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1. Introduction

Throughout this paper, we will work over an algebraically closed field k of characteristic
Zero.

A semisimple Hopf algebra H is called of Frobenius type if the dimensions of the simple
H-modules divide the dimension of H. Kaplansky conjectured that every finite dimensional
semisimple Hopf algebra is of Frobenius type [1, Appendix 2]|. In general, the conjecture is still
open. It is well-known that if H is a group algebra, then H is of Frobenius type. This is a
classical result by Frobenius.

Many examples show that a positive answer to Kaplansky’s conjecture would be very helpful
in the classification of semisimple Hopf algebras. For example, Natale [2] completed the classifi-
cation of semisimple Hopf algebras of dimension pg? < 100 by showing that these Hopf algebras
are of Frobenius type.

Quite recently, Natale proved [3] that semisimple Hopf algebras of dimension less than 60
are of Frobenius type. Based on this fact, Natale then proved that all these Hopf algebras are
semisolvable in the sense introduced by Montgomery and Witherspoon [4].

The present paper is devoted to extending Natale’s result to semisimple Hopf algebras of
dimension less than 80. By [5, Theorem 3.5], semisimple Hopf algebras of dimension 60 are of
Frobenius type. By [6], semisimple Hopf algebras of dimension 72 are of Frobenius type. By [7, 8],
semisimple Hopf algebras of dimension 61,62, 65,67, 69,71,73,74,77 and 79 are group algebras
or their duals. Hence, these Hopf algebras are of Frobenius type. By [2, Section 5.5], semisimple
Hopf algebras of dimension 63,68,75 and 76 are of Frobenius type. By [4], semisimple Hopf
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algebras of dimension 64 are of Frobenius type. Therefore, it suffices to consider the semisimple
Hopf algebras of dimension 66,70 and 78 in this paper.

The paper is organized as follows. In Section 2, we recall some basic results on characters
of a semisimple Hopf algebra. Some useful lemmas are also contained in this section.

In Section 3, we discuss the algebra types of semisimple Hopf algebras of dimension 66, 70
and 78, respectively. The notion of algebra types of a semisimple Hopf algebra is recalled in
Section 2. Based on the study of the character algebra of a semisimple Hopf algebra, we obtain
all possible algebra types of these Hopf algebras. As a consequence, all these Hopf algebras are
of Frobenius type.

Throughout this paper, all modules are left modules. Moreover they are finite dimensional
over k. ®, dim mean ®y, dimy, respectively. Our references for the theory of Hopf algebras are
[9] or [10]. The notation for Hopf algebras is standard. For example, the group of group-like
elements in H is denoted by G(H).

2. Characters of a semisimple Hopf algebra

Throughout this section, H will be a semisimple Hopf algebra over k.

Let V be an H-module. The character of V is the element x = xyv € H* defined by
(x,h) = Try(h) for all h € H. The degree of y is defined to be the integer degy = x(1) = dimV.
We shall use X; to denote the set of all irreducible characters of H of degree t. If U is another

H-module, we have

Xvev = XuXv, Xxv-=3S(xv),

where S is the antipode of H*.

Hence, the irreducible characters, namely, the characters of the simple H-modules, span a
subalgebra R(H) of H*, which is called the character algebra of H. The antipode S induces an
anti-algebra involution % : R(H) — R(H), given by x — x* := S(x). The character of the trivial
H-module is the counit €.

The properties of R(H) have been intensively studied in [11]. We recall some of them here,
and will use them freely in this paper [3, Section 1.2].

Let xu, xv € R(H) be the characters of the H-modules U and V, respectively. The integer
m(xu, xv) = dimHomg (U, V) is defined to be the multiplicity of U in V. This can be extended
to a bilinear form m : R(H) x R(H) — k.

Let H denote the set of irreducible characters of H. If X € R(H), we may write x =
Y wen e, x)a. Let x,¢,w € R(H). Then m(x,yw) = m(y*, wx*) = m(y, xw*) and m(x, ) =
m(x*,¢¥*) (see [11, Theorem 9]).

For each group-like element g in G(H*), we have m(g, xv) = 1, if ¢» = x*¢ and 0 otherwise
for all x, v € H.In particular, m(g, x1) = 0 if deg(x) # deg(v). Let x € H. Then for any group-
like element g in G(H*), m(g, xx*) > 0 iff m(g, xx*) = 1 iff gx = x. The set of such group-like
elements forms a subgroup of G(H*), of order at most (deg(x))? (see [11, Theorem 10]). Denote
this subgroup by G[x]. In particular, we have yx* = deG[x} g+ Zaeﬁ,dega>1 m(a, xx*)a.
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Lemma 1 Let x € H be an irreducible character of H. Then
(1) The order of G[x] divides (degx)?.
(2) The order of G(H*) divides n(degx)?, where n is the number of non-isomorphic simple

H-modules of dimension degy.

Proof It follows from Nichols-Zoeller Theorem [12, Lemma 2.2.2].

Let 1 =dj,do,...,ds, n1,n9,...,ns be positive integers, with dy < dsy < --- < ds. H is said
to be of type (di,n1;...;ds,ns) as an algebra if dy,ds, ..., ds are the dimensions of the simple
H-modules and n; is the number of the non-isomorphic simple H-modules of dimension d;. That

is, as an algebra, H is isomorphic to a direct product of full matrix algebras
H 2= k) [ ] Ma, (k)"
i=2

If H* is of type (d1,n1;. .. ;ds, ns) as an algebra, then H is said to be of type (dy,nq;...;ds, ns)
as a coalgebra. [

The following result is due to [13, Lemma 11].

Lemma 2 If H is of type (1,1;d2,n9;...,ds,ns) as an algebra, then {d;|d; > 1} has at least
three elements.

A subalgebra A of R(H) is called a standard subalgebra if A is spanned by irreducible
characters of H. Let X be a subset of H. Then X spans a standard subalgebra of R(H) if
and only if the product of characters in X decomposes as a sum of characters in X. There is
a bijection between standard subalgebras of R(H) and quotient Hopf algebras of H (see [11,

Theorem 6]). The following theorem is a finite-dimensional version of [11, Theorem 11].

Theorem 1 If H has an irreducible character x of degree 2, then at least one of the following
conditions holds:

(1) GIx] # {e}:

(2) H has a quotient Hopf algebra of dimension 24, which has a character g of degree 1 of
order 2 such that gx # x;

(3) H has a quotient Hopf algebra of dimension 12 or 60.

The next three lemmas are due to [6, Lemmas 2.3-2.5]. We give the proof here for com-

pleteness.

Lemma 3 Let H have an irreducible character x of degree 2.
(1) If 12 does not divide dimH or H does not have irreducible characters of degree 3, then

GIx] # {e}-
(2) If G(H*) = {e}, then H has a quotient Hopf algebra of dimension 60.

Proof Part (1) is obvious from Theorem 1. Part (2) is a special case of [11, Theorem 11]. In
fact, from the proof of [11, Theorem 11], we know if H has a quotient Hopf algebra of dimension
12 or 24, then G(H*) contains at least 2 elements. [J
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Lemma 4 If H is of type (1, m;t,n) as an algebra, then t|m. In particular, H is of Frobenius

type.

Proof Let x; (1 <i < n) be all distinct irreducible characters of degree t, s the order of group
G[x1], and u the number of irreducible characters of degree ¢ in the decomposition of y1xj.
Then, we have t? = s + ut from x1x} = deG[xﬂ g+ >, m(xi, xaxi)xi- It follows that t|s,
which implies t|m. O

Lemma 5 Suppose that |G(H*)| = 2 and s = | X3|. Then at least one of the following conditions
holds:

(a) H has a quotient Hopf algebra of dimension 12,24 or 60;

(b) Glx2] = G(H*) for every x2 € Xo, and 2 + 4s divides dimH.

Proof The result follows from Lemma 1(1) and Lemma 3(1). O

Lemma 6 Suppose that H has an irreducible character of degree 2 and does not have irreducible
characters of degree 4. If 12 does not divide dimH or H does not have irreducible characters of
degree 3, then n + 4s divides dimH, where n = |G(H*)|, s = | X2|.

Proof By assumption and Lemma 3(1), we have G[x] # {e} for all x € X5. We shall show that
X'x* is a sum of irreducible characters of degrees 1 and 2, for all x/, x € X5. In fact, if there is an
irreducible characters ¢ of degree 3 such that m(¢, x'x*) = 1, then there must exist a group-like
element g € G(H*) such that m(g, x'x*) = 1. Then we have X’ = gx. It follows that

XX =gxx"=gle+g +6)=9+99 + 99,

where ¢’ € G(H*), ¢ is either a sum of two irreducible characters of degree 1 or an irreducible
character of degree 2. Hence, x'x* is a sum of irreducible characters of degrees 1 and 2, which
contradicts the assumption that v is an element in x'x*.

As aresult, all irreducible characters of degrees 1 and 2 span a standard subalgebra of R(H).
It follows that H has a quotient Hopf algebra of dimension n + 4s. [

Lemma 7 Let G be a non-trivial subgroup of G(H*). If G[x:] = G for every x: € X, then
XtX; is not irreducible for all xy, x} € X;.

Proof Let g € G and x; € X;. Then, by assumption, gx; = x¢ and g~ 'x; = x;. This means
that gx: = x19 = xt-
If x¢x; = v is irreducible, we have

" = xa (X = (D g+ o

geaG

= > xugxs XX = D XixXs + XidX;
9€G geG

= |Glxext + Xt X7 5

where we write x;X;" = >_ g 9+¢. This means that m(e, 9*) > |G| > 1, which is impossible. [J
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Lemma 8 Let H be a finite-dimensional semisimple Hopf algebra over k.

(1) If 60 does not divide dimH, then H cannot be of type (1,1;2,m;---) as an algebra.

(2) If12 does not divide dimH and 2+ 4s does not divide dimH, then H cannot be of type
(1,2;2,s;...) as an algebra.

(3) If 12 does not divide dimH, m + 4s does not divide dimH and H does not have
irreducible characters of degree 4, then H cannot be of type (1,m;2,s;...) as an algebra.

(4) If m + 4s does not divide dimH and H does not have irreducible characters of degree
3 and 4, then H cannot be of type (1,m;2,s;---) as an algebra.

(5) Ifny does not divide dimH or n;d? (2 < i < s), then H cannot be of type (1,n1; dz2, ns;

...;ds,ng) as an algebra.

Proof Parts (1),(2) follow from Lemma 3(2), Lemma 5, respectively. Parts (3), (4) follow from
Lemma 6. Part (5) follows from Lemma 1(2). O

3. Semisimple Hopf algebras of dimension 66,70 and 78

3.1. Semisimple Hopf algebras of dimension 66

Theorem 2 Let H be a semisimple Hopf algebra of dimension 66. Then, as an algebra, H is of
one of the following types:

(1,66),(1,3;3,7),(1,2;2,16), (1,6; 2,15), (1,22; 2, 11).
In particular, H is of Frobenius type.

Proof According to Lemma 8 and a precise calculation, H has possibly one of the following
types:
(1,2;8,1),(1,2;4,4),(1,1;4,1;7,1),(1,3;3,3;6,1), (1,6 2, 3; 4, 3),

(1,66), (1,3;3,7),(1,2;2,16), (1,6; 2,15), (1,22; 2, 11).

We shall eliminate first five types. The first two types can be eliminated by Lemma 4. The
third type can be eliminated by Lemma 2.

Suppose that H is of type (1,3;3,3;6,1) as an algebra. Let ¢ be the unique irreducible
character of degree 6. If there is an irreducible character y of degree 3 such that m(x,?) = 1,
then m(x, ¥?) = m(1), x¢b) = 1. This means that x1) = ¥+ ¢, where m (¢, ¢) = 0 and deg ¢ = 12.
Since |X3| = 3, there must exist an irreducible character x’ of degree 3 such that m(x’, ¢) > 2.
Hence, m(x/, x¢) = m(x™*, ¥x*) = m(, x*x) > 2. It is a contradiction.

It follows that we have four possible decompositions of 1)2:

(1) ¥*=c+g+g>+3x1 + 49

(2) P* =e+g+9*+2x1+ 3x2 + 3¢;

(3) ¥?=e+g+9g>+2x1+2x2 +3x3 + 24

(4) V*=ec+g+¢"+3x1+3x2+3x3+ ¢,
where X1, X2, x3 are distinct irreducible characters of degree 3, g is the generator of G(H*).
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In case (1)—(3), the irreducible character (denoted by x) of degree 3 such that m(y,?) = 3
is self-dual, since 1? is self-dual. In case (4), we also have a self-dual irreducible character (also
denoted by x) of degree 3 such that m(x,%?) = 3, since | X3] is odd and 12 contains all irreducible

characters of degree 3.

Then m(x,¥?) = m(¢, xy) = 3 implies that yy» = 3¢. Multiplying on the left by x, we
have (g +g+ g%+ ¢)Y = NP, where we write 2 = e+ g+ g2+ ¢ with deg ¢ = 6. Hence, ¢1) = 6.
Obviously, ¢ # ¢ and ¢ = x' + x”, where ¥/, x"” € X3. It follows that x'¢b = x"¢ = 3¢. If
X' = X" = x, then {x} U {e, g, g%} spans a standard subalgebra of R(H). It follows that H has
a quotient Hopf algebra of dimension 12. It is impossible.

We then may assume that x’ # x. From m(v, x'v) = m(x’,%?) = 3, we know that ' also

lies in the decomposition of ¥? with multiplicity 3. Hence, (4) is the only decomposition of 2.

In this case, m(xi,¥?) = m(¥, xi) = 3 for every x; € X3. We then reach a conclusion
that x;x; is a sum of irreducible characters of degrees 1 and 3. In fact, if m(¢¥, xix;) = 1,
then m(xi,¥x;) = m(x;, x;%) = 1, which contradicts the result above. Hence, all irreducible
characters of degrees 1 and 3 span a standard subalgebra of R(H). It follows that H has a
quotient Hopf algebra of dimension 30. It is also impossible.

Suppose that H is of type (1,6;2,3;4,3) as an algebra. Let x; (1 < i < 3) be all distinct
irreducible characters of degree 2. Since the order of G[x;] divides both |G(H*)| and 4, we have
|G[x:]] =1 or 2. In addition, H does not have irreducible characters of degree 3. It follows that
|G[x:]] = 2 for all 1 <4 < 3. By [3, Proposition 1.2.6], we know that G(H*) is abelian. Let G
be the unique subgroup of G(H*) of order 2. As a result, we have G[y;] = G for all 1 <i < 3.
By Lemma 7, x;X; is not irreducible. Hence, the irreducible characters of degree 1 and 2 span a
standard subalgebra of R(H). It follows that H has a quotient Hopf algebra of dimension 18. It
is impossible by Nichols-Zoeller Theorem. This completes the proof. [

Remark The computation in the proof of Theorem 10 is partly handled by a computer. For
example, it is easy to write a computer program by which one finds out all possible positive
integers 1 = dy,da,...,ds and ni,ng,...,ng such that 66 = >7_, n;d?, and then one can elim-
inate those which cannot be algebra types of H by using Lemma 8. The computations in the

followings are similar.

Corollary 1 Let H be a semisimple Hopf algebra of dimension 66. If H is not a dual group
algebra, then G(H™) is abelian.

Proof The corollary follows from Theorem 2 and [3, Proposition 1.2.6]. O
3.2. Semisimple Hopf algebras of dimension 70

Theorem 3 Let H be a semisimple Hopf algebra of dimension 70. Then, as an algebra, H is of
one of the following types:

(1,70), (1,14;2,14), (1,10: 2, 15), (1,2: 2,17).
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In particular, H is of Frobenius type.

Proof According to Lemma 8 and a precise calculation, H has possibly one of the following

types:
(1,7:3,7),(1,2;4,2;6,1),(1,2;3,2;5,2),(1,2; 3,4; 4,2),

(1,14;2,14), (1,10;2,15), (1,2;2,17), (1, 70).

We shall eliminate first four types. The first type can be eliminated by Lemma 4.

Suppose that H is of type (1,2;4,2;6,1) as an algebra. Let x4, x} be distinct irreducible
characters of degree 4, x the unique irreducible character of degree 6, and {e,9} = G(H™).
Then {e, g, x4, X4, X6} is a basis of R(H). Let {e1,ea,...,e,} be the set of primitive orthogonal
idempotents in R(H) such that e; is an integral in H*. Note that £, g commute with x4, X%, X6-

Suppose that x% = x4, X4 = xa. There is only one decomposition of x4x}:

XaXi = XaXa =€+ g+ xa+ X4+ X6

From m(xe, xax4) = m(x4, XeXs) = 1, we have xeXx4 = X4 + 2x4 + 2x6. From m(x}, xexa) =
m(X4, Xixs) = m(xa, Xixe) = m(X4, XaXe) = 2, we have xaXxe = X4 + 2X} + 2x6. Hence, x4
commutes with xg. In addition, X x4 = x4X4 =€+ g + x4 + X4 + x6. This means that y4 also
commutes with xj. Therefore, x4 appears in the center of R(H). Similarly, we can show that
X7 also appears in the center of R(H). Hence, R(H) is commutative.

Suppose that xi = x4, x5 = x4. There are three possible decompositions of x4x3:

XaXi =€+ g+ 2xa+ Xei XaXa =€+ 9+ 2x5 + Xe; XaXi =€+ 9+ xa+ X3 + Xe-

In all cases, we have m(xg, xaX5) = m(x4, X6x4) = 1, which implies that xexa = xa+2x4 +
2x6. Applying “#” on both sides, we have x4Xx6 = x4 + 2Xx} + 2x6. Hence, x4 commutes with xg.
From m(x}, xex4) = m(xe, X4Xxa) = 2, we have X} x4 = 2X6 + ®, where ¢ is x4 or x. Applying
“x” on both sides, we have x4x} = 2x6 + . Hence, x4 also commutes with y}. Therefore, x4
appears in the center of R(H). Similarly, we can show that xJ also appears in the center of
R(H). Hence, R(H) is commutative.

Now, we reach a conclusion that R(H) is semisimple and commutative. Hence, {e, es,...,€,}
is also a basis of R(H) and n = 5. By the well-known “Class Equation” [8, Theorem 1], dim(e; H*)

divides dimH = 70 and .

dimH =1+ dim(e; H*).
i=2
A direct check shows that it cannot happen.

Suppose that H is of type (1,2;3,2;5,2) as an algebra. Let x be an irreducible character
of degree 3. By counting degrees, we have xx* = ¢ + x' + ¢, where ¥’ € X3,9 € X5. From
m(¥, xx*) = m(x,¥x) = 1, we have ¥y = x + ¢, where m(x, ¢) = 0 and deg ¢ = 12. Tt follows
that ¢ = 4x”, where x # x” € X3. It is impossible since m(x”, ¥x) = m(¢, x"x*) < 1.

Suppose that H is of type (1,2;3,4;4,2) as an algebra. Let y3 be an irreducible character
of degree 3, and {¢, g} = G(H*). Then we have two possible decompositions of x3x3:
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(1) x3x3 =€+ 2x4; (2) x3X5 =€ + x4 + X
where x4, X, are distinct irreducible characters of degree 4.

In case (1), we have x4x3 = 2x3 + mx5 + nx4 from m(xs, xaxs) = m(xs, X3X3) = 2,
where m, n are non-negative integers such that m 4+ n = 2, and x4%, x4 are different from ys. If
XaXs = 2x3+x3+x5 with x5 # x5, then x5x3 = xa+x4+g from m(x3, xax3) = m(xa, X3x3) = 1
since x4 # xs3. Hence, x5 = gxs. Similarly, we obtain that x4 = gxs. It follows that x4 = x4,
a contradiction. If xaxs = 2x3 + 2x5%, then m(x5, xax3) = m(xa, x5x5) = 2 implies that
X3X3 = 2xa + g since x5 # x3. Hence, x5 = gxs. Then x3x3 = gxsx3 = g(e + 2x4) implies
that gx4 = x4. Multiplying x4x3 = 2x3 + 2¢x3 on the right by x5 and using gx4 = x4, we have
2x2 = 2¢ + 2g + Tx4, which is impossible.

"

In case (2), we have xax3 = X3+ X3+ X5 + X5 or xax3 = X3+ 2x5+ x5 from m(x4, x3x3) =

m(xs, xax3) = 1, where xs, X5, X%, x4 are distinct irreducible characters of degree 3. For the

first case, m(x4%, xax3) = m(x4, X5x5) = 1 implies that x4x5 = xa + X} + ¢. Hence, x5 = gxs.
Similarly, we have x4 = gxs. It follows that x4 = x4, a contradiction. For the second case, we
have x4 = gxs similarly. In addition, we also have x4 = gxs from m(x5%, xax3) = m(xa, X4X5) =
2. Hence, x4 = x4. It is also a contradiction. This completes the proof. O

Corollary 2 Let H be a semisimple Hopf algebra of dimension 70. If H is not a dual group
algebra, then G(H™) is abelian.

Proof The result follows from [3, Proposition 1.2.6] and Theorem 3.
3.3. Semisimple Hopf algebras of dimension 78

Theorem 4 Let H be a semisimple Hopf algebra of dimension 78. Then, as an algebra, H is of
one of the following types:

(1,2;2,1;6,2), (1,6:6,2),(1,2:2,1;3,4;6,1), (1,6;3,4:6, 1), (1,2;2,1;3,8),
(1,6;3,8),(1,2;2,19),(1,6;2,18), (1,26;2,13), (1, 78).
In particular, H is of Frobenius type.

Proof According to Lemma 8 and a precise calculation, H has possibly one of the following

types:

(1,3:5,3), (1,1;3,3:5,2), (1,1;:3,5;4,2), (1,1; 4, 1;5,1;6,1), (1,1; 3, 1; 4, 2; 6, 1),
(1,3;3,3;4,3),(1,1;3,4;4,1;5,1),(1,6; 2,6;4, 3), (1,2; 2,6;4,1;6,1), (1,2; 2,6; 3,4;4, 1),
(1,2:2,1;6,2), (1,6:6,2), (1,2:2,1;3,4:6, 1), (1,6;3,4; 6, 1), (1,2; 2, 1, 3,8),
(1,6:3,8), (1,2:2,19), (1,6: 2,18), (1,26; 2, 13), (1, 78).

We shall rule out first ten types. The first type can be ruled out by Lemma 4. The second
and third types can be ruled out by Lemma 2.
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Suppose that H is of type (1,1;4,1;5,1;6,1) as an algebra. Let x4, x5, x6 be the irreducible
characters of degree 4,5, 6, respectively. Then xaxi =€+ x4 + X5 + X6 Or XaXxi = € + 3xs5. If
the first case holds, then m(xs, xax4) = m(x4, X6X4) = 1. This implies that xsXxa = X4 + 4X5.
It follows that m(xs, xexa) = m(xe, Xx5xa) = 4. It is impossible. If the second case holds, then
m(xs, xaxi) = m(x4, xs5Xx4) = 3. This implies that x5x4 = 3x4 + 1, where m(x4,v¢) = 0 and
deg v = 8. It is also impossible.

Suppose that H is of type (1,1;3,1;4,2;6,1) as an algebra. Let x3 be the unique irreducible
character of degree 3. Then x3x5 = € + x4 + X4 OF X3X5 = € + 2x4, where x4, x} are distinct
irreducible characters of degree 4. If the first case holds, then m(xa, xax5) = m(xs, xax3) = 1.
This implies that yaxs = x3 + ¢, where m(xs,v¢) = 0 and degv = 9. It is impossible. If the
second case holds, then m(x4, x3x5) = m(x3, xax3) = 2. This implies that x4x3 = 2x3 + Xe,
where xg is the unique irreducible character of degree 6. Then m(xs, xaXx3) = m(x3, x6Xxa) = 1.
This implies that xex4 = x3 + ¥, where m(xs,v) = 0 and deg = 21. It is also impossible.

Suppose that H is of type (1, 3;3,3;4,3) as an algebra. Let x3 be an irreducible character
of degree 3 and G(H*) = {e,g1,92}. Then x3x5 = €+ xa + ¥ or x3x5 = € + 2x4 or x3x5 =
€+ g1 + g2 + p1 + 2, where x4, are distinct irreducible characters of degree 4, ¢1, o are
irreducible characters of degree 3.

If the first case holds, then m(xa, x3Xx3) = m(xs, xax3) = 1. This implies that y4x3 =
X3+2x5+x4, where x3, x5, X4 are distinct irreducible characters of degree 3. From m(x%, x4x3) =
m(xa, X5x3) = 1, we have

(i) X5X3 = X4 +© + g1 + g2, where p € X3;

(i) X5X3 = x4 + X4 + g3, where x4 # X} € X4, € # g3 € G(H™).

In case (i), X4 = g1x3 = g2Xx3. This implies that g; *g2 lies in the decomposition of x3x;.
It is a contradiction.

In case (ii), x5 = gsxs. On the other hand, m(x4, x5x5) = m(x4%, xax3) = 2. This implies
that x5x3 = 2x4 + g4, where ¢ # g4 € G(H*). Hence, x4 = gaxs. Multiplying xaxs =
X3+294x3+9g3x3 on the right by x5, we have x+xax) = e+29a+93+2gaXa+294X4 +93Xa+93Xs-
If € lies in the decomposition of x%, then x4 = X}, and hence g3, g4 do not lie in the decomposition
of x% since G[y4] is trivial. Counting degrees on both sides, we know that it is impossible.
Similarly, the case that ¢ lies in the decomposition of x4x/ is also impossible.

If the second case holds, then m(xs, xaXx3) = m(x4, x3Xx3) = 2. This implies that

(1) xaxs = 2x3 + 2x5, where x3 # x5 € Xs.

(i) xaxs = 2x3 + X5 + x4, where x3, x4, x4 are distinct elements in X3.

In case (i), m(x4%, xax3) = m(xa, x5x5) = 2. This implies that x5x% = 2x4 + ¢ for some
e # g € G(H*). Hence, x5 = gxs. Multiplying x4x3 = 2x3 + 2gx3 on the right by x%, we have
2x2 = 2 + 29 + 3x4 + 4gx4. This means that both e and g lie in the decomposition of x. It is
impossible.

In case (ii), we have x5x5 = x4 + x4 + g and x5x5 = x4 + X4 + h, where x}, x4 € X4, and
{e,9,h} = G(H™). Hence, x5 = gx3, X4 = hxs. Multiplying xaXx3 = 2x3 + gx3 + hx3 on the
right by X3, we have 2x3 = 2¢ + g + h + 3xa + 294 + 2hx4. It is also impossible.
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If the third case holds, we consider the decomposition of px3, where x3 # ¢ € X3. If there
exists an irreducible character x4 of degree 4 such that m(xa, ¢x3) > 0, we have x5 = xa+x4+9
or x5 = 2xa +h or x5 = x4+ X5 + g1 + g2, where x4 # xj € X4, g,h € G(H*) and
X5 € X3. Then gxs = ¢ or hys = ¢ or g1x3 = ¢. It follows that x3x5 =g 'xa + g 'x}) +¢ or
XaX5 = 2h " Ixa + e or x3x5 = gf1x4 + gflxé +e+ gflgg, which contradicts the assumption.
Hence, G(H*)U X3 spans a standard subalgebra of R(H). It follows that H has a quotient Hopf
algebra of dimension 30. It is impossible by Nichols—Zoeller Theorem.

Suppose that H is of type (1,6;2,6;4,3) as an algebra. By Proposition 1.2.6 in [3], G(H*)
is abelian. Let G = {1, g} be the unique subgroup of G(H*) of order 2. Then G[x2] = G for
all x2 € X3. By Lemma 8, y2x} is not irreducible for all x2, x5 € X2. Hence, the irreducible
character of degree 1,2 spans a standard subalgebra of R(H). It follows that H has a quotient
Hopf algebra of dimension 30. It is also impossible by Nichols-Zoeller Theorem.

Suppose that H is of type (1,2;2,6;4,1,6,1) as an algebra. In this case, G[x2] = G(H*)
for all x2 € X3 and 25 is not irreducible for all ya, x5 € Xo.

We now consider the decomposition of y4xj, where x4 is the unique element in Xy. If
there exists y2 € Xs such that m(x2, xax}) = 1, then m(x4, x2x4) = 1. This implies that
X2Xa = Xa + X3 + X3, where x5, x5 € Xa. If x5 = x5, then m(x3, xax4) = m(xa, x5 x2) = 2,
which is impossible. Hence, x5 # x4, and m(x4, x5 x2) = 1. This implies that x5x2 = x4
is irreducible, which contradicts the result above. Hence, xaxi = € + g + 2x2 + 2x5 + X6 or
XaXi = €+ g+ 2Xa+ X6 OF XaXi = € + g+ 2X2 + Xa + X6, Where X2,X5 € X2, X6 € X and
{e.g} =G(H™).

From m(xe, xaxi) = m(x4, X6Xx4) = 1, we have xgxa = X4 + ¢, where m(xq,¢) = 0 and
dege = 20. If there exists y2 € Xo such that m(xa,xex4) = m > 0, then m(xa, x6x4) =
m(xe, X2x4) implies that 0 < m < 1. If m = 1, then xaxa = x6 + x5 for some x5 € Xo. This
will deduce that x4 = x3x%, which is a contradiction. Therefore, ¢ only contains several copies
of xg, which is absurd since deg ¢ = 20.

Suppose that H is of type (1,1;3,4;4,1;5,1) as an algebra. Let x3 be an irreducible char-
acter of degree 3, and x4, x5 be the unique irreducible characters of degree 4,5, respectively. If
X3X5 = €+ 2x4, then m(xa, x3x35) = m(xs, xax3) = 2 implies that x4x3 @ 2x3 + @1 + @2, where
X3, 1, @2 are distinet elements in X3. m(p1, xax3) = m(xa, p1x5) = 1 implies that ¢1x5 =
X4+ x5- m(xs,p1x3) = m(p1, xsx3) = 1 implies that xsx3 = @1 + @3 + x4 + x5, where
o1 # 3 € Xa. m(xax5X3) = mxs,xax3) = 1 implies that vaxi = xs + X4 + ¢4, where
@1 € X3. m(xa, xax3) = m(xa, xaxa) = m(xs,xi) = 1 implies that xi = € 4+ x3 + w, where
m(xs,w) = 0 and degw = 12. Hence, we have

(i) x3=¢e+x3+3xa, 0r

(ii) There exists x3 # x4 € X3 such that m(x4, x3) > 0.

In case (i), x3 = x5 since x7 is self-dual. Then (1) and (2) give a contradiction.

In case (ii). If x3 = x3, then (1) and (2) also give a contradiction. So, there must exist

/1%

X3 # X4 € X3 such that x3 = x4* and m(x¥%, x3) = m > 0. Then m(x45, xaxi) = m(x4, X4x4) =

11% /1%

m(xa, xax4*) = m. This implies that xax4* = xaxs = mxa + ¢, where m(x4,%) = 0 and
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deg 1 = 12 — 4m, which contradicts (1).

As a conclusion, for all x3 € X3, we have x3x5 = € + x4 + x5, where x5 € X3. Then
m(xs, X3x3) = m(xs, xsx3) = 1 implies that x5x3 = x3 + x4 + X5 + 1, where x3 # ¢1 € X3.
m(x4, XsXx3) = m(Xs, xax3) = 1 implies that x4x3 = X5+xa+2, Where p2 € X3. m(x4, xax3) =
m(xa, X3X4) = m(xs,x3) = 1 implies that y3 lies in the decomposition of x3 with multiplicity
1 for every x3 € X3. Hence, X3 = ¢ + X} + x3 + X3 + xi + ¢, where {x3,x3,x3, xi} = X3 and
¥ &X3. Tt is impossible.

Suppose that H is of type (1,2;2,6;3,4;4,1) as an algebra. By Theorem 1 and Lemma 7,
G[x] = G(H*) for all x € X5 and x2x5 is not irreducible for all x2, x5 € Xa.

Let x4 be the unique irreducible character of degree 4. If there exists x3 € Xs such
that m(xs, xaxi) = 1, then m(xa,x3xa) = 1. This implies that yxsxa = xa4 + @, where
m(xa,¢) = 0 and degyp = 8. If there exists x2 € X3 such that m(x2,¢) = 1, then m(x2, x3x4) =
m(xs, x2x4) = 1. This implies that xax4 = X3 + x5 + x5 for some x5 € Xo, x5 € X3. This
will deduce a contradiction x3x4 = xa. If there exists x2 € X2 such that m(xz2,¢) = 2, then
m(x2, Xaxa) = m(xs, x2x4) = 2. This implies that x2x4 = 2x3 + x5 for some x4 € X5. There
is also a contradiction x5x5 = x4. Hence, ¢ is a sum of irreducible characters of degree 3. It is
impossible since deg ¢ = 8.

If there exists x3 € X3 such that m(xs, xax5) = 2, then x3sxa = 2x4 + X5 + x4 for some
X4, X4 € Xa. Tt is impossible by the discussion above.

If there exists y2 € Xa such that m(x2, xaXx}) = 1, then x1x4 = x4 + x4 + x4 for some
X5, X5 € Xo. It is impossible, too.

Hence, we reach a conclusion that every irreducible character of degree 2 or 3 which appears
in the decomposition of y4xj must have multiplicity 2 or 3. Counting degrees, we find this

cannot happen. This completes the proof. O

Corollary 3 Let H be a semisimple Hopf algebra of dimension 78. If H is not a dual group
algebra, then G(H™) is abelian.

Proof The result follows from [3, Proposition 1.2.6] and Theorem 4.

Remark Let ¢, r,p be distinct prime numbers such that ¢ and r divide p — 1. Andruskiewitsch
and Natale [15] constructed two classes of non-trivial non-isomorphic semisimple Hopf alge-

bras of dimension pgr. As an algebra, one is of type (1,rg;q, M) and the other is of type

q
(L,rg;r, @). Therefore, non-trivial semisimple Hopf algebras of dimension 78 do exist. How-
ever, the existence of non-trivial semisimple Hopf algebras of dimension 66 and 70 is still un-

known.
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