢) = %, which implies that p(B, g 14) = 5.
If n is odd, then we arrive at p(K1 U D,,—1) = "T'H > "T_l = p(K1 U Py U D,,_g), which implies
that p(Bp_g,1,4) = ”Tfl

(2) Tt obviously follows from (1).

(3) Choosing a pendent edge e = uv € E(B,_g1,4) whose deletion brings about a single
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vertex and a proper subgraph D,,_; of B,,_g 1,4. By Lemma 2.4, We have
h(Bpn—s,1,4) = xh(Dp_1) + xh(Py)h(Dyp—s)
= 2(zh(Dy—2) + zh(Dy,_3)) + xh(Py)(xh(Dn_7) + xh(Dn_s))
= &(xh(Dn—2) + xh(Py)h(Dn—7)) + 2(xh(Dy—3) + xh(Py)h(Dy—s))
= 2(h(Bn-91,4) + h(Bn-10,1.4))-
Theorem 3.2 Forn > 2, m > 9, h(P,) | h(Bm—s,1,4) if and only if n = 4 and m = 5k + 4 for
k>1.

Proof Let go(x) = —2%— 1025 —372* — 6323 — 5022 — 182 — 2, g1 (x) = 2% +92° + 292* + 4123 +
2522 + 82 + 1 and g (7) = 2(gm—1(z) + gm—_2(x)). We can deduce that

go(z) = —a% — 1025 — 372" — 632% — 502% — 182 — 2,

g1(z) = 2% +92° 4+ 292* + 412° + 2522 + 82 + 1,

go(r) = —x5 — 82° — 222% — 2523 — 1022 — =z,

g3(x) = 25 + 72° + 162" + 152 4 72 + z,

ga(r) = =25 — 62° — 102* — 323, (3.1)
gs(z) = 28 + 62° 4 1227 + 7% + 22,

ge(r) = 22° 4 4zt + 23,

gr(x) = 27 + 82 + 162° + 82* + 2,

gs(z) = 2® + 827 + 182° 4 122° + 224,

gm(x) = h(Bm—sg,1,4), if m >9.

Let m = (n + 1)k + 4, where 0 < ¢ < n. It is obvious that hy(P,)|h(Bm—s,1.4) if and only if
h1(Pp)|gm(z). From Lemma 2.5, it follows that hi(Py)|gm (z) if and only if hi(Py,)|gi(x), where

0 <17 < n. We consider the following two cases:

Casel n>9.
If 0 < <8, from (3.1), it is not difficult to verify that hy(P,) 1 gi(x). If i > 9, from i < n,
Lemma 2.4 and Theorem 3.1, we have that

141

I(h1(Pn)) = LgJ and O(h1(Bi-g,1,4)) = | ] (3.2)

The following cases are taken into account:

Subcase 1.1 i =n.
It follows from (32) that 8(h1(Bi,&174)) = 8(h1 (Pn)) = L%J if n is even and 8(h1 (Bi78,1,4)) =
O(h1(Py)) +1 =[] if n is odd.

Subcase 1.1.1 8(h1(Bi,81174)) = 8(h1(Pn))
Suppose that hi(P,)|h1(Bi—s1,4), we have hi(P,) = h1(B;_s1,4), which implies R1(P,) =
R1(Bi_s,1,4). By Lemma 2.6, we know it is impossible. Hence hi(P,) 1 h1(B;—g1,4), together
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Wlth (hl(Pn),xa(Bi78’1’4)) = 1, we have h,l (Pn) 'f h(Bif&lA)-

Subcase 1.1.2 9(hi(Bi—s1,4)) = 0(h1(Py)) + 1.

Assume that hi(P,)|h1(Bi—s,1.4), it follows that hi(B;—s1,4) = (z + a)hi(P,). Note that
R1(Bi—s,14) = —1 and R1(P,) =1, so R1(z + a) = —2, which brings about a = 4. This implies
that 8(B;—s,1,4) = —4, which contradicts (6) of Lemma 2.10. Hence hi(P,) { h1(Bi—s1.4),
together with (hy(P,),z*(Bi-s1.0)) = 1, we have hi(P,) { h(Bi_g1.4)-

Subcase 1.2 i <n —1.
It follows by (32) that 8(h1(Bi,&174)) S 8(h1(Pn)) Assume that hl(Pn)|h/1(Bi78,l,4)7 we
have that O(h1(Bi—s,1,4)) = 0(h1(P,)) and h1(P,) = h1(Bi_s,1,4). So we can turn to Subcase

1.1.1 for the same contradiction.

Case 2 2<n<8.

From (1) of Lemma 2.4 and (3.1) , we can verify that hi(P,) = g;(z) if and only if n = 4
and i = 4 for 0 < i < n < 8. From Lemma 2.5, we have that hy(P,)|h(Bi_s,1,4) if and only if
n =4 and m = 5k + 4. From p(P;) =1 and p(B,,—g14) = [F] > 4 for m > 8, we obtain that
the result holds.

Theorem 3.3 For m > 9, h?(Py) { h(By—81.4)-

Proof Suppose h?(Py) | h(By—s1.4). From Theorem 3.2, we have that m = 5k + 4, where
k> 1. Let gm(z) = h(Bm-s,1,4) for m > 9. By (3) of Theorem 3.1, (1) of Lemma 2.5, it follows
that
gm () =h(Ps)gm-a(z) + xh(Ps)gm—s5(x)
=h*(Py)gm—s(x) + 22h(P3)h(Ps)gm—9(x) + (xh(P3))gm—10(z)
=h*(Py)(gm—s(x) + 22h(Ps)gm—13(x)) + 3(zh(P3))*h(Py)gm-14(x) + (zh(P3))* gm—15(x)
=h*(Ps)(gm—s() + 22h(Ps)gm—13() + 3(xh(Ps))* gm—1s(x))+
A(zh(P3))*h(Pa)gm-19(x) + (¢h(P3))" gm—20(z)

E

-2

=h*(Py) Y s(xh(Ps))* ' gm—-ss—3(x) + (k — 1)(@h(Ps))* *h(Py)gm+1—(sk—1) () +

T h(Py) g (5k—1) ().
According to the assumption and m = 5k + 4, we arrive at, by (3.1), that

W2 (Py) | (k = 1)(zh(Ps))* 2 h(P1)gro(@) + (xh(P3))* " h(P1)go(x)

e

(zh(Ps))

that is
h(Py) | (k — 1)gio(x) + 2°h(P3)(z* + 622 + Tz + 1).

By direct calculation, we obtain that & = 0, which contradicts k > 1.

Definition 3.1 ([14]) Let G be a graph with p vertex and q edges. The fourth character of a
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graph G is defined as follows:
Ry(G) = R2(G) +p—q.

From Lemmas 2.1 and 2.2, we obtain the following two lemmas:

Lemma 3.2 ([14]) Let graph G have k components G1,Ga,...,Gy. Then

k
G) = ZR4(Gk)-

Lemma 3.3 ([14]) Let graph G and H satisfy that h(G) = h(H) or h1(G) = hy(H). Then
R4(G) = Ry(H).
From Definitions 3.1 and 2.1, we have the following lemmas:

Lemma 3.4 ([14]) (1) R4(Cy) =0 for n > 4; Ry(C3) = —2; Ry(K;) =1
(2) Ra(Bya11)=3forr >1; Ry(Br1:) =4 forr,t>1.
(3) R4(Fs) =4; Ry(F,) =3 forn>T; Ry(K; )=
(4) R4(D4) =0; Ry(Dy) =1 forn>5; Ry(T111)=0.
(5) Ra(Ty1.5) =1, Ra(T115,05) = 2; Ra(Thy 150,) = 3 forlz > 1 > 13 > 2.
(6) Ry(C,(P2)) =3 forr>4; Ry(Cy(Ps)) = Ry(Q12) = 4.
(7) Ra(P2)

Lemma 3.5 ([12]) Let graph G € E\{F,,, Uy s t,a.0, K; }. Then

(1) R4(G) =3 ifand only if G € {Cp_1(P2)In > 5} U{Q11} U{Bn_51,1|n > 7}.

(2) R4(G) =4 ifand only if G € {C(Ps)|r > 4,5 > 3}U{Q1,n—aln > 6}U{By1.4, B11,1|r,t >
2}.

(3) R4(G) =5 ifand only if G € {Qys|r,s > 2} U{B1,1,4, Brsi|r,s,t > 2}.

(4) R4(G) =6 if and only if G € {B1 s|s,t > 2}.

P2 —0 R4( )Z—lfOl"nZ&

Corollary 3.1 Let graph G € E\{F,,, Uy s.t,a.6, K; }. Then Ry(G) > 3.
3.2 The smallest real roots of adjoint polynomials of graphs

An internal zx—path of a graph G is path zyxex3 - - - 2y, (possibly z1 = xj) of G such that
d(z1) and d(zy) are at least 3 and d(x2) = d(z3) = -+ = d(xk—1) = 2 (unless k = 2).

Lemma 3.6 ([18]) Let T be a tree. If uv is an internal path of T and T 2 U(1,1,¢,1,1) for
t > 1, then B(T) < B(Tyy), where 3(Ty,) is the graph obtained from T by inserting a new vertex
on the edge xy of T.

Lemma 3.7 ([14,15,18]) (1) For n > 5, m > 4, (Cy,(P2)) < B(Cpn-1(P2)) < B(Dy,) < B(Cyy).
(2) Forn>6,m>6,3(F,) =0(Bn-s1,1) if and only if n =2k +1 and m =k + 2.
(3) Forn =4, m =6, B(Fp) < B(Fn-1) < B(Dn) and 5(Bm—51,1) < B(Bm-4,1.1) < B(Dn).
(4) Forn>17,m>6, 8(Bn-¢1,2) = B(Fn) if and only if m =n — 1.
(5) Forn >7,m =6, 3(Bn-6,2) <B(Dm); B(Bn-71,1,3) < B(Dim).
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(6) Forn >8, 3(Bn-713) = B(Q12) = B(Cs(P3)) if and only if n = 13.

Lemma 3.8 ([13,14]) (1) 8(Bi,1,4) = B(Cs(P2)), B(Bi,1,4) = B(¢3), B(Bi,1,4) = B(3).
(2) B(Bs,14) = B(Q24), B(Br1,4) = B(Q(1,2)) = B(Ca(P3)).
(3) Forr,t>1, B(Bri,) < B(Brs11,t)-
(4) B(Tr36) = B(C5(P2)), B(T1311) = B(Bs,1,2)-
(5) Forr,t > 1, B(Ur2,r1,t) = B(Br1t) and B(By1,2) = B(Fiis).

Theorem 3.4 (1) For m > 11, n > 19, 5(B11174) < 6(B21174) < 6(337114) < 6(347114) <
B(Bs,1,4) < B(Bg,1,4) < B(Cm(P2)) < B(Br,1,4) < B(Cro(P2)) < B(Co(P2)) < B(Cs(Pe)) =
B(Bs1,4) = B(Bs1,3) < B(Boia) < B(Bioia) < B(C7(P2)) < B(Bi11,4) < B(Cs(P)) <

B(Bn-s1,4) < B(C5(F2)) < B(Ca(F2)).

(2) m =211, n > 19, B(Bi14) < B(B2,1,4) = B(Fs) < B(Bs,4) < B(F7) < B(Bajpa) <
B(Bs,1,4) < B(Fg) < B(Bs,4) < B(Bria) < B(Fs) = B(Bs,1,4) < B(Bona) < B(Bioa) <
B(Bi1,1,4) < B(Br-s1,4) < B(Fm-1) = B(Bm—6,12)-

(3) Forn>m,t >4, B(Bm—t—a1t) < (Bn_8,1.4)-

(4) Forn>9,m >4, B(Bn-s14) < B(Dm).

(5) Forn >9, (Q(1,2)) = B(Cs(Ps)) = B(Bn-s1,4) if and only if n = 12.

(6) Forn>9, m > 6, 8(Bn-s1,4) = B(Bm-5,1,1) if and only if m = 6, n = 16.

(7) Forn >9, m>17, 3(Bm—¢1,2) = 8(Bn-s1,) if and only if m =7, n = 10 or m = 10,
n = 16.

(8) Forn>9,m>8, B(Bm-713) = (Bn_s,1.4) if and only if m = 13, n = 16.

Proof (1) For n > 19, it is obvious that T3 3¢ is a proper subgraph of B;,_g1,4. From Lemma
2.8 and (4) of Lemma 3.8, it follows that 8(B,_g1,4) < 8(T1,3.6) = B(C5(P2)). By (1) of Lemma
3.8 and (1) of Lemma 3.7, the result holds.

(2) Using software Mathematica and by calculation, we have that

B(By.a) = —4.49086 < B(Ba.14) = B(Bi1.2) = B(Fs) = —4.39026 < 3(Bs1.4) = —4.32931 <
B(Fr7) = —4.30278 < B(By1,4) = —4.28896 < [(Bs,14) = —4.26076 < B(Fs) = B(B31,2) =
—4.24978 < B(Bg1.4) = —4.24039 < B(Br1.4) = —4.22541 < B(Fy) = B(Bs14) = B(Bi1s2) =
B(Bg.3) = —4.21432 < B(Bo.4) = —4.20612 < B(B1o.1.4) = —4.2001 < B(Bi1.1.4) = —4.19576 <
B(Bn-81,4) < B(Fm—1) = B(Bm—s.1,2). Forn > 22, it follows, from Lemma 2.8 and (4) of Lemma
3.8, that B(Bn—s,14) < B(T1,311) = B(Bs1,2). From (5) of Lemma 3.8 and (4) of Lemma 3.7,
the result holds.

(3) Since n > m and t > 4, from (3) of Lemma 3.8 and Lemma 2.8, we have that
B(Bm—t-1,14) < B(Bn—t—a,1,t) < B(Bn-s,1,t) < B(Bn-s8,1,4)-

(4) From (2) of the theorem and (3) of Lemma 3.7, the result evidently holds.
Applying (2) of Lemma 3.8, we can get the result.
From (2) of Lemma 3.7 and (2) of the theorem, the result evidently holds.
Using (4) of Lemma 3.7 and (2) of the theorem easily yields the result.
By (6) of Lemma 3.7 and (5) of the theorem, the result evidently holds.



262 Yaping MAO, Chengfu YE and Shumin ZHANG
4. The chromaticity of graph B,_s5; 4
Corollary 4.1 ([16]) For n > 4, D,, is adjointly unique if and only if n # 4, 8.

Theorem 4.1 Let G be a graph such that G ~" B,,_8,1,4, where n > 9. Then G contains at

most one component whose first character is 1, furthermore, it is Py or Cs.

Proof Let G; be one of the components of G such that R1(G) = 1. From Lemma 2.6 and
Theorem 3.3, it follows that A(G1)|h(By—s1.4) if and only if G; = Py and n = 5k +4. According
to (1) of Lemma 2.5, we obtain the following equality:

h(Bsk+a,1,4) = h(P5)h(Bs(k—1)+4,1,4) + Th(Ps)h(Bs(x—1)13,1,4)-

Note that h(Py) | h(Bsx—1)44,1,4) implies that h(Py) | h(Bski12,1,4). From this together
with Theorem 3.3, the theorem holds.

Lemma 4.2 Let G be a graph such that G ~" By,_8,1,4, wheren > 9. Then G does not contain

K4 as one of its components.

Proof Suppose that h(K} )|h(Bn_s.1.4), from Lemma 2.3, we know that h(K ) = 2?(z+1)(z+
4), which implies that hi(Ps)|h(B,—s1,4). It contradicts to Theorem 3.2.

Theorem 4.2 Let G be a graph such that G ~" B,,—8,1,4, where n > 9. Then
(1) If n =9, then [G]n, = {Q(2,4), B11.4, PyUL, Py UYE};
(2) If n =16, then [G]p = {Cs(P2) U D7,Q(1,2) U Cps, Cy(P3) U Cs};
(3) Ifn # 9,16, then [G]r, = {Bn_s,1,4}-

Proof (1) When n = 9, let graph G satisfy h(G) = h(B1,1,4). From Lemmas 2.1, 2.2 and
2.6, we obtain that p(G) = ¢(G) = 9 and R1(G) = —1. By direct calculation, we arrive at
h(G) = h(B11,4) = 2*(2® + 92* + 2623 + 282% + 10z + 1). We consider the following cases:

Case 1 G is a connected graph.
From R4(G) = R4(B1,1,4) = 5 and (3) of Lemma 3.5, it follows that G € {Q(2,4), Q(3,3), B1.1,4,
Bs.22}. By calculation, we have that Q(2,4), B11,4 € [G]n-

Case 2 @ is not a connected graph.

By calculation, we have h(G) = h(B11.4) = 2*f1(z)f2(z), where fi(z) = 2% + 3z + 1 and
fa(x) = 23 + 622 + 7Tz + 1. Thus, Ri(f1(x)) = 1. Noting that b1(fi(x)) = 3, we obtain that
fi(x) = hi(Py) or f1(z) = h1(Cs) if f1(z) is a factor of adjoint polynomial of some graph.

Subcase 2.1 Neither P, nor C3 is a component of G.

Since G is not connected, the expression of G is G = aK; U Gy, where a > 1 and Gy is
connected. It is not difficult to obtain that ¢(G1) — p(G1) > 1. We conclude, from Lemma 2.7,
that ¢(G1) — p(G1) < 1. Thus, ¢(G1) — p(G1) = 1. From Lemma 2.6, it follows that G; = Fy
and G = K; U Fg. By calculation, we arrive at h(G) = h(K1 U Fg) # h(B1,1,4)-

Subcase 2.2 Fither P, or (5 is a component of G.
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Subcase 2.2.1 P, is a component of G.

Let G = Py UGy, where h1(G1) = 2% + 622 + 72 + 1. The following subcases are taken into

account:

Subcase 2.2.1.1 G; is a connected graph.

Noting that R1(G1) = —2 and ¢(G1) = p(G1)+1 = 6, we have from Lemma 2.6, that G1 € 1.
Since the order of Gy is 5 and p(¢3) > 6, p(¢,) > 6, p(vp) > 6, we have Gy € {3, ¢3,¢S}. By
calculation, Py U, Py U2 € [G]p.

Subcase 2.2.1.2 (G is not a connected graph.

It follows that G = P, UaK; UGy, where a > 1 and h1(G1) = 2® + 622 + 7z + 1. It is not
difficult to get that ¢(G1) — p(G1) > 2. Remarking that R;(G1) = —2, we obtain, from Lemma
2.7, that ¢(G1) — p(G1) < 2, which results in ¢(G1) —p(G1) = 2. Thus we conclude, from Lemma
2.6, that G; =2 K and a = 1. By calculation, G = Py UKy U K ¢ [G]).

Subcase 2.2.2 (5 is a component of G.

Let G = C3 U Gy, where h1(G1) = 2% + 622 + 72 + 1. We have the following subcases to be

considered.

Subcase 2.2.2.1 G, is a connected graph.
Note that R1(G1) = —2 and ¢(G1) = p(G1) = 6. It contradicts to Lemma 2.6.

Subcase 2.2.2.2 G is not a connected graph.

It follows that G = C3 U aK; UGy, where a > 1 and h1(Gy) = 2® + 622 + 7o + 1. It is
not difficult to get that ¢(G1) — p(G1) > 1. Remarking that R;(G;) = —2, we conclude, from
Lemma 2.6, that 1 < ¢(G1) —p(G1) < 2. If ¢(G1) — p(G1) =1, or ¢(G1) — p(G1) = 2. Then we
can turn to Subcase 2.2.1 for the same contradiction.

(2) When n = 10, let G be a graph such that h(G) = h(Bz.1,4), which brings p(G) = ¢(G) =
10 and R;(G) = —1. We distinguish the following cases:

Case 1 G is a connected graph.
From R4(G) = R4(Bz,1,4) = 4 and (2) of Lemma 3.5, it follows that G € {Cy(P7), C5(Fs),
Cs(P5),C7(Py),Cs(Ps),Q1,6, B2.1,4}. By calculation, we have that h(G) = h(Ba,4) if and only

if G = By 1,4, which implies that By 1 4 is adjoint uniqueness.

Case 2 (@ is not a connected graph.

By calculation, we obtain that h(Ba1,4) = 2° f1(x) f2(z), where fi(z) = 2+ 3 and fa(z) =
2t + 723 + 1322 + 7Tz + 1. Remarking that Ri(f1(x)) = 1 and b1(f1(z)) = 2. Since f1(x) is not
a factor of adjoint polynomial of some graph G with R;(G) = 1, it means that Bg; 4 is adjoint
uniqueness.

(3) When n = 11, using the similar method to that of (2), we can show that Bs 1 4 is adjoint

uniqueness. The details of the proof are omitted.
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(4) Whenn > 12, let G = szl G;. From Lemma 2.1, we have that

t

h(G) = [[ M(Gi) = h(Ba-s.1.4), (4.1)

i=1
which results in 3(G) = 3(Bn_g1.4) € [-2—+/5, —4) by Lemma 2.10. Let s; denote the number
of components G; such that R(G;) = —i, where ¢ > —1. From Theorem 4.1, Lemmas 2.1 and

2.2, it follows that 0 < s_; <1 and
t

Ri(G) =) Ri(Gi) = -1,4(G) = p(G) (4.2)

i=1
which results in
S_1 =281+ 282 —1. (43)

We distinguish the following cases by 0 < s_; < 1:

Case 1l s_1=0.
It follows, from (4.3), that s, = 0,51 = 1 with R1(G1) = —1. Without loss of generality, we
set
G =G1 U (UieaC;) U(UjepD;) U fDy UaK UbT 11 U (Urery Tiy 1005 )s (4.4)

where Ri(G1) = —1, Urer, Tl 1505 = (UrernT1,105) U (UrenT105) U (Urers Thy0005), 71 =
{T1a1l3 > 2}, To = {T11,05013 > 1o > 2}, T3 = {14, 1y05]13 > 1o > 11 > 2}, T = T, UT, U T3, the
tree Ty, 1,1, 18 denoted by 7 for short, A = {i|i > 4} and B = {j|j > 5}.

From Lemmas 3.2, 3.3 and 3.4, we arrive at

R4(G) = Ry(Bp_g,1,4) =4 = R4(G1) + |B| + a + |T1| + 2|T2| + 3| T3] (4.5)

From (1) of Lemma 2.7, it follows that ¢(G1) — p(G1) < 1. Combining this with (4.2), we
know that 0 < ¢(G1) — p(G1) < 1. Thus, we consider the following subcases:

Subcase 1.1 ¢(G1) = p(G1) + 1.
From Lemmas 2.6 and 4.2, we have G; & F,,,. Recalling that ¢(G) = p(G), we obtain the
following equality:
a+ b+ [T +|T] + T = 1. (4.6)

If m > 9, from (3) of Lemma 3.4, (4.5) and (4.6), we arrive at |B| + a + |T1| + 2|72| + 3|73| = 1,
which leads to |B|+a+|T1] =1, |T2| = |73| =0 and a+ b+ |71] = 1. Then we have the following
three cases to be considered:

If |B| =1, then a = |71] = 0 and b = 1, which results in

G =F, U(UieaC;)UD; U fDyUTy 1.
If a = 1, then |B| = |7T1] = b = 0, which leads to
G = F, U(UieaCi) U fDy U K;.
If |71] = 1, then |B| = a = b = 0, which brings about

G =FnU(UicaCi) U fD4UTY 1y,
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From the above arguments, we have, from Lemmas 2.9 and 2.10, that 8(G) = 8(F,,). From
(2) of Theorem 3.4 and 3(G) = B(By_s,1,4), it follows that 3(F,,) = 3(Bn—s,1,4) if and only
if m=6,n=10,or m =9, n = 16. Note that p(G) = p(Bn_s,1.4) = n, so we only have
G = FyUCs UK, or G = FyUT7 1 4, which contradicts to h(G) = h(Bs,1,4) by direct calculation.

Subcase 1.2 ¢(G1) = p(G1).
Recalling that ¢(G) = p(G), we arrive at, from (4.4), a = b = |T1| = | 72| = |73| = 0, which
leads to

G=G1 U (UiEACi) U (UjeBDj) U fDy. (47)
From (3) of Lemmas 2.6 and 2.10, it follows that

Gl (S {Bm_t_4)17t,CT(PQ),Q(1,2),C4(P3)}, (48)

where m — t — 4, ¢ and r satisfy the conditions of Lemma 2.10.

We distinguish the following subcases by (4.8):

Subcase 1.2.1 G; = C,.(P).

From Lemmas 2.9, 2.10 and (1) of Lemma 3.7, it follows that §(G) = B(C,(Pz)). Since
B(G) = B(Bn—-s,1,4), we have, from (1) of Theorem 3.4, that 3(G) = B(C,(P2)) if and only if
p(G) = n = 16, r = 8. From (4.7) and p(G) = 16, we only have that G = Cs(P2) U C7 or
G = Cs(P2) U D7. By calculation, we arrive at Cs(P2) U D7 € [G].

Subcase 1.2.2 G; 2 Q(1,2) or G = Cy(P3).

From (4) and (5) of Theorem 3.4 and Lemma 2.9, we have that 5(G) = 5(G1) = B(Bn-s81,4)
if and only if p(G) = n = 12, which brings about G1 € % = {Q(1,2)UCs, C4(P5)UCs} by (4.7).
By calculation, we have 4 C [G]y,.

Subcase 1.2.3 G1 = Byp—t—4,1+-

We distinguish the following subcases:

Subcase 1.2.3.1 ¢t =1.

From (3) of Lemma 3.7 and Lemma 2.9, we obtain that 8(G) = 8(Bm—s5.1,1). According to
(6) of Theorem 3.4, B(Bm-51,1) = B(Bn-s1,4) if and only if m = 6, n = 16, which leads to G €
%> = {B1,1,1UCh0,B1,1,1UD10,B1,1,1UC1UCq, B1,1,1UD4UDg, B1,1,1UC4UDg, By 1,1UD4UCs}
from (4.7). By direct calculation, % ¢ [G]p,.

Subcase 1.2.3.2 ¢t =2.

From (3) of Lemma 3.7 and Lemma 2.9, (7) of Theorem 3.4, it follows that 5(G) = 5(Bm—6.1,2)
B(Bp—s1,4) if and only if m = 7, n = 10 or m = 10, n = 16, which leads to G € {By 12 U
Cs,By,1,2U Dg from (4.7). By calculation, we know that it contradicts to h(G) = h(Bs 1,4).

Subcase 1.2.3.3 ¢t = 3.
From (8) of Theorem 3.4, it follows that 5(G) = B8(Bm-71,3) = B8(Bn—s1,4) if and only if
m = 13, n = 16, which contradicts h(G) = h(Bs1.4).
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Subcase 1.2.3.4 ¢ > 5.

From Lemma 2.9, (3), (4) of Theorem 3.4 and (3) of Theorem 3.4, we arrive at 5(G) =
B(Bm—t—11,) < B(Bp—s1,4), which contradicts to 5(G) = 3(Bp—s1,4) by direct calculation.

As analyzed above, we obtain that ¢ = 4. From (4) of Theorem 3.4 and Lemma 2.9, it follows
that B(G) = B(Bm—s,1,4), together with 5(G) = 5(Bpn—s,1,4) and (3) of Lemma 3.8, we arrive at

m =n. Hence G = B,,_g 1 4.

Case 2 s_1=1.
It follows, from (4.3), that s; + 2s2 = 2, which leads to

so=1,81 =0, or s =0,81 = 2. (4.9)
We distinguish the following cases by (4.9):

Subcase 2.1 s, =1, s1 =0.
Without loss of generality, let G be the component such that Ry(G1) = —2. From Corollary
2.1, we know that 8(G1) < —2 — /5, which contradicts to (B, _s1.4) € [-2 — V5, —4).

Subcase 2.2 s, =0, s1 = 2.
Without loss of generality, let

G=Gi1UGyUG3U (UigAOi) U (UngDj) U fD4 Uak; U bTLLl U (UTG’TDTll,b,lg)v (410)

where Gl S {P4, 03}, Ry (G2) = Rl(G3) = -1, UTE'ToTll,lg,lg = (UTE'ETI,Lls) U (UTETQTl,lzJS) U
(UTG'TsTll,lzyh)v ,Tl = {T171113|l3 > 2}7 /TQ = {T1J2,ls|l3 >l > 2}7 7?3 = {Tl17l2,l3|l3 >l > 1 > 2}5
7o = T1 U T, UTs, the tree Ty, 4, 1, is denoted by T for short, A = {i|i > 4} and B = {j|j > 5}.
From Lemmas 3.2, 3.3 and 3.4, we arrive at
3
Ry(G) = Ru(Bn-s14) =4=Y_ Ru(Gi) + |B| + a + |T1| + 2| Tz| + 3|T:]. (4.11)
i=1
Subcase 2.2.1 G = Py.
In terms of Lemmas 2.6, 2.7, (4.2) and (4.10), we have that 1 < Z?ZQ(q(Gi) - p(Gy)) <2,

which implies the following subcases:

Subcase 2.2.1.1 ¢(G2) — p(G2) =1, q(G3) — p(G3) = 1.

From Lemmas 2.6, 4.2 and (4.10), it follows that G; = F,,,(i = 2,3) and a + b+ |T1| + |T2| +
|75] = 1. Thus

if b = 0, then we obtain, from (4.11), that 4 = —1 + 2R4(F,;,) + |B| + 1, which contradicts
R4(F,,) = 3 by Lemma 3.4.

if b = 1, then we have, from (4.11), that 4 = —1 4+ 2R4(F},) + |B|, which also contradicts to
R4(F,,) = 3 by Lemma 3.4.

Subcase 2.2.1.2 ¢(G2) = p(Ga), ¢(G2) — p(G2) = 1.
It is obvious that Ge € &, Gs = F,, and a = b = |T1| = |T2| = |T3] = 0 by Lemmas 2.6,
4.2 and (4.10). From (4.11), we arrive at R4(G2) = 5 — Ra(Fy,) — |B| < 2 — |B| < 2, which
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contradicts Gy € £ by Corollary 3.1.

Subcase 2.2.2 G; = C;.
From Lemmas 2.6, 2.7, (4.2) and (4.10), we get that 0 < 2?22(q(Gi) — p(Gy)) < 2, which

brings about the following subcases:

Subcase 2.2.2.1 Zizz(q(Gi) —p(G;)) =2.

Applying Lemmas 2.6, 4.2, and (4.10), we have that G; = F,,,(: = 2,3) and a + b+ |T1| +
|72] + | 73] = 2. From these together with (4.11), we know that

If b= 0, then 4 = =2+ 2R4(F,,) + | B| + 2, which contradicts to R4(F,,) = 3 by Lemma 3.4.

If b=1, then 4 = =2+ 2R4(F,;,) + |B| + 1, which also contradicts to R4(F;;,) = 3 by Lemma
3.4.

If b = 2, then we have, from (4.11), that 4 = —2 + 2R4(F,) + | B|, which results in

G=C3UF,,UF,, U (UigAOi) U fD4 U 2T17111.

In terms of Lemmas 2.9 and 2.10, we have that 8(G) = min{S(Fn, ), 8(Fm,)} = 8(Fm,) if
my > ma. By (2) of Theorem 3.4, it follows that 5(G) = B(Fp,,) = B(Bn-s,1,4) if and only if
my1 =6, n =10 or my =9, n = 16. This contradicts p(G) = p(Bp—s,1,4)-

Subcase 2.2.2.2 2% ,(q(Gi) — p(Gy)) = 1.

From Lemmas 2.6, 4.2 and (4.10), it follows that G2 € £, Gs = F,, and a+b+|T1|+|7T2|+| 73| =
1. Thus

if b = 0, then we obtain, from (4.11), that 4 = —2+ R4(G2) + R4(F,,) +|B| + 1, which results
in R4(G2) <2 —|B| < 2. It contradicts G5 € €.

if b = 1, then we have, from (4.11), that 4 = —2 4+ R4(G2) + R4(F),) + | BJ, which leads to
R4(G2) = 3 and |B| = 0. Thus

G=C3UGyUF,,U (UieACi) UfDyU T171)1.

In terms of (1) of Lemma 3.5, we have that Go € {Cp,—1(P2)} U{Q11} U{Bn_51.1}

If Gy = C,(P,), then we obtain, from (1) of Theorem 3.4, that 3(G) = B(Bp_g1,4) =
B(C-(P2)) = B(Fy,) if and only if r =8, m =9, n = 16. It contradicts to p(G) = 16.

If G2 = B; 11, then we get, from (6) of Theorem 3.4, that 5(G) = B(Bn-s,1,4) = 8(Bs1.1) =
B(Fy,) if and only if s =1, m =9, n = 16. This contradicts to p(G) = 16.

If G2 = @11, then from (2) of Theorem 3.4 we arrive at 5(G) = B(Bn-s,1,4) = B(F) if and
only if m =9, n =16 or m = 6, n = 10. It also contradicts to p(G) = 16.

Subcase 2.2.2.3 Zfﬂ(q(Gi) —p(G;)) =0.

It is easy to see that G; € (i = 2,3) and a+b+|T1| +|72|+ |73| = 1 by Lemmas 2.6, 4.2 and
(4.10). From (4.11), it follows that 4 = —2 + R4(G2) + R4(G3) + | B|. Combining with Corollary
3.1, we have |B| = 0 and R4(G;) = 3(i = 2,3). Then

G =C3UGyUG3U Fy, U (UieaCi) U fDy.
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In terms of Lemma 3.5, we have that G; € {C,_1(P2)} U{Q11}U{Bn_511}( =2,3). With
the same methods as that of Subcase 2.2.2.2, we can get a contradiction.

This completes the proof of the theorem. O
Corollary 4.1 Ifn > 9, graph B,,_g 1,4 is adjoint uniqueness if and only if n # 9, 16.

Corollary 4.2 Ifn > 9, the chromatic equivalence class of B,,_g 1,4 only contains the comple-

ments of graphs that are in Theorem 4.2.
Corollary 4.3 Ifn > 9, graph B,,_g 1,4 is chromatic uniqueness if and only if n # 9, 16.
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