Journal of Mathematical Research with Applications
May, 2012, Vol. 32, No. 3, pp. 269-280
DOI:10.3770/j.issn:2095-2651.2012.03.002
Http://jmre.dlut.edu.cn

Chromatic Uniqueness of K;~-Homeomorphs with Girth 8

Weina SHI', Yongliang PAN"*, Yan ZHAO?
1. Department of Mathematics, University of Science and Technology of China,
Anhui 230026, P. R. China;
2. Institute of Electronics Engineering, China Academy of Engineering Physics,
Sichuan 621900, P. R. China

Abstract In this paper, we determine all graphs of K4-homeomorphs of girth 8 which are
chromatically unique.
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1. Introduction

All graphs considered here are finite and simple. For notations and terminology not defined
here, we refer to [1]. Let G be a graph and P(G;\) be the chromatic polynomial of G. Two
graphs G and H are chromatically equivalent, denoted by G ~ H, if P(G) = P(H). A graph G
is chromatically unique (or simply x-unique) if G is isomorphic to H whenever G ~ H.

A K4-homeomorph is a subdivision of the complete graph K, which is denoted by Ky(a, b, ¢, d,
e, f). Ka(a,b,c,d,e, f) is a graph that the six edges of K4 are replaced by the six paths of
length a,b,c,d, e, f, respectively, as shown in Figure 1. The study of the chromaticity of K4-
homeomorphs which have girth 3, 4, 5, 6 or 7 has been settled (see [8] and the references
therein). When referring to the chromaticity of K4-homeomorphs with girth 8, there are 13 types
altogether, which are K4(1,1,6,d,e, f), K4(1,1,¢,1,¢,5), K4(1,1,¢,2,e,4), K4(1,2,¢,1,¢e,4),
K4(1,1,¢,3,e,3), K4(1,3,¢,1,¢e,3), K4(2,3,3,d,e, f), Ka(1,2,5,d',¢', 1), K4(1,3,4,d',€, f"),
K4(1,2,¢,2,¢,3), K4(1,2,¢,3,¢,2), K4(2,3,3,d,¢, ), Ka(2,2,4,d,¢, f), K4(2,2,¢,2,¢,2). As
we know, only the chromaticity of the ones with at least 2 paths of length 1 have been obtained
among all those K4-homeomorphs with girth 8 (see [4,7,10]). In this article, we will discuss the
chromaticity of the others. If we write all the whole, the paper will be too long. Therefore we
only write one case K4(2,3,3,d, e, f) (as Figure 2) of them here and the details of the left cases

will be given in other papers.
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Figure 1 Ky(a,b,c,d,e, f) Figure 2 K4(2,3,3,d,e, f)

2. Preparation

The following are some known results.

Proposition 2.1 ([2,5]) Let G and H be chromatically equivalent. Then

() IV(G)| = V(H)|, |EG)| = |E(H);

(ii)) G and H have the same girth and same number of cycles with the length equal to their
girth;

(iii) If G is a K4-homeomorph, then H is a K4-homeomorph as well;

(iv) If G and H are homeomorphic to K4, then both the minimum values of parameters and

the number of parameters equal to this minimum value of the graphs G and H coincide.

Proposition 2.2 ([6]) The graph K4(a,b,c,d, e, f) is chromatically unique if exactly four num-
bers among {a,b,c,d, e, f} are the same.

Proposition 2.3 ([7]) Suppose that G = K4(a,b,c,d, e, f) and H = Ky4(a', 0, ,d' e, /). If
G ~ H and {a,b,c,d,e, f} ={da",V/,c,d' ¢, f'} as multisets, then G = H.

Proposition 2.4 ([9]) G and H are both in the type of K4(2,3,3,d,e, f), then P(G) = P(H)
if and only if G = H.
3. Main results and proofs

In the following, the girth of any graph we mentioned is 8.

Lemma 3.1 IfG is in the type of K4(2,3,3,d,e, f), and H is in the type of K4(1,2,5,d',¢', '),
then G ~ H if G is isomorphic to K4(2,3,3,1,6, f), K4(2,3,3,1,4,6), or K4(2,3,3,1,5,6).

Proof Let G and H be two graphs such that G = K4(2,3,3,d,e, f) and H = K4(1,2,5,d', €', f').
Since the girth of G is 8, there is at most one 1 among d, e and f.
Let

Q(K4(a,b,c,dye, f)) =— (z+1)(z* + 2> + 2¢ + 2% 4+ 2° + ) + 2070 4 22H 4
xc-i—e + xa+b+e + Ib-l—c-i—d + xa+c+f + Id+e+f'
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Let x = 1 — \. Then it follows from [3] that the chromatic polynomial of K4(a,b,c,d, e, f) is

P(Ka(a,b,c,d,e, f)) = (-=1)" (@2 + 32+ 2) + Q(Ku(a, b, c,d e, f)) — xnﬂ)} .

x
(z —1)?
Hence P(G) = P(H) if and only if Q(G) = Q(H). We solve the equation Q(G) = Q(H) to get
all solutions. In the following, we will substitute h.p. for highest power and 1.p. for lowest power.

Q(G) = — (x+ 1) (2 + 223 + 2%+ ¢ + xf) + g2t g BT gite y gStey
e g S

QH) =~ (z+1)(z+2” +2° + ¥ + a2 + xf/) ot g e e
g7 6+ 4 pd e+
Considering the symmetry of the graph K4(2,3,3,d, e, f), we can assume e < f. From Proposi-
tion 2.1, we have that min{d, e, f} = min{d, e} = 1, and
d+e+f=d+e+f. (1)

There are 2 cases to be considered.
Case 1 min{d,e} = d = 1. Here we have that Q(G) = Q(H) iff Q1(G) = Q1(H), where
Q1(G) = — % — 22" — 2¢ — 2T — of — pf T 4 g3 4 p3te 4o ghte 4 o7 4 g5t
Qi(H) =— 25— b g g g€l S L g2+ ey oBe T 64

Since d + e > 5, we have
f>e>4 (2)

After comparing the powers in Q1 (G) and Q1 (H ), we have the h.p. in Q1(G) is 5+ f. Considering
the h.p. in Q1(G) and Q1(H), we know there are 3 cases to be considered.

Case 1.1 max{s+¢€',7+d,6+ f'} =5+¢€ =5+ f. Now from the equation Q1(G) = Q1(H),
we obtain Q2(G) = Q2(H) where
QQ(G) _ _ .’II3 _ 2(E4 —xf— ZC6+1 4 $3+e 4 .’IJ5+€ 4 ZC7,
Qo(H) = —a° — 2% — a? ol L g2 TGS
Sod =4, f'=3and e =6. Thus K4(2,3,3,1,6, ) ~ K4(1,2,5,4, f,3).
Case 1.2 max{b+¢,7+d,6+ f'} =6+ f =5+ f. After simplifying Q1(G) and Q1(H), we
obtain Q3(G) = Q3(H) and
Q3(G) = —a — 22" — 2 — oo — oI HL p 3 g g3te L gSTe 4T
Q3(H) = —2° — 25 — a¥ — g — gt gl g 2 gte Sl T
Now we can assume 5+ e’ < 6 4 f’ since 5+ ¢’ =5 + f has been discussed in Case 1.1. As
7T+d <6+ f, the term 22" cannot be cancelled by any negative term in Q3(H), then none

of the terms in Q3(H) is equal to the term —2/*! in Q3(G) by noting f + 1 = f’ + 2. Therefore,
222" € Q3(G). Considering (2), we get 3+e=7=2+ f". Thuse =4, f =6, f = 5. Then
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—3z% € Q3(Q), but —32* ¢ Q3(H), a contradiction.

Case 1.3 max{b+¢e,7+d,6+ f'} =7+d =5+ f. After discussing the case 5+ f =5+ ¢/,
we can suppose that
5+ f>5+¢. (3)

Cancelling the same terms of Q1(G) and Q1(H), we get
Qu(G) = — a3 — 22t —® — gt — gl Il g g3 gpSte 4 gbre T
Q4(H) :—I’5 —I’6 _.Id, —.Ie, _I8/+1 _xf, _xf,“”l _|_I2+fl +I3+8/ +$5+e/ _|_I6+fl_

Consider —z% and —22% in Q4(G). It is due to Q4(G) = Q4(H) that there are terms in Q4 (H)

which are equal to —z® and —2x*, respectively. The following cases should be considered.

Case 1.3.1 If ¢/’ =3, f' =4, then e = 4 from equation (1). After simplification, we obtain
Qs5(G) = —a* — 2 — 2+ 23 1 2% 4227, Qs(H) = —2¥ — a2 + 2% + 28 4 210
No matter what value d' is, Q5(G) # @s(H), which means Q(G) is not equal to Q(H ).

Case 1.3.2 If ¢/ =4, f' = 3, here we also have e = 4. After cancelling the same terms, we get

Q6(G) = Qs(H) where
Qo(G) = —at —af — I 4 3 42T Qo(H) = —ab — 27 +2°.

It is easy to see that d’ = 4 and f = 6. Thus we obtain the solution where G is isomor-
phic to K4(2,3,3,1,4,6) and H is isomorphic to K4(1,2,5,4,4,3). That is K4(2,3,3,1,4,6) ~
K4(1,2,5,4,4,3).

Case 1.3.3 If d = ¢ +1 =4, then f = 6 and f' = e. We obtain Q7(G) = Q7(H) after
simplifying Q4(G) and Q4(H) where

Q7(G) = —a® +2° + 2% 425, Qp(H) = —a® + 22 + 2% + 2547,
As e > 4 (see(2)), the highest terms of Q7(G) and Q7(H) are not equal, a contradiction.

Case 1.3.4 If d = f/'+ 1 =4, then f = 6 and ¢ = e (noting (1)). By (2) and (3), e = 4
or 5. It is easy to see that Q4(G) = Qa(H). Thus K4(2,3,3,1,4,6) ~ K4(1,2,5,4,4,3), and
K4(25 37 35 17 55 6) ~ K4(15 27 55 47 55 3)

Case 1.3.5 d' =3,¢' = f' = 4. Then —32° € Q4(H), but not in Q4(G), a contradiction.

Case 2 min{d, e} =e=1.Since d+ ¢ > 5, e+ f > 6, we have d > 4, f > 5. Cancelling equal
terms of Q(G) and Q(H), we know Qz(G) = Qs(H) where

Qs(G) = — 22 —a* —g? — T — gl ST g2 Hd g 3T g g6 g OFd 4 ST

Qs(H) = — 25 b pd e el f + 22+ + 3t + 2ote’ + o7t + 26+F"

Comparing the 1.p. in Qg(G) and the l.p. in Qg(H), two of d’, ¢, f/ are 3. Since &’ + f' > 7,

only two cases need to be considered.
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Case 2.1 d' =€’ = 3. After cancelling the same terms, we get
Qo(G) = — g — x4t — gf — gf T g2rd o g3 4 g0 4 g6+ 4 g5 HS
Qo(H) = —2° — of L g2 g8y 10 g O
Noting f' > 4, so the h.p. in Qg(H) is6+ f'. So6+ f'=6+dor6+ f =5+ f.
If 6+ f = 6+ d, we obtain f = 5 from (1). Therefore, Qo(G) = Qo(H). In fact, H is

isomorphic to G in this case.
If 6+ f =5+ f, then d = 4 (noting (1)). Cancelling equal terms, we get

Q10(G) = —a* — 2/t 1228 4+ 23 Quo(H) = —2f + 22 + 28
When f'+1=f =05, Q10(G) = Q10(H). Thus G and H are also isomorphic.
Case 2.2 d' = f’ = 3. Cancelling equal terms of Qg(G) and Qs(H), we know Q11(G) = Q11(H)
where
Q11(G) = — 2t — 28l —gf — I g2hd 3T g6 4 g6hd g 5T
Quu(H) = — a8 — g¢ — g€ F1 4 g3+¢" 4 g5+e" 4 g10 4 09,

As ¢/ > 4 (by noting €’ + f’ > 7), no positive term in Q1(H) is 25, thus —22° € Q11(G). It is
easy toseethat d=f=6ord=f+1=6ord+1=f=6.

If d= f =6, we get ¢ =7. We can easily see that Q11(G) # Q11(H).

Ifd=f+1=6, weget e/ =6. But Q11(G) # Q1:1(H).

Ifd+1=f=6, wegete =6. But Q11(G) # Q11(H).

The proof of the lemma is now completed. O

Lemma 3.2 IfG is in the type of K4(2,3,3,d, e, f), and H is in the type of K4(1,3,4,d',¢', f'),
then G ~ H when G is isomorphic to K4(2,3,3,1,4,4), or K4(2,3,3,1,e,e+ 2).

Proof Let G and H be two graphs such that G = K4(2,3,3,d,e, f) and H = K4(1,3,4,d',¢/, ).

As the above discussion, we know

Q(G) =— (z+ 1) (2% + 223 + 2% + 2¢ + &) + (22T 4 237§ 23Fe 4 5oy
2O+ 5+ 4 gdretfy,

QH)=—(z+D)(z+a2°+a* +a2¥ +2° +27) + @ + 22+
2$4+e’ +x5+f/ +x7+d/ +xd’+e’+f/)'
From Proposition 1 and the symmetry of the graph K4(2,3,3,d, e, f), we know the equation (1)
also holds and min{d, e, f} = min{d,e} = 1.
Case 1 min{d,e} =d=1. Asd+e > 5, then
f>e>4 (4)
After simplification, we have Q1(G) = Q1(H ), where

Ql(G) _ _ .IB _ $2 2t — Ie-i—l _ .If _ {Ef+1 + {E3+f + $3+€ + $5+€ + I7 + I5+f,
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Q1(H)=—2°— g — g gt gl gl g g3 g tte g ST T
By considering the h.p. in Q1(G) and the h.p. in Q(H), we have 5+ f = max{4+¢',7+
d,5+ f'}.
Case 1.1 max{4d+¢e',7+d 5+ f'} =5+ f =5+ f. After simplifying Q1(G) and Q1(H), we
have Q2(G) = Q2(H) where
QQ(G) — _ $3 _ $2 _ CEE _ xe+1 + $3+e + $5+8 + .’II7,
QQ(H) . Id’ _ Ie’ _ :Ee’+1 + 2I4+e’ + $7+d’.
Consider —z? in Q2(G), we know d’ =2 or ¢/ = 2.
If d =2, since d +¢' >5 and —z2 is in Q2(G), we get ¢/ = 3. Thus e = 4 (see (1)), and
G=~H.
If ¢ =2, then e = d' + 1 (see (1)). After simplification, we have
Qs(G) = —a° — 2o+l 4 g3te 4 g 5e —|—5E7, Qs(H) = b :Ed/ + 926 —|—:E7+d/.

By considering the h.p. in @Q3(G) and the h.p. in Q3(H), we know that Q3(G) # Qs(H),
thus Q(G) is not equal to Q(H).

Case 1.2 max{4d+¢,7+d 5+ f'} =7+d =5+ f. We have discussed the case 5+ f =5+ [,
so we can assume that 5+ f > 5+ f’. Cancelling the same terms in Q1(G) and Q1(H), we have
Q4(G) = Q4(H) where

Q4(G) — _ $3 _ $2 —pt— xe+1 _ ,’Ef _ {Eerl +$3+f +$3+e +$5+8 _*_11,77

/

Qu(H) = — 25 — gt — g gt gl g f L 3T opdte’ S
Comparing the lowest power of Q4(G) to the lowest power of Q4(H), we get min{d’, €', f'} = 2.
Ifd =2,thenwegete=f=d +2=4 (by (4)) and ¢’ + f' =7 (see (1)). Cancelling equal
terms, we obtain Q5(G) = Qs(H) where
Qs(G) = — 2% — 2% — 22" + 327 + 2°,
Qs(H) = —a¢ — o+t — gl — '+ 4 o341 4 ogdte’ 4 g5+]"
Consider 3z7 in Q5(G), we know that ¢’ = 3, f/ = 4 and then Q5(G) = Q5(H). In fact,
K4(2,3,3,1,4,4) = K4(1,3,4,2,3,4).
If ¢/ =2, we know f’ = e+ 1 from (1). Cancelling equal terms in Q4(G) and Q4(H), we get
g
Qs(G) = Qe(H) where
Q6(G) = —z° — of — gl 4 g34F 4 g3te | phte 4 $7,
Qo(H) = — 25— pd L 3 906 4 5 tS
As 5+ f'=6+e > 7, and the h.p. in Q¢(H) is 5+ f’, then we get 3+ f = 5+ f’, that is
f=2+4+d =2+ f' =3+ e. After simplification, we have Q7(G) = Q7(H), where

Q7(G) = —a° — o 4 phte 4 $77 Q(H) = b :Ed/ _ :Ef/+l + $3+f/ + 9246,
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Since f'+3 = f+1, and no negative terms can cancel the term 2/ 3 (noting e’ + f/ > 7), 22/ 1
should be in Q7(G), which is impossible.

If f/ =2, then ¢/ = e+ 1(by(1)). After simplifying Q4(G) and Q4(H), we obtain Qg(G) =
Qs(H) where

Qs(G) = —2¢ —af — I L 3 padte Qg(H) = —a¥ — 2T 4 atte

We can check that d' = e is a solution of Qs(G) = Qs(H). Thus we obtain the solu-
tion of Q(G) = Q(H) where G is isomorphic to K4(2,3,3,1,e,e + 2) and H is isomorphic to
K4(1,3,4,e,e +1,2).

Case 1.3 max{4+e',7+d 5+ f'} =4+’ =5+ f. As the coefficient of 24+ is 2, we know 5+e
should also be equal to 4 + €’. After simplifying Q1(G) and Q1(H), we have Qo(G) = Qo(H),
where
Qo(G) = — 23— 22 — 9p¢ — petl 4 9g8+e 4 l,7,
Qo(H) = — 2° — ¥ — g€ F1 — gf" — o'+ 4 o307 4 54T 4 pTHd
Since the lowest term in Qo(G) is —22, we have d’ =2 or f' = 2.
If d = 2, noting that —2% € Q3(G), we have f' = 3. Since d+e+ f =d +¢ + f/, we get
e=f =5, ¢ =6. It is easy to check Q9(G) is not equal to Qg(H), a contradiction.
If f/ =2, cancelling equal terms of Q9(G) and Qo(H), we get Q10(G) = Q10(H), where

Q10(G) = —22° — 2T 4223, Quo(H) = —2¥ — 28+ 4 27+

Because there are five terms in Q19(G), and no positive terms can cancel negative terms, but
there are only three terms in Q10(H), Q10(G) # Q1o(H).

Case 2 e = 1. Cancelling equal terms of Q(G) and Q(H), we have Q11(G) = Q11(H), where
Qu(G) = — 203 — o — g — g4l _ gl _ pf+L y g20d | G 34S gt g6y 64D | o5
Qui(H) =—2° - g — g gt gl g g3 ggtte g ST T

Consider the 1.p. in Q11(G) and the Lp. in Q11(H), we have min{d’, €', f'} = 2.

Case 2.1 d' = 2. After simplifying, we have Q12(G) = Q12(H ), where

O12(G) = — 20% — 28 — g+l _ gl _ pf+1 4 p2Hd 434S 4 g4 4 06 4 p0kd g 5Ef

Qu2(H) = —2° —2° — g€ gl L g3 ogdde ST g9
Since —2z3 € Q12(G), and the power of each positive term is not equal to 3, —22% € Q12(H).
Then ¢’ + f' < 6. It means length of a cycle of graph H is less than 8, a contradiction.
Case 2.2 ¢/ =2. Ase' + f' > 7, we have f' > 5. After simplifying Q11(G) and Q11(H), we
have ng(G) = ng(H) where
Q13(G) = — 2% —g? — 24Tt — gf — I g2 4 g3 gt g g ST

Qi3(H) = —2° — g gl gL B g6y Sy T
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Since —a? is in Q13(G), d’ = 3 (noting f’ > 5). Cancelling equal terms, we get Q14(G) = Q14(H)
where
Q14(G) I xd _ $d+1 . ,’Ej _ xf+1 + $2+d + (E3+f + $4 + $6+d + ,’E5+f7
Qu(H) =—2° - ol =T g3 g6 S 4 10,
By considering the h.p. in Q14(G) and the h.p. in Q14(H), we have 5+ f' = max{6 +d,5+ f}.
If 5+ f' =5+ f, we have d = 4. Thus G = H in this case.
If 5+ f' =6+ d, we know f =5 from equation d + e+ f = d + ¢ + f'. We now suppose
f'>f=5,as5+ f =5+ f has been discussed just now. For d = f' — 1 > 4, then we note z*
is in Q14(G), but not in Q14(H), a contradiction.

Case 2.3 f'=2. Ase’+ f' > 7, we have ¢/ > 5. By Q11(G) = Q11(H), after simplification, we
have Q15(G) = Q15(H) where
O15(G) = — 2° — g — g+l _ gf _ pI+1 g 2hd 30 06 | a6k 5]
Q15(H) _ xd/ . xe/ . xe'—i—l + 2x4+e/ + 27 + £L'7+d/.
Consider —22 in Q15(G). Tt is due to Q15(G) = Q15(H) that there is one term in Q15(H) which
is equal to —2. So we have d’ = 3 and then we get
O16(G) = — 2% — g8 _ gf _ pf+1 L g2+ | 3+S | g4 4 6 6+d 4 54
Quo(H) = — ¢ — 2+ 42047 4 27 4 210,

Then we note z* € Q16(G), but the lowest power in Qi6(H) is greater than 5. So one of
the negative terms should be —2* in Q14(G). Noting e = 1 and f + e > 6, we get d = 4. From
(1), f = €. Tt is easy to say that Q16(G) # Q16(H), which is a contradiction. So this lemma
holds. O

Lemma 3.3 IfG is in the type of K4(2,3,3,d,e, f), and H is in the type of K4(1,2,c,2,¢€',3),
then there is no graph G satisfying G ~ H.

Proof Let G and H be two graphs such that G 2 K4(2,3,3,d,e, f) and H = K4(1,2,¢,2,¢€,3).
Then

QG) =— (4 1)(z? + 223 + 2% + 2¢ + &) + (22T 4 237 4 23Fe 4 5oy
(E6+d + (E5+f + $d+€+f),

QH)=—(z+1)(z+22>+ 2% + 2% +2°) + (2 + 25 + 237 4 224+ 4
25+ 4 g+,
From Proposition 1, we know that min{d, e, f} = min{d,e} =1 and
d+e+f=c +¢. (5)
Cancelling equal terms, we have Q1(G) = Q1(H) where

Q1(G) = — 2% — g —gd — g+l _ge _getl _gf  pfHl g g2 | 84Sy gB4ey
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pote _|_I6+d +x5+f,
QiH)=—1z— 902 _ ¢ _ pCHl e el 42+ 23te + 9 pite + zote
Consider —z and —222 in Q1 (H). It is due to Q1(G) = Q1(H) that there are terms in Q1 (G)

which are equal to —z and —2x2, so one of d, e, f is 1, and one of the left two is 2. However, the
girth of G and H is 8, which needs d +e > 5 and e+ f > 6. Hence we know there is no solution

to Q(G) = Q(H). ©
Lemma 3.4 If G is in the type of K4(2,3,3,d,e, f), and H is in the type of K4(1,2,¢,3,¢',2),

then there is no graph G satisfying G ~ H.

Proof Let G and H be two graphs such that G = K4(2,3,3,d,e, f) and H = K4(1,2,¢,3,¢€,2).
Then

QG) =— (x4 1)(x® + 223 + 2% + 2¢ + &) + (22T 4 237 4 23Fe 4 5oy
(E6+d + (E5+f + $d+€+f),
QH)=— (z+1)(x+22°+ 2%+ 2 +2%) + (22" + 23T + 23+
I5+c' _|_I5+e’ _'_:Ec’Jre’)'
From Proposition 1, the equation (5) also holds. After simplifying Q(G) and Q(H), we have
Q1(G) = Q1(H), where
Q1(GQ) = — ot — gd — g+l _ge _getl _gf _ pfHl g 24 | 3 4S |y pBhey
Z5e 4 g+ 4 g5+f
QI(H) = _r— 25[]2 _ xc/ _ xc/—i-l _ xe/ _ xe'—i—l 4 25[]4 4 x3+e/ 4 $3+c/ 4 JI5+C/ 4 $5+e"
It is easy to handle these cases in the same way as the proof of Lemma 3.3. O

Lemma 3.5 IfG is in the type of K4(2,3,3,d,e, f), and H is in the type of K4(2,2,4,d',¢, f'),
then there is no graph G satisfying G ~ H unless G = H.

Proof Let G and H be two graphs such that G = K4(2,3,3,d,e, f) and H 22 K4(2,2,4,d',¢', f').
Then
Q(G) =— (z+1)(2® + 22° + 2% + 2° + ) + (2¥T¢ + 2% 4 23Fe 4 2P Fet
g0+ 4 g5HF y pdbetfy
QUH) =~ (x+1)222 + a2t + 2% + 2 +2f") 4 (@27 422+ yogt+e 4 o0y
g6y gl e,

Now both K4(2,3,3,d,e, f) and K4(2,2,4,d’, ¢, f’) have the property of symmetry, thus we
can assume e < f and ¢’ < f’. As Proposition 1 shows, equation (1) also holds. Cancelling equal
terms, we have Q1(G) = Q1(H) where

O1(G) = — 27 — g — g — g+1 _ge _getl L gl | Sl | g2k 34 4 ey

gite 4 p6+d _|_I5+f,
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/

Q1(H)=—a*—2° - g — g gl gl gL g2 g2y
ozite + 26+ + 25+
Case 1 min{d, e, f} = min{d, e} = 1. From Proposition 1, min{d’,¢’, f'} = min{d’, e’} = 1.
Ifd=¢ =1.Ase+d>5andd +¢ > 6, wehave f > e >4, and f/ > d > 5. After
simplifying Q1(G) and Q1(H), we have Q2(G) = Q2(H) where
QQ(G) _ _ £L'4 — ot — errl _ LL‘f _ warl +£L'3+f +x3+e +x5+e +$7 +$5+f,
Qa(H) = —a® —a¥ —a@ 1 —gf" — g4 20 20 g5 g g0 g 04
Comparing the Lp. in Q2(G) with the Lp. in Q2(H), we know that Q2(G) # Q2(H).
It is easy to handle other left cases in the same fashion as Case 1, and we obtain that

Q(G) # Q(H) if one of the three parameters is 1. In the following, we can suppose that
min{d, e, f} > 2.

Case 2 min{d, e, f} = min{d, e} = 2.
Case 2.1 d=2. From d + e > 5, we obtain
f>e>3. (6)

After simplifying Q1(G) and Q1(H), we have Q3(G) = Q3(H) where

Q3(G) = — 223 — 2® — 2! — af — It 3T pdte 4 pSte 4 o8 4 g5

Q3(H) - 25 xd’ _ xd’+1 _ xe’ _ xe’+1 _ xf’ _ xf’+1 + $2+d’ + $2+f’+

9pidte _|_I6+d’ _|_I6+f/_

Comparing the h.p. in Q3(G) with the h.p. in Q3(H), we have 5 + f = max{4 +¢/,6 + f'}.
Case 2.1.1 max{4+¢/,6+ f'} =4+ ¢ =5+ f. Note the coefficient of z4T¢ is 2, we know

5 + e must also be equal to 4 + ¢’. Cancelling equal terms of Q3(G) and Q3(H), we have
Q4(G) = Q4(H) where

Q4(G> — 93 9y —_ petl + 9p3te + $87

Qa(H) = — 2% — @ — @+ — g1 pf" gl g2 g2y g6y 6

The lowest power of Q4(G) is 3 (see (6)) and since Q4(G) = Q4(H), there are two terms in

Q4(H) which are equal to —z3. Therefore, d = f' =3. Frome=f=¢ —landd+e+ f =
d +e + f', we know e = f = 5. Thus Q4(G) # Q4(H).
Case 2.1.2 max{4+¢€',6+ f'} =6+ f' =5+ f. After simplifying Q3(G) and Q3(H), we have
Q5(G) = Q5(H) where

Qs5(G) = — 223 — a® — Tt — /T 4 o34 4 g3%e L ghte g8

Qs(H) = — o N S SV CE S S + 22+ + 22t + opAte + 26+

For the same reason as above discussion given, 3 is the l.p. in Q5(G), and for Q5(G) = Q5(H),
—223 € Qs5(H), we know d' = ¢’ =3 ord = f' = 3.
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If d = ¢’ = 3, noting equations f = f'+1and d+e+ f =d +¢' + f/, we know e = 3. Now
after simplifying, we get
Qs(G) = — 2® — ol —af 4 23T 4 a6 4 9a8,
Qo(H) =—a* — 2/ — /"1 4 22t L 227 4 29,
It is easy to see f' =3, then Q¢(G) # Qs(H), which means Q(G) # Q(H).
If d = f' =3, then f =4 and e = ¢’. Simplifying Q5(G) and Q5(H), we obtain
Q7(G) = —2° + 27 + 2% + 2% 4 28 Qr(H) = —z* + 2% + 224 + 2.
Consider term z°. It is due to Q7(G) = Q7(H) that 22° must be in Q7(G), which is

impossible.

Case 2.2 e = 2. After cancelling equal terms in Q1(G) and Q1(H), we have Qs(G) = Qs(H)

where

Qs(G) = — 203 — 2t — @ — g1 g _ pIHL g2 g 34T 4 g5 | g Ty g 64d | g5
Qs(H) = — 2P _pd o pd e el + 22+ + x2+f/—|—
opite | p6+d L 6+f
Consider —222 in Qg(G). Because
d4+e>5 f+e>6, (7)

3 is Lp. in Qs(G). So two cases need to be considered.

Case 2.2.1 d' = ¢’ = 3. After simplifying, we obtain Qy(G) = Q9(H) where
Qo(G) = — g — gt gl gl 24y a3y g5 g6 oS
Qo(H) = —at — 2" —af"™+ 4 ot o7 42 4 2%+
Comparing the h.p. of Qg(G) with the h.p. of Q9(H), we obtain 6 + f/ = max{6+d,5 + f}.
If6+ f'=6+d, then we know f =4 ford+e+ f=d +¢e + f'. Thus G2 H.

If6+f =5+ f,thend=3. Itiseasy toget f = f'+1=4, so f' =d =3. We can see this
is just a special case of 6 + f/ = 6 + d.

Case 2.2.2 d' = f' = 3. By Qs(G) = Qs(H), and after simplifying, we obtain Q10(G) = Q10(H)
where
QlO(G) — .Id _ Id+1 _ Ij . ;Ef+1 + I2+d + 1173+f + ZE7 4 I6+d + 1254»107
Qio(H) = — 2" — 2¢ — 2t 4 2gtte 4 0gd,
The highest power of Q19(H) is max{4 + ¢’,9}, and the coefficient of highest term is at least 2.
As d>3,f >4 (see (7)), 6 + d must be equal to 5+ f.
If6+d=5+f=4+¢,wegetd+1=f=6,¢/’ =7, sinced+e+ f=d +¢e + f'. Thus

Q10(G) # Quo(H).
If6+d=5+f=9,thend+1=f=4,and ¢ =3. Thus G = H. So this lemma holds. O
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Lemma 3.6 If G is in the type of K4(2,3,3,d,e, f), and H is in the type of K4(2,2,¢,2,¢',2),
then there is no graph G satisfying G ~ H.

Proof From Proposition 2, we know that K4(2,2,¢,2,¢€’,2) is chromatically unique. O

Theorem 3.7 K4-homeomorphs K4(2,3,3,d,e, f) with girth 8 is not x-unique if and only if it
is isomorphic to K4(2,3,3,1,6,a) (a > 6), K4(2,3,3,1,8,8+2) (8 >4), or K4(2,3,3,1,5,6).

Proof Let G and H be two graphs such that G = K4(2,3,3,d, e, f) and H ~ G. Since the girth
of G is 8, there is at most one 1 among d, e and f. Moreover, from (ii) and (iii) of Proposition
2.1, it follows that H is a K4-homeomorph with girth 8. So H must be one of the following 7

types.

Type 1. K4(1,2,5,d',¢',f'), whered +¢ >6,d + f' >5,¢ + f >7.
Type 2. K4(1,3,4,d',¢',f'), whered +¢e' >5 d + f >4,¢ + f >7.
Type 3. K4(1,2,¢,2,€',3), wherecd >5, ¢ > 4.
Type 4. K4(1,2,¢,3,¢',2), where ¢/ > ¢ > 5.

K4(2,3,3,d,¢,f"), whered +¢ >5,e +f >6,f > >1.
Type 6. K4(2,2,4,d',€¢,f"), whered +e >6,d + ' >4, f >d >1.
Type 7. K4(2,2,¢,2,¢',2), wheree > > 4.

From Lemma 1 and the lemmas in this section, we get the conclusion. O

Type 5.
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