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Abstract In this paper, the existence and multiplicity of positive solutions for Robin type
boundary value problem of differential equation involving the Riemann-Liouville fractional
order derivative are established.
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1. Introduction

Due to the development of the theory of fractional calculus and its applications, such as in
the fields of physics, Bode’s analysis of feedback amplifiers, aerodynamics and polymer archeology
ete, many work on fractional calculus, fractional order differential equations have appeared [1—-
7). Recently, there have been many papers dealing with the solutions or positive solutions of
boundary value problems for nonlinear fractional differential equations (see [8-21] and references
along this line). However we notice that most of these papers concerned with the boundary value
problems with Dirichlet-type boundary condition. For examples, Su [17] obtained the existence
of solution for boundary value problem of a coupled system of nonlinear fractional differential

equation
Dy, u(t) = f(t, v(t), DPu(t)), Dngv(t) = f(¢t, u(t), Diu(t)), 0<t<1,
u(0) =0 =wu(1), v(0) =0=0v(1),

where 1 < a, <2, p,¢g >0, a-p<1,8-¢<1, fg:[0,1]] x RxR— R and Dg, is
the Sturm-Liouville fractional order derivative. By means of lower and upper solution method
and fixed-point theorems, some existence results of solutions are established. Bai [18], Jiang [19]

considered respectively the existence of positive solution for problem

Dy, u(t) + f(t,u(t)) =0, u(0) =0, u(l) =0, 0<a<?2
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by using the fixed point theorems on cones. As to the problem with complex nonlinearity,
there are also some papers dealing with the Dirichlet-type boundary value problem of fractional
order differential equations. Based on the Leray-Schauder Continuation Principle, Kosmatov

[20] obtained the existence of solution for singular problem
Dg u(t) = f(t, u(t), v'(t), u(0) =u(l) =0, 0<a <2

Agarwal et al. [21] established the existence of positive solution of singular problem with Dirichlet-

type boundary condition
Dgyu(t) = f(t, u(t), D u(t)), u(0) =u(l) =0,

where 1 < a < 2,0 < u <a-—1and f satisfies the Caratheodory conditions on [0, 1] x [0, co) X R
and f(t,x,y) is singular at = 0. The existence results were established by using regularization
and sequential techniques.

However, few contributions exist, as far as we know, concerning positive solution to Robin-
type boundary value problem of fractional differential equation. The goal of this paper is to fill
the gap.

In this paper, we consider the existence of positive solutions for following Robin-type bound-
ary value problem of differential equation involving the Riemann-Liouville fractional order deriva-
tive

Dg, u(t) = f(t,u(t)), t € (0, 1), u(0) =0,u'(1) =0 (1.1)
where 1 < a < 2 and f : C([0,1] x R,RT). We discuss some properties of the associated

Green’s function for problem (1.1). By using these properties of Green’s function and fixed point

theorems on cones, we establish the existence and multiplicity of positive solutions for problem

(1.1).

2. Preliminary results
Definition 2.1 The fractional integral of order oz > 0 of a function u(t) : (0,00) — R is given
by

Iggu(t):% /0 (t — ) Lu(s)ds

(67

provided the right side is point-wise defined on (0, c0).

Definition 2.2 The fractional derivative of order ac > 0 of a continuous function u(t) : (0, c0) —

R is given by
1 d K u(s)
D ut) = —(=)" | —————d
o+ = 1= (@) /0 (t — s)ya—nt1
where n = [a] + 1, provided that the right side is point-wise defined on (0, c0).

Lemma 2.1 Let o > 0. If we assume u € L(0,1), then the fractional differential equation
Dg, u(t) = 0 has solution

u(t) = 1t 4 Cot* 2 - - Cnt*N
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for some C; € R,i=1,2,..., N, where N is the smallest integer greater than or equal to «.

Lemma 2.2 Assume that u € L(0,1) with a fractional derivative of order o > 0 that belongs
to L(0,1). Then

I8, DY u(t) = u(t) + Crt* ' + Cot* 2 + - + Oyt N,
for some C; € R,i1=1,2,...,N.

Lemma 2.3 ([22]) Let E be a Banach space and K C E be a cone. Assume 1,2 are open
bounded subsets of E with 0 € Q; C Q; C Qs, and let

A:KN(Q\ Q) = K
be a completely continuous operator such that
[Au|| < |lull,v € KN, and |Au|| > |Jul,u € K NOQ, or
|Au|| > |lull,u € K N9, and ||Au|| < ||Ju|,u € K Ny,

then A has a fixed point in K N (s \ Q1).
Let 0 < a < b be given and let 1 be a nonnegative continuous concave functional on the
cone C. Define the convex sets C,. and C(¢ ,a, b) by

Cr={z el |zl <r}, C(¢,a, b)={x e Cla<y(z), |z] <b}.

Lemma 2.4 ([23]) Let T : C, — C, be a completely continuous operator and 1) be a nonnegative
continuous concave functional on C such that 1(x) < ||z|| for z € C,.. Suppose that there exist
0 <a<b<d< csuch that

(S1) {z e C,b,d)| Y(z) >b} #O and Y(Tx) > b for z € C(1h,b,d);

(S2) || Tz| < a for ||z|| < a and

(S3) ¥(Tx) > b forx € C(¢,b,c) with |[Tz| > d.
Then T has at least three fixed points x1, x5 and x3 such that

1]l < a,b < P(@2), 23] > a, ¢(23) <b.

3. Main results
Let E = C[0, 1] be a Banach space endowed with the norm
lull = max fu(t)], ueE.
Define the cone P C E by P ={u € E | u(t) > 0}.
Lemma 3.1 Given y(t) € C[0,1]. Then problem
D u(t) +y(t) =0, uw(0) =0, /(1) =0, 1<a<2, (3.1)

is equivalent to

u(t)z/o G(t, s)y(s)ds,
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where
1 —(t—s) 4t (1 —5)272 t>s,

to1(1 — s)272, t<s.
Proof By Lemmas 2.1 and 2.2, we see that problem (3.1) is equivalent to
t a—1
(t—2s) 1 72
u(t) = —/ ——————y(s)ds + C1t*7* + Cot*™=.
0 ()

The boundary condition «(0) = 0 implies that Co = 0. In view of the boundary condition
u'(1) = 0, we get

1

1
C, = m/{) (1 —95)*"y(s)ds.

Thus
u(t) = _%a) /0 (t—s)o‘*ly(s)ds+% /0 (1= 5)°2y(s)ds = /0 G(t, $)y(s)ds.

Lemma 3.2 The function G(t,s) satisfies the following conditions:
(1) 0<G(t s) <G(s,s), t,se€ (0, 1);
(2) There exists a positive function y(s) € C(0,1) such that

' > .
1/421;13/4 G(t,s) > v(s)G(s,s), 0<s<1

Proof (1) It is obvious that G(¢, s) >0 for t <s. For ¢t > s,
T(Q)G(t, s) = —(t—s)* L+t 11— 8)* 2 =t 1[(1 — 5)* 2 — (1 — g)cﬂ] > 0.

For given s € (0, 1), G(t, s) is decreasing with respect to ¢ for s < ¢t and increasing with respect
to t for t < s. Thus one can easily check that G(t,s) < G(s,s), t,s € (0, 1).
(2) Setting

_(t _ S)afl + ta71(1 _ S)oc72 tafl(l _ S)a72

t - t =
gl( ) S) F(Oé) ) 92( ) S) F(Oé) ’
one has 3 .
91(158)5 O<S§Za
3 1 1 3
i G(t,s) = i = Z Z<g< 2
1a2ig,, 6 9) = ) min{gi(g.9), ()}, Essy
1 3
— < .
92(478)7 4_S<1
Setting % <r< % to be the unique solution of the equation
1
G e (e = (- 9,
we have 3 5
_(Z S)afl 4 (Z)afl(l _ S)a72
, 0<s<r,
I'(«)
1/421123/4 Gt 5) = 1
sts a— a—
(M1 s) 2
r<s<l.

() ’
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Considering the monotonicity of G(t, s), we have

fnax G(t,s) = G(s, ) = e

Thus, setting

_(Z )afl 4 (Z)afl(l _ S)a72

a—1 a—2 ! 0<s S T
")/(5) = S (1 - S)
1
(4_5)(1_1’ r<s<l1
yields
i G(t,s) > G 0 1. O
1/41;1;13/4 (t,s) >~(s)G(s,8), 0<s<

Define the operator T : P — F,

1
Tu(t)z/o G(t, s)f(s,u(s))ds.

It is obvious that boundary value problem (1.1) is equivalent to the operator equation u = T'u.

That is, a fixed point of operator T on cone P is the positive solution of problem (1.1).
Theorem 3.1 The operator T : P — P is completely continuous.

Proof It is obvious that the operator T': P — P is continuous. Let 2 C P be bounded. That
is, there exists a positive constant My > 0 such that |ju|| < M; for all w € Q. Then there exists
constant My > 0 such that |f(¢, u)| < Mz, ¢t € [0, 1], u € Q. Then

Tu(t)—/o G(t, s)f(s,u(s))dngg/O G(s, s)ds.

Thus, T is uniformly bounded on the bounded subset of E. On the other hand, for each u €
O, t1,te € [0,1],¢1 < t2, one has

[Tu(t) — Tu(tz)| = ‘ /0 (G(t1,8) — G(t2,s))f(s, u(s))ds
1
< [ 161.5) = Glta. 91 (s u(s)) s
SMl/O |G(t1,5)—G(t2,S)|dS

1
< Ml/ (1— s)o2dsfte" — g5,
0

This ensures that T is of equi-continuity on the bounded subset of P. Then an application of

Ascoli-Arezela Theorem ensures that T : P — P is completely continuous.

Theorem 3.2 Assume that there exist two positive constants ro > r1 > 0 such that

(Al) f(t7 u) S MT‘Q, (tuu) € [07 1] X [07T2];
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(A2) f(t, u) > Nry, (t,u) €10,1] x [0,71]

where
M = (/01 G(s,s)ds)_l, N = (/lZ V(S)G(s,s)ds)_l.

Then problem (1.1) has at least one positive solution u such that 1 < ||u| < ra.

Proof Let Q1 = {u € P|||u| <r1}. For u € 90y and assumption (A2), we have
0 <u(t) <ry, and f(t,u) > Nry, te€]0,1].

Then for ¢ € [, 2], we have that
3/4

1
Tu) = [ Gt f(su)ds = [ ()G (5,9 (s, u(s))ds =
0 1/4
Thus ||Tul| > |lul], u € 9.
Let Q9 = {u € P|||lu|]| < rg}. For u € 092 and assumption (Al), we get that
0 <wu(t) <rg, and f(¢t, u) < Mry, te€]0,1].

Then for ¢ € [0,1],

1 1
Tu(t) = /0 G(t,s)f(s,u(s))ds < Mrg/o G(s,s)ds < ra.

Thus ||Tu|| < |Jul|, v € Q2. An application of Lemma 2.3 ensures the existence of at least one

positive solution u(t) of problem (1.1).

Theorem 3.3 Suppose f(t,u) is continuous and there exist constants 0 < a < b < ¢ such that
(A3) f(t,u) < Ma, for (t,u) € [0,1] x [0,a];
(A4) f(t,u) > Nb, for (t,u) € [1/4,3/4] x [b,¢|;
(A5) f(t,u) < Mec, for (t,u) € [0,1] x [0,c],

then problem (1.1) has at least three positive solutions uy, us, uz with

max |u1| <a, b< min Jug| < max |uz] <¢, a < max |ugl| <e¢, min |ug| <b.
0<t<1 1/4<t<3/4 0<t<1 0<t<1 1/4<t<3/4

Proof Define the nonnegative continuous concave functional 6 on the cone P by

O(u) = i t)|.
()= min @)

If u € P,, then |lu| < c. Then by condition (A5), we have

1 1
1O =] [ Glt.s) s, uls)ds < Me [ Gls,)ds = e,
0 0
which yields that 7 : P. — P.. In the same way, we get that
ITu|| < a, for u <a.

The fact that constant function u € {u € P(0,b,¢)|0(u) > b} ensures that {u € P(0,b,c)|0(u) >

b} #£ Q.
And for u € P(6,b,c), we have

F(t, u(t)) > Nb, te[1/4,3/4].
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Then
3/4

1
0(Tu) = i t d Nb ds=b
= i 1[G S ue)as] > N [ (6060 s =,
which yields that 0(Tu) > b, for u € P(6,b,c). Then an application of Lemma 2.4 ensures that
problem (1.1) has at least three positive solutions with

max |ui] <a, b< min |uz| < max |uz| <c¢,a < max |uz] <e¢, min |ug| <b.
0<t<1 1/4<t<3/4 0<¢<1 0<t<1 1/4<t<3/4
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