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1. Introduction

Let G = (V,E) be a simple connected graph with vertex set V = {v1,vs,...,v,} and
edge set E(G). Denote by d(v;) the degree of the graph G, N(v;) the set of vertices which are
adjacent to vertex v;. Let A(G) be the adjacency matrix and Q(G) = D(G) + A(G) be the
signless Laplacian matrix of the graph G, where D(G) = diag(d(vy), d(v2),...,d(v,)) denotes
the diagonal matrix of vertex degrees of G. It is well known that Q(G) is a positive semidefinite

matrix. Hence the eigenvalues of Q(G) can be ordered as
71(G) 2 ¢2(G) =+ = qn(G) 2 0.
The largest eigenvalues of A(G), L(G) = D(G) — A(G) and Q(G) are called the spectral

radius, the Laplacian spectral radius and the signless Laplacian spectral radius of G, respectively.
The signless Laplacian spectral radius is denoted by ¢(G) for convenience. It is easy to see that if
G is connected, then Q(G) is nonegative irreducible matrix. By the Perron-Frobenius theory, we
can see that ¢(G) has multiplicity one and exists a unique positive unit eigenvector corresponding
to ¢(G). We refer to such an eigenvector as the Perron vector of G.

A tricyclic graph is a connected graph with the number of edges equal to the number of
vertices plus two. Denote by T the set of tricyclic graphs on n vertices and k pendant vertices.
Recently, the problem concerning graphs with maximal spectral radius or the Laplacian spectral

radius of a given class of graphs has been studied by many authors. Guo [1] determined the graph

Received August 10, 2010; Accepted January 13, 2011

Supported by the National Natural Science Foundation of China (Grant Nos. 10871204; 61170311) and the Fun-
damental Research Funds for the Central Universities (Grant No. 09CX04003A).

* Corresponding author

E-mail address: zhangjm7519@Q126.com (Jingming ZHANG); jimingguo@hotmail.com (Jiming GUO)



282 Jingming ZHANG and Jiming GUO

with the largest spectral radius among all the unicyclic and bicyclic graphs with n vertices and &
pendant vertices. Guo [2] determined the graph with the largest Laplacian spectral radius among
all the unicyclic and bicyclic graphs with n vertices and k pendant vertices. Guo and Wang [3]
also determined the graph with the largest Laplacian spectral radius among all the tricyclic
graphs with n vertices and k pendant vertices. Geng and Li [4] determined the graph with the
largest spectral radius among all the tricyclic graphs with n vertices and k pendant vertices. In
this paper, we determine the unique graph with the largest signless Laplacian spectral radius
among all the tricyclic and graph with n vertices and k pendant vertices.

Denote by C,, the cycle on n vertices. And a path P : vvivs - --vg is such a graph that vq

joins v and v;41 joins v; (1 =1,2,...,k—1).

2. Preliminaries

Let G — x or G — zy denote the graph obtained from G by deleting the vertex z € V(G)
or the edge xy € E(G). Similarly, G + zy is a graph obtained from G by adding an edge xy,
where z,y € V(G) and zy ¢ E(G). A pendant vertex of G is a vertex with degree 1. A path
P : vpvivg -+ - vg in G is called a pendant path, where v; is adjacent to v;41 (i =0,1,...,k—1)
and d(v1) = d(ve) = -+ = d(vg—1) = 2,d(vi) = 1. If k = 1, then we say vv; is a pendant edge
of the graph G. k paths P,,P,,..., P
satisfy |l; — ;] < 1 for 1 < 4,5 < k. We know, by [5], that a tricyclic graph G contains at

. are said to have almost equal lengths if I1,l2,... 1k

least 3 cycles and at most 7 cycles, furthermore, there do not exist 5 cycles in G. Then let
TF = TE3UTEAUTEFSJTHT, where TX® denotes the set of tricyclic graphs in T with exact
i cycles for ¢ = 3,4,6,7.

In order to complete the proof of our main result, we need the following lemmas.

Lemma 1 ([6,7]) Let G be a connected graph, and u,v be two vertices of G. Suppose that
v1,02,...,0s € N)\(N(u) J{u}) (1 <s<d(v)) and x = (x1,22,...,2,) is the Perron vector
of G, where x; corresponds to the vertex v; (1 < i <mn). Let G* be the graph obtained from G
by deleting the edges vv; and adding the edges uv; (1 <i <s). If z,, > x,, then ¢(G) < q(G*).

Let G be a connected graph, and uv € E(G). The graph G, is obtained from G by
subdividing the edge uwv, i.e., adding a new vertex w and edges wu,wv in G — uwv.

An internal path of a graph G is a sequence of vertices vy, va, . .., vy with m > 2 such that:

(1) The vertices in the sequences are distinct (except possibly v1 = vp,);

(2) w; is adjacent to v;41 (1 =1,2,...,m—1);

(3) The vertex degrees d(v;) satisfy d(vi) > 3, d(v2) = -+ = d(Vm—1) = 2 (unless m = 2)
and d(vy,) > 3.

By similar reasoning to that of Theorem 3.1 of [8] and Lemmas 2 and 7 of [15], we have the

following result.

Lemma 2 Let P : vjvy---v, (k> 2) be an internal path of a connected graph G. Let G’ be a
graph obtained from G by subdividing some edge of P. Then we have ¢(G') < q(G).
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2 vsv;em Av5) . .
Let m; = I(;T be the average of the degrees of the vertices of G adjacent to v,

which is called average 2-degree of vertex v;.

From the proof of Theorem 3 of [9] and Theorem 2.10 of [10], we have the following result.

Lemma 3 If G is a graph, then
dy + dy '
with equality if and only if G is regular or semiregular bipartite.

Let S(G) be a graph obtained by subdividing every edge of G. Then

q(G) < max{ d

v e E(G)}

Lemma 4 ([11,12]) Let G be a graph on n vertices and m edges, Pg(x) = det(zI — A(Q)),
Qc(z) = det(zI — Q(G)). Then Ps(gy = 2™ "Qg(2?).

Lemma 5 Let u be a vertex of a connected graph G and d(u) > 2. Let Gy (k,l > 0) be the
graph obtained from G by attaching two pendant paths of lengths k and | at u, respectively. If
k>1>1, then ¢(Gr1) > q(Grr1,-1)-

Proof Let S; = S(Gg;) and Sz = S(Gr41,1-1)- It is easy to see that Sy (S2) can be obtained
from S(G) by attaching pendant paths of lengths 2k — 1 (2k + 1) and 21 — 1 (2] — 3) at u,
respectively. Then applying Theorem 5 ([13]) and Lemma 4, we have

p(S1) > p(S2),
and consequently ¢(Gg ) > ¢(Gr41,-1). O
Lemma 6 ([6]) Let G be a simple graph on n vertices which has at least one edge. Then
A(G) +1 <q(G) <2A(G),

where A\(G) is the largest degree of G. Moreover, if G is connected, then the first equality holds
if and only if G is the star K ,—1; and the second equality holds if and only if G is a regular
graph.

Lemma 7 ([14]) Let e be an edge of the graph G. Then
71(G) 2 (G =€) 2 2(G) 2 ¢2(G =€) 2 -+ 2 ¢u(G) 2 ¢ (G —€) 2 0.

Let Bs(1) be a tricyclic graph in T¥ obtained from the graph G in Figure 1 by attaching
k paths with almost equal lengths to the vertex with degree 6.

Let B4(1) be a tyicyclic graph in T/ obtained from the graph G in Figure 1 by attaching
k paths with almost equal lengths to the vertex with degree 5.

Let Bg(1) be a tyicyclic graph in T* obtained from the graph G3 in Figure 1 by attaching
k paths with almost equal lengths to some vertex with degree 4.

Let B7(1) be a tyicyclic graph in T obtained from K4 by attaching k paths with almost

equal lengths to a vertex of K.
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If G € T3, then G is obtained by attaching some trees to some vertices of graph G’, where
G e {T,T>,T5,T4,T5,Ts,T7} (see Figure 1).

If G € T%*, then G is obtained by attaching some trees to some vertices of graph G’, where
G' € {Ts, Ty, Tho,T11} (see Figure 1).

If G € TV, then G is obtained by attaching some trees to some vertices of graph G’, where
G' € {T12,T13,T14} (see Figure 1).

If G € T57, then G is obtained by attaching some trees to some vertices of graph T}5 (see

O @>>@
OOO @O@GOOO
wo O<I @O@Q
<Q O @ @ @

Tl‘l 7;2 13 14 15

Figure 1).

Figure 1 Graphs G1 — G3 T1 — Tis

3. Main results

Lemma 8 If both B3(1) and By(1) exist, then q(B4(1)) < ¢(Bs(1)).

Proof Let
tl _ (k—l— 5)(k 4 5_|_ 2k+2+k3:52+2+2) _|_3(3_|_ 2+k+5+2)
k+5+3 ’
t47w+6Xk+5+%i%§%ﬁﬁ)+%2+&%ﬂ)
2T k+5+2 ’
t47w+6Xk+5+%i%§%ﬁﬁ)+%2+&%ﬂ)
8 k—+5+2 ’
t4 _ (k—l— 5)(k 4 5_|_ 2k+2+k3:52+2+2) 4 2(2_|_ k+5+2)
k+5+2 ’
%:3@+2ﬁ%ﬁ%+2@+i%ﬂx

3+2
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. 2(2+ k+g+2) +2(2+ k-‘rg-‘r?)
6

2+2 ’
;o 224 PR 1224 2R
2+2 ’
j = 2250 224+ 52
2+2 ’
. (k+5)(k 4 5 + ZE2EEEZE242) 4 1(1 4 149)
- k+5+1 '

By Lemmas 3 and 6, we can get
q(B4(1)) < max{ty, ta,ts, ta,ts,t6,t7,t8,t9} < k+7=A(Bs3(1)) +1 < q(Bs(1)).
By similar reasoning to that of Lemma 8, we can get the following lemma.
Lemma 9 If Bs(1), Bs(1) and B7(1) exist, then q(Bg(1)) < q(Bs(1)), ¢(B7(1)) < q(Bs(1)).
Theorem 1 Let G € T%3. Then q(G) < q(B3(1)); the equality holds if and only if G = Bs(1).

Proof Choose G € T3 such that ¢(G) is as large as possible. Denote by C,, Cy, Cj, the three
cycles of GG, respectively.

We first prove that G must be obtained by attaching some trees to some vertices of 77 in
Figure 1.

Denote the vertex set of G by {v1, va, . .., v, } and the Perron vector of G by © = (x1, x2, ..., x,),
where x; corresponds to v;.

Assume G is obtained by attaching some trees to some vertices of graph T3 in Figure 1. If
Ty > Ty, then let G* = G—uvjp1 —uvi—y —ufi —- - —uf, +rvips +rvi1+rfi+---+rf,, where
wvit1,uv;—1 € E(Cp), and fi,..., f. are all the neighbors of u in those trees (if exist) attaching to
u. If &, <z, then let G* = G —rvjp1 —1vj1 —7q1 — - — s +UVj41 +uvj—1 +uq1 + - - - +ugs,
where rvj41,7mvj_1 € E(Cp), and ¢i,...,qs are all the neighbors of r in those trees (if exist)
attaching to r. Combining two cases above, by Lemma 1, we can see that ¢(G*) > ¢(G) and
G* € T*3, a contradiction. Hence G cannot be obtained by attaching some trees to some vertices
of graph T3.

By similar reasoning, it is easy to prove that G cannot be obtained by attaching trees to
some vertices of graph Ts, Ty, T5, Ty, T7. Hence G must be obtained by attaching some trees to
vertices of T7.

Next, we will prove that G must be obtained by attaching exactly one tree to some vertex
of T7.

Assume there exist two trees, say Ty, T4 are attached to vertices wy,ws of T1, respectively.

If 2y, < Ty, thenlet G* = G —wiug —wiug — - - —wiug +wouy + - - - + watg, where uy, ..., uq
are all the neighbors of wy in T7. If z,, > Zu,, then let G* = G — wau) — wouhy — - - - — wouy +
wiuy + - - - + wiug, where uf, ..., u; are all the neighbors of wy in Tj. By Lemma 1, we can see

that ¢(G*) > ¢(G) and G* € T3, a contradiction. Hence G has only one tree, say T*, attached

to some vertex, say v, of T;.
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Thirdly, we prove that d(u) < 2, for any u € V(T*), u ¢ V(T1), where T* is a tree
which attaches to some vertex of Ty. If d(u) > 2, denote N(u) = {21, 22,...,2s} and N(v) =
{wi,wa,...,w}, t > 3. Let 21, w3 belong to the path joining v and u, and w; belong to one cycle
inG. Iifx, > xy,let G* = G—uzz—---—uzs+vzz+---+vzs. lf 2, < 2y, let G* = G—vwy +uwy.
It is easy to see that G* € T*3. By Lemma 1, we can get that ¢(G*) > ¢(G), a contradiction.
Hence, G is a graph obtained from 73 by attaching k paths.

By Lemma 5, it is easy to get that the k paths attached to v of T} have almost equal lengths.

Let v; be the common vertex of the three cycles of T;. Finally, we prove that v = v;.

Assume that v # v1. Without loss of generality, suppose that v € Cp, where Cp is some
cycle of Ty. Let Py, Pa,..., P be the k paths attached to v, and vw;; € P; (i = 1,2,...,k).
Denote v1v;, _1, 010,11 € Cq,v10
Cp of T1.

/ !/ /! / / / / !/
If zy > @y, , thenlet G* = G—v1v;_1 —v10} 1 —010)_1 =01V} 001 +0v; L H0v;_ +ov) .

/

1,010y, € Ch, where C; and Cj, are the two cycles except

If xy < xy,, then let G* = G —vwi1 —vwar — - - - — VWk1 +V1W11 +V1W21 + - - -+ v1wg1. Obviously,
G* € TF3, and by Lemma 1, we get ¢(G*) > q(G), a contradiction. Hence v = v;.

By Lemmas 2 and 7, it is easy to prove that all the cycles in G have length 3. Then
G = Bs(1).0

By similar reasoning to that of Theorem 1, it is not difficult to prove the following theorems.

Theorem 2 Let G € T¥*% Then q(G) < q(B4(1)), and the equality holds if and only if
G = By(1).

Theorem 3 Let G € T¥5. Then q(G) < q(Bs(1)), and the equality holds if and only if
G = Bg(1).

Theorem 4 Let G € T¥". Then ¢q(G)
G = By(1).

From Lemmas 8, 9 and Theorems 1-4, we get the main result.

IN

q(B7(1)), and the equality holds if and only if

Theorem 5 Let G € T* k > 1. Then q(G) < q(Bs(1)), and the equality holds if and only if
G = Bs(1).
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