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Abstract In this paper, the asymptotic behavior of a non-local hyperbolic problem modelling
Ohmic heating is studied. It is found that the behavior of the solution of the hyperbolic problem
only has three cases: the solution is globally bounded and the unique steady state is globally
asymptotically stable; the solution is infinite when t — oo; the solution blows up. If the solution
blows up, the blow-up is uniform on any compact subsets of (0,1] and the blow-up rate is
limg— = — w(z, t)(T* — t)ﬁ = (M)ﬁ, where T is the blow-up time.
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1. Introduction

In this paper, the asymptotic behavior of the following non-local hyperbolic problem is studied

1
p
ut—l—uz:)\uo‘/(/ (u—l—l)*ﬁdx) , O<ax<1, t>0;
0
u(0,¢) =0, t>0; (1)
u(z,0) =up(x) >0, 0<ax <1,

where 0 < a <1, >0, p>0, A>0, up=O(zT7) as z — 0.

The problem comes from one method for sterilizing food. This method is to heat the food
rapidly electrically. The food is passed through a conduit, part of which lies between two elec-
trodes. A high electric current flowing between the electrodes results in Ohmic heating of the
food which quickly gets hot. The problem was considered by Please, Schwendeman and Hagen
[1] who observed the stability of models allowing for different types of flow. Both homogeneous
and inhomogeneous cases were discussed. In [1] it was found that heat convection dominates heat
conduction, which brought about the form of the left hand side of the equation (1). Concerning

the source term of this equation, see [2], and the references therein. In the paper we consider
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the basic one-dimensional, non-local, hyperbolic model for the simplest case of a plug flow of a
homogeneous material.

Lacey has originally studied the problem with source term of the form TH ;j 7;()11 =, f,—=f">0
(see [3-5]). Tzanetis et al. also obtained many good results towards this direction [6-11]. This
paper applies the comparison principle to studying the asymptotical behavior of the solution of
the problem for any p > 0.

We describe our main results as follows (assume u is the solution of problem (1)):

1) 0<p< 1. uis globally bounded and the unique steady state is globally asymptotically
stable.

2) p=1 () a+f>1If0<A<C = [F(sT= +1)ds, u is globally bounded and
the unique steady state is globally asymptotically stable; if A > C; = ﬁ fooo(sﬁ + 1)7Ads,
u is infinite as t — oo, (ii) If a + 8 < 1, u is globally bounded and the unique steady state is
globally asymptotically stable.

3) p>1. If a+ B > 1, there is a A* such that when 0 < A < \*, u blows up when wy is large
enough, and when A > A*, u blows up for any initial condition; if o + 8 < 1, there are three
cases: (i) a+ fp < 1. There is a unique steady state which is globally asymptotically stable,
(i) a4+ Bp=1. When 0 < A < Cp = 1= (L)p, (M is the maximum of solution of stationary

p—1
problem (3) which is introduced in Section 3) there is a unique steady state which is globally
asymptotically stable; when A > Cy = ﬁ(ppl)p then w — oo as t — oo, (iil) o + fp > 1.

There is a A* such that when 0 < A < A*, uw blows up for ug large enough and when A > \*, u
blows up for any initial condition.
4) If u blows up, the blow-up is uniformly on any compact subsets of (0,1]. We have the
result
ul=(t, ) . [ul = (t, 2) | oo

i G(t) =0m TG b

where T* is the blow-up time, G(¢ fo t)dt and g(t) )\/(fo1 (u+1)"Fdz)P.
5) Applying the character of unlform blow-up, we obtain the uniform rate of the solution of

problem (1)

* _f)aFe1 =
til%ri u(x, t)(T* — t)atop-1

(et aF
11—« '

This paper is organized as follows: the next three sections are preliminaries. Section 5
concerns the asymptotical behavior and blow-up of the solutions. In the last section the blow-up

rate of solution of the problem (1) is given.

2. Local existence and a comparison principle
At first we set v = u' ™%, then (1) changes into
1 . p
Ut—l-vm:)\(l—a)/(/ (Um—l—l)*ﬁdx) , 0<z <1, t>0;
0

v(0,t) =0, ¢> 0; (2)

v(z,0) =up (), 0<z<1.
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It is obvious that the character of problem (1) can be gotten from problem (2). Next we study
the character of problem (2).

The local existence of a unique solution of (2) follows from employing standard methods, such
as Picard iteration [3,4]. Non-existence can only come from blow-up with v becoming infinite
after finite time 7.

Next a comparison lemma is given, which will be used in the following sections.

Lemma 2.1 Ifw is the lower solution of (2) and U is the upper solution of (2), then v < v < 7.

For the proof, see [3]. This comparison lemma is the main tool of this paper.

3. Steady states of (2)

The steady state of the problem (2) plays an important role in the description of the asymp-
totic behavior of the solution of (2) and the construction of the lower and upper solutions, so we
first consider the stationary problem of (2).

The stationary problem of (2) is

1

w'(x) = M1 — a)/(/o (wﬁ + 1)7ﬁd:1:)p, 0<z<l,
w(0) = 0.

p=at -0/ ([ wrs v as)’

Set

then problem (3) turns into
w'(@x)=p, 0<x<1, w(0)=0. (4)
Denote its solution by w(z; p). Integrating on (0, ), we have
w(z; p) = pr.

For w, > 0, set M = maxg<gz<1w(z) = p. The following relation between A and M can be

obtained
1

)\Zl—a

! p
M(/O (Mz)™= +1)*5dx) = A(M). (5)
Set s = Mz, then
1 1 1-p M 1
(I1—a)rA? :MT/ (s7=a +1)"Ads. (6)
0

It is clear A = 0 as M = 0. But when M — oo, the situations are more complicated. Next we
discuss them.

1) 0<p<1l. XA—ooas M — oo (see Figure 1(a)).

2) p=1Ifa+p8>1, A= C = ﬁfooo(sﬁ +1)7Ads as M — oo (see Figure 1(b)); if
a+p<1,A— ocoas M — oo (see Figure 1(a)).

3) p>1. fa+B>1,A— 0as M — oo (see Figure 1(¢)); if «+ 3 < 1, there are three cases:

(i) a+P0p <1, X — oo as M — oo (see Figure 1(a)), (ii) a+fp=1,A— Cy = ﬁ(ﬁ)p as



Asymptotic Behavior of a non-local Hyperbolic equation modelling ohmic heating 479

M — oo (see Figure 1(b)), (ili) « + 08p > 1, A — 0 as M — oo (see Figure 1(c)). Here C7 > 0,
C5 > 0 and they are all constants.

In 1), the result is obvious. In 2), if a + 8 > 1, fOM(sﬁ +1)7Pds < 00, 80 A — C] =
ﬁfooo(sﬁ +1)7Pds as M — oo; if a4+ 3 < 1, fOM(sﬁ +1)7Pds — o0, s0 A — 00 as
M — oo. In 3),if a+ 8 > 1, it is obvious that A — 0 as M — oo; if a+ (8 < 1, M = o0 and
fOM(sﬁ +1)7Pds — oo as M — oo, next we discuss this case.

From (6), we have

1.1
(1_a)p)\p = 0 Mp71
Applying I’Hospital’s rule,
11 (lea + 1)—3
(1 — a)p AP = EMTI ,
P
(1-a)PAr = lim ——(MT= +1)" M+
M—oco p —
Finally for M > 1, we have
1.1 p 1—a—§p
1— AP~ —— M T=p
( a)p P e 1 P

Therefore, if .+ 3 > 1, there are three cases for a+ fp <1, a+ fGp=1and a + fp > 1.

M M M

I

|

I

|

I

|

I

|

|
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Figure 1 Bars joined with hinges

Now we examine the number of turning points that exist.
In 1) and 2), it is obvious that A is increasing with respect to M. So there are no turning

points in these two cases. In 3), from (5) we know

1 l1—a—@8p 1 1 1 p
_ = == -8
A M (/0 (z7= + =) dx) .

C1l-a
Then A is increasing with respect to M. So we deduce that there are no turning points in 3 (i)
and (ii).
Next we study the case where there is only one turning point in 3 (iii) (A — 0 as M — o0).

Using (6), we have

1- —ap (M
1—a)r (A7) =M 7" (Ms +1)~F + — 2y / (sTa + 1) Pds.
p 0

We set
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Differentiating with respect to M gives
1 1 1 1
L(M) =M™ + 1) (- = )M ™5 4 ).
p (1-a)p p
L'(M) = 0 has one positive solution at most, which implies that L(M) = 0 has two positive
solutions at most. So we can see there is only one turning point in 3) (iii).
According to the above analysis, we have relations between A and M (see Fig.1). From

relations between A and M, the existence theorem of the steady state of (3) is given.

Theorem 3.1 The existence of the steady state of (3) for fixed A > 0:

1) 0<p<1 (see Fig.1(a)). There exists a unique steady state for any \.

2) p=1. (i) If o+ B > 1 (see Fig. 1(b)), there exists a steady state when A < C1; no steady
state exists when A\ > Cy; (ii) if « + 3 < 1 (see Fig. 1(a)), there exists a unique steady state for
any A.

3) p>1. Ifa+ 03 > 1 (see Fig. 1(c)), there exist two steady states when X\ < \*; there exists
a unique steady state when A = \*; no steady state exists when A > \*; if a + § < 1, there are
three cases: (i) o+ Op < 1 (see Fig. 1(a)), there exists a unique steady state, (ii) a + fp = 1
(see Fig. 1(b)), there exists a steady state when A < C2; no steady state exists when A > Cs,
(iii) o+ Bp > 1 (see Fig. 1(c)), there exist two steady states when A < \*; there exists a unique

steady state when A = \*; no steady state exists when A > \*.

4. Construction of the lower and upper solutions

In (4), let 1 be a function of ¢. Following [3,4, 12], we find the conditions on p(t) for w(x; u(t))
to be a lower or an upper solution of (2).
Denote k(z,t) = w(z; pu(t)). From (4), we have k, = u(t). Integrating (4) from 0 to x, we
get
k(x,t) = p(t)x.

Differentiating with respect to ¢ gives

ke = p'(t)x.
So k(x,t) satisfies
A1 —a) . A1 —a)
kt + ]{51 — T = t)x + t) — T
Rt + )samp OO T TG T+ 1) ey
Let p(t) be the solution of
A1 —a)

—p, 1(0) = po. (7)

N U ()™= + 1) -Pda)y

If there exists pp such that

A<pu (/01((;1:10)11& + 1)_de)p and w(x; po) > vo(x),

1l -«
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then p(t) is decreasing, therefore k(z,t) is decreasing and satisfies

: A%(l—a)_ >0
(Jo (k=5 +1)=Fdx)p

So k(z,t) is a decreasing upper solution.

ki + kg —

If there exists pp such that

)\ZMI—Q

1
P
(/ ((/J,:C)ﬁ + 1)7ﬁdx) and w(x; o) < vo(x),
0
then p(t) is increasing, therefore k(x,t) is increasing and satisfies

: A%(l—a)_ <0
(Jo (k=5 +1)=Fdx)p

So k(x,t) is an increasing lower solution.

ki + ky —

5. Asymptotic behavior of problem (1)

With preparations of the above two sections in hand, we can discuss the asymptotical behavior
and blow-up properties of the solution of (1). At first we discuss the asymptotical behavior of (2),
then the asymptotical behavior of (1) is obvious because v(z,t) = u'~%(z,t). Next we discuss

the asymptotical behavior of (2) for three cases: 0 <p<1,p=1,p> 1.

Theorem 5.1 If0 < p < 1, then the solution of (2) is bounded and the unique steady state is
globally asymptotically stable.

Proof From Theorem 3.1, for fixed A, (3) has a unique steady state w(z; p1) where uy is the

solution of the equation (5).

1
A:
11—«

u( / ()™ + 1) o) = AGw) (8)
Take Ti(t) satisfying (7) with ©(0) = fiy. For any initial data vg(x) > 0, since
A) — 00, a5 p— oo,

we can select [, sufficiently large such that

A< A(fg) and w(z;fg) > vo(z).
For ug = O(xﬁ) as x — 0, Iy must exist. Thus 7i(¢) is decreasing and 7(t) — u1+ as t — oo.
So k(x,t) = w(x;7i(t)) is a decreasing upper solution of the problem and

k(z,t) — w(w, )+, as t — +oo.

On the other hand, take p(t) satisfying (7) with u(0) = . Since
A =0, as p—0,

we can select Ky sufficiently small such that

A= A(p,) and w(z;p,) < vo().
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For ug = O(xﬁ) as x — 0, p, must exist. Thus p(?) is increasing and p(t) — p1— as t — oo.
So k(x,t) = w(x; u(t)) is an increasing lower solution of the problem and
Ek(z,t) — w(x,u1)—, as t — +oo.
Applying Lemma 2.1, we deduce that
v(z,t) = w(z, p1), as t — +oo.

The proof is completed. [
Theorem 5.2 When p = 1, there are two cases:

1) a+0>1. If0 < XA < Ch, the solution of (2) is globally bounded and the unique steady
state is globally asymptotically stable; if X > C4, the solution of (2) is infinite as t — oo.

2) a+ [ < 1. The solution of (2) is globally bounded and the unique steady state is globally
asymptotically stable.

Proof 1) By Theorem 3.1, if 0 < A < (1, the proof is the same as that of Theorem 5.1; if
A > (4, we can construct an increasing lower solution k(z,t) like the construction in Section 4.

From (7) we know

P M1 —a) -
Jo () =5 +1)=fdz
then . .
) z)Tw Pz =(1—-a)(\— 1 z)T= —Bdz).
i [ ()™ + 1) e = (1= )0 = =g [ ()™ 4 1))
So

1

—

) i 1 1 1
E/0 (5795 +1)Pds = (1 — a)(\ — 1 u/o ((ur) ™= +1)"Pda).

For a+ 0 > 1, k(z,t) — oo as t — oo. Applying Lemma 2.1, we get the result that the solution
of problem (2) is infinite as ¢t — oco.

2) The proof is the same as that of Theorem 5.1. The proof is completed. O

Theorem 5.3 For p > 1, there are two cases:

1) a+ (> 1. There are two cases:

(i) If 0 < A < \*, the solution of (2) is globally bounded and the unique steady state is
globally asymptotically stable when vg is small enough; the solution of (2) blows up when vy is
large enough.

(ii) If A > A*, the solution of (2) blows up for any initial condition.

2) a+ (3 < 1. There are three cases:

(i) a+pBp < 1. The solution of (2) is globally bounded and the unique steady state is globally
asymptotically stable.

(ii) a+ Bp =1. When 0 < A < Cy, the solution of (2) is globally bounded and the unique
steady state is globally asymptotically stable; when A > Cs, the solution of (2) is infinite as

t — 0.
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(iii) a4+ Bp > 1. If 0 < A < N\*, the solution of (2) is globally bounded and the unique
steady state is globally asymptotically stable when vy is small enough; the solution of (2) blows

up when vy is large enough; if A > \*, the solution of (2) blows up for any initial condition.

Proof 1) From Theorem 3.1 (see Fig. 1(c)) we know that if 0 < A\ < A\*, there are two solutions
for equation (8). Suppose that the solutions are p; and po with py < po.

When vy = uy™® < w(z; p2), the solution of (2) has a unique steady state which is globally
asymptotically stable. The method is similar to that of Theorem 5.1. When vy = ué_o‘ >
w(x; 12), the problem only has an increasing lower solution of the types considered in Section 4.

Applying equation (7), we have

u(/ol((ux)ﬁ + 1)*ﬁdx)p —(1- a)(/\— - i aﬂ(/ol((ux)ﬁ + 1)*ﬁd:z:)p),

then
1

ﬂ(/o*‘(sﬁﬂ)ﬁds)p:(l_a)(A_ﬁu(/o (W)ﬁﬂ),ﬁdx)p)'

For a+ 3 > 1 and p > 1, it is obvious that the solution of (2) blows up. When A > A\*, the
problem only has an increasing lower solution. Proceeding with the same arguments as above,
we can deduce the solution of (2) blows up.

2) The proof is similar to that of Theorem 5.1. O

6. The blow-up rate of the solution of (1)

If the solution of (2) blows up, the blow-up is uniform on any compact subsets of (0, 1], and

then we have the following lemma [12,13].

Lemma 6.1 Let v be the solution of (2) and assume that T* < oco. Then we have

: U(t,I) _ . |v(taaﬂ|00 _
I e O R

where T* is the blow-up time, G(t) = fotg(t)dt and g(t) = )\/(fol (vTs + 1)~Bda)P.

For v(x,t) = u'~%(x,t) we obtain Corollary 6.2.
Corollary 6.2 Let u be the solution of (1) and assume that T* < co. Then we have

N i GIT.) I (ol (2% )1
AR e AT ew b

where T* is the blow-up time, G(t) = fgg(t)dt and g(t) = )\/(fol (u+1)"Fdz)P.

At last, applying the result of Corollary 6.2 gives the uniform blow-up rate of the solution of
(1)

Theorem 6.3 Let u be the solution of (1) and assume that T* < co. We have

-1
lim w(z, t)(T* —1) ST = (%

1
)17a75p,
t—T*— 1-«a
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Proof From (2), we know

v vy = A1 — a)/(/ol(vﬁ + 1)*5dx)p.

Applying Corollary 6.2, when ¢t — T* we have

G'(t) ~ M1 — a)(G() ™= + 1)°7,

then

G'(t)

— ) Al-a), 0<T —t< 1
(Gt + 1)

Integrating from ¢ to T* yields

/Oo Lfv/w & N1 —a)T 1),

G(t) (sﬁ +1)8p G(t) sT-=

Thus

11—« 1-a—fp
_— l—a ~ )\ 1 — T* — ).
T (1-a)(T" - 1)

Since v = u' =%, we deduce that

-1
w(x, t)(T* — t)ﬁ ~ (%)ﬁiﬁp

11—«

The proof is completed. [J
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