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Abstract In this paper, we get some properties of the antipode of a twisted Hopf algebra. We
proved that the graded global dimension of a twisted Hopf algebra coincides with the graded
projective dimension of its trivial module k, which is also equal to the projective dimension
of k.
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1. Introduction

Twisted Hopf algebras were introduced by Li and Zhang in [6]. Its unique difference from
a Hopf algebra is the comultiplication. On A ® A we consider a multiplication different from
the component-wise one, specially, the twisted multiplication by Lusztig’s rule [6]. It includes
some important and exciting examples such as the free algebra and polynomial algebra over the
field k, the twisted Ringel-Hall algebra [8], Lusztig’s free algebra and non-degenerate algebra [4],
the positive part of the Drinfeld-Jimbo quantized enveloping algebra [2, 3] and Rosso’s quantum
shuffle algebra [11].

The antipode of Hopf algebras plays an important role in Hopf algebras. If a Hopf algebra
H is commutative (or cocommutative), then S? is the identity map. We prove that this is also
true for twisted Hopf algebras. Using the fundamental theorem of Hopf module, Lorenz-Lorenz
proved that the global dimension of a Hopf algebra is exactly the projective dimension of the
trivial module k (see [5,2.4]). Using the fundamental theorem of Yetter-Drinfeld Hopf module
[1, Theorem 1], we generalized Lorenz’s conclusion to Yetter-Drinfeld Hopf algebras [13, Theorem
4.5]. Following [5] and [13], but with a different approach, we prove that it is also true for twisted
Hopf algebras. The graded global dimension of a twisted Hopf algebra coincides with the graded
projective dimension of the trivial module k, which equals the projective dimension of k.

The paper is organized as follows: In Section 2, we provide some background materials for
twisted Hopf algebras. It is proved that if A is twist commutative or twist cocommutative, then
52 =id. In Section 3, we consider projective modules in a graded A-module category. We prove

the main theorem in a different approach from those in [5] and [13]: Let A be a twisted Hopf

Received April 29, 2011; Accepted December 11, 2011
Supported by the National Natural Science Foundation of China (Grant No.10901098).
E-mail address: yhw@mail.shufe.edu.cn



A note on twisted Hopf algebras 583

algebra. The graded global dimensional of A is equal to the graded projective dimensional of left
A-module k, which also equals the projective dimension of left A-module k.

In this paper, all tensor products are assumed to be over k. Let V and W be vector spaces.
For any a € V. ® W, denote by a = )", v; ® w; the sum of linearly independent elements of {v;}

and {w;}. In the following, “*” denotes the convolution product.

2. Twisted Hopf algebras

Let k£ be a field, ¢ be a non-zero element in k, and I be a set. Denote by ZI the free abelian
group with I as basis. An element in ZI is written as z = (x;);e; with x; € Z, where z; = 0
for almost all 7 € I. Let Ny denote the set of non-negative integers. Denote by Nyl the subset
{z = (x;)ier € ZI|z; € No}.

An NoI graded algebra A = (A, m,u) means an associative k-algebra with a direct decom-
position of k-spaces A = @yenyr Az with Ag = k such that A, A, C A4y, for z,y € NoI, where
m:A® A — A is the multiplication and v : Kk — A the unit of A.

A nonzero element a € A, is said to be homogeneous of degree x, where x is called the
degree of a, denoted deg(a) = |a| = =.

By definition [9, p.206], an NoI-graded k-coalgebra C' = (C, A, ¢) is a graded k-space C' =
Breny,1Cr with Cy = k and with k-linear maps A : €' — C' ® C and € : C — k satisfying the
following conditions:

(i) A is a coassociative comultiplication, i.e., (A ® id)A = (id ® A)A;

(ii) € is the projection onto Cy = k, i.e., €(C;) =0 for z # 0 and €(1) = 1;

(iii) € is a counit, i.e., Id ® )A =id = (e ® id)A;

(iv) A respects the grading, i.e., A(C,) C @pqy=-Cr @ Cy.

Let x : ZI xZI — 7Z be a bilinear form (not necessarily symmetric), ¢ be a non-zero element
in k, and (A, m,u) be an Nyl-graded algebra. In [10], Ringel introduced a new multiplication
my on (A, m,u): for a € A, b € A, defined

my (a @ b) = Xl D gp,

Then there is a unique NgI-graded, associative k-algebra structure on A with multiplication m,.
Following Ringel, denote this new algebra by A, .
Dually, let (C, A, €) be an Nyl-graded coalgebra. Consider a new k-linear comultiplication

A, on homogeneous elements of C' defined
Ny(a) = Zcx““l"‘“zl)(al ®az), acC,

where A(a) =Y a1 ® as.

Li and Zhang proved that (C,Ax,e€) is again an Ngl-graded coalgebra [6, Lemma 2.4],
denoted by C,.

For a bilinear form y : ZI x ZI — Z, define a new bilinear form x” : ZI x ZI — 7 by

X" (z,y) = x(y, v).
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Define the inverse of x as —x : ZI X ZI — Z, i.e., x(z, y) + (—x(z,y)) = 0.
Combining Ny/-graded algebras and Ny/-graded coalgebras, one can get twisted Hopf alge-
bras [6,p.719].

Definition 1 Let k,c,I be as above, and x : ZI x ZI — 7 be an arbitrary bilinear form. If
k-module A satisfies the following conditions

(T1) (A = @zeny1Az,m,u) is an Nol-graded k-algebra and (A, A, €) is an NoI-graded
k-coalgebra.

(T2) The counit € : A — k and comultiplication A\ : A — A ® A are algebra maps in the

following sense
e(ab) = e(a)e(b), A(ab) =Y cXI@lPDa by @ agb,. (1)

(T3) There is a k-linear map S : A — A such that
m(id ® S)A = ue = m(S ® id)A.

Then (A, m,u, N, €) is called a (k,c, I, x)-Hopf algebra or twisted Hopf algebra, S is called the
antipode of A.

The condition (T3) is equivalent to the following:

(T3)’ There is a k-linear map S : A — A such that in the convolution algebra Homy (A, A),
we have

Sxid =id xS = we. (2)

Remark Let A be a twisted Hopf algebra. By [6, Theorem 2.10], we have
(i) S is an NoI-graded map, i.e., |S(a)| = |a| for a € A.

(ii) S:A— A,r is an algebra anti-homomorphism, i.e., S satisfies
S(ab) = Xhlalg(b)S(a), a,be A. (3)
(iii) S is a coalgebra anti-homomorphism, i.e., S satisfies
A(S(a)) :ZCX(““‘"‘“DS(GQ)®S(a1), a€ A. 4)

Comparing (2) with [12, Proposition 4.0.1], we may say that the antipode S is an algebra

and coalgebra anti-morphism under the “twisted”.

Lemma 2 Let A be a twisted Hopf algebra. Then
e(a)eXUablPl) — ¢(g)ex(allbh = 6(OL)C><T(IGI7IZ7\) =e(a), Va,be A. (5)

Proof 1If a ¢ Ay, i.e., |a] # 0, then e(a) = 0, the left side and right side of (5) are zero. If
a € A, then x(lal,[b]) = 0, hence cXUebIPD) = 1 and the first equality holds. Similarly, one

proves other equalities.
Corollary 3 Let A be a twisted Hopf algebra, a € A and A(a) = a1 ® az. Then
e(a) Zcx(\alLlazl) = ¢(a) Z c—x(ailslaz]) — e(a) ZCXT(IalHazI) = e(a). (6)
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Proof We only prove the first equation. If a ¢ Ao, it holds as in Lemma 2. If a € Ay, then
Ala) =Y a1 ®az =a(l®1), and |a1| = |az| = 0. Thus > x(|a1], |az]) = x(0,0) = 0. We have
S exUarllaz) — $™ c=x(laalilaz]) — ZCXT(““M‘”'). This completes the proof. O

In a parallel manner with Sweedler’s [12, Proposition 4.0.1], we have the following conclusion:

Proposition 4 Let A = (A, m,u,\,€) be a twisted Hopf algebra. Then for a € A, the following
are equivalent:
(S1) > S(az)ar = ue(a);
(S2) > az8(a1)
(S3) S%=id

ue(a);

Proof Note that S is the convolution inverse of identity by (T3)’. We will show that S? is the

right (or left) convolution inverse of S, and so it is equal to id.
(S*5%)(a) =Y S(a1)8%(az) =Y _ e Xl 120 5(S(az)ar) by (3)
= ¢ Xl 12D S (ue(a)) by (S1) and Remarks (1)
— S(uela) 3" cxl@hleD) = S(ue(a)) by (6)
= ue(a)
This shows (S1) = (53). Next we prove (S3) = (52).
ue(a) =idx S(a) =Y a15(az)

= Z S%(a1)S(az) = Z c_X(““I’I‘”DS(aQS(al)).
If a ¢ Ag, then 0 = ue(a) = 3 ¢ X(arble2 G (55 (ay)). Recall that 3 ¢=x(aihle2D §(ay8(ay)) is
the sum of linearly independent elements, thus S(>" a2S5(a1)) = 0. So > a25(a1) =0 = ue(a). If
a € Ag, then c~XUa1llozl) = 1. Thus ue(a) = 3" a25(a1). We have shown (S1) = (S3) = (52).
Similarly, one can prove (52) = (S3) = (S1) and the proof of Proposition 4 is com-
pleted. O
Recall that A is commutative if ab = ba. Dually, A is cocommutative if A(a) =Y as ® a1.

The next corollary follows directly from Proposition 4.

Corollary 5 If A is commutative or cocommutative, we have S? = id.
We call A twisted commutative if ab = ¢X{%:1!Dpa. Dually, A is cocommutative if A(a) =

> exUathle2l) gy @ aq. By the properties of counit €, we have the following conclusion:
Corollary 6 A is twist commutative or twisted cocommutative. Then S? = id.

Proof If A is twisted commutative, we have ue(a) = 3 a15(az) = 3 eXa1ble2D) §(ay)a;. Assume
a ¢ Ag, then 0 = ue(a) = > xXUableDS(ay)a;. Thus 3 S(az)a; = 0. So Y. S(az)a; =
0 = ue(a). If a € A, then cx{able2l) = 1. Thus ue(a) = 3. S(az)a;. In a word, we have
ue(a) =Y S(az)a;. By Proposition 4 (S1), we prove the conclusion.

2. The global dimension of twisted Hopf algebras
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A graded right A-module M is a right A-module with a decomposition M = @zen,7 Mz
such that M,A, C M,,. We denote the module as M ® A — M : m ® a — ma for any
m € M, a € A. Denote the graded A-module category as A-gr. For graded A-modules M and

N, we define the morphism in A-gr as:
Hom g (M, N) = {f € Homa (M, N)|f(M) C N, Vo € NoI}.

Note that | f| = .
The graded A-module structure of Hom(M, N) is

(af)(m) = ZcX(I‘”"‘ml)al(f(S’(ag)m)), Vf € Hom(M,N),a € A,m € M. (7)

Let A be a twisted Hopf algebra, and M, N be graded left A-modules. Then M ® N is a
graded left A-module with

alm®n) = ZCX(I‘”MWI)alm ® agn,Ya € A,m € M,n € N. (8)
Lemma 7 If A is a twisted Hopf algebra, M is a left A-module, then we have
e(a)cx(\a\ﬂ\ml) - e(a)cfx(\a\ﬂ\ml) - E(a)CxT(\a\ﬂ\ml) =e(a), Yae A me M. (9)
Proof It is similar to the proof of Lemma 2.

Proposition 8 Let A be a twisted Hopf algebra, P, N,W be graded left A-modules. Then
Hom g_gr(P ® N, W) = Hom g_g, (P, Homy (N, W)) as vector space, where P ® N is viewed as a
left A-module via (8), Homy (N, W) as a left A-module via (7).

Proof It is obvious if A = k. Here, we assume that A # k. Let
¢: Homu (P ® N, W) — Homa.g (P, Hom(N, W)),
9 — 0(9),
where ¢(g)(p)(n) = g(p ®n). And
¥ Homu g (P, Hom(NV,W)) — Homa g (P @ N, W)
fr—=9(f),
where ¥(f)(p @ n) = f(p)(n). Note that ¢ and ¢ are the usual bijections of the Hom-Tensor

adjunction.
First, we check ¢ is a graded A-module map. Let g be a graded A-module map. For any
a€ A, lal#£0,p€ P,ne N, we have

(a6(9) (p)) () = 3 X120y (6(9) (p)(S(az)n))
_ Z XUazblPD g (g(p @ S(az)n))
_ Z XUzl 12D g (g (p @ S(ag)n))
_ ZcX(|“3|’|p|)+X(|a2|’|p|)9(a1p ® a2S(az)n) by (8)

= cXlelPga,p @ e(az)n)



A note on twisted Hopf algebras 587
=" glap® e(az)n) by (9)
= glap®n) = ((g)(ap))(n).

Thus ¢ is a graded A-module isomorphism.
Next, let f be a graded A-module map. We show that ¢(f) is also a graded A-module map.

Y(Flalp@n) =D »(f) (= Payp @ asn)
= Zf (exUezbIPD g p) (agm)
= 3" el eD (ay £ (p)) (aam)
= 3 exllastleextlaal o) g, [ (p) (S(a)azn)] by (7)
= z:c><(|az|7|p|)a1 f(p)(e(az)n)]
= _alf®)(e(a)n)] by (9)
=2 _alf(p)(n)] = a(@(f)(p @ n)).

Note that the proposition means that if the left A-module P is projective, then P ® N is
projective for any N. In fact, functor Hom4 (P, Homy (N, —)) = Homyu (P, —) o Hom(N, —) is
exact since functor Homy (P, —) and Hom(N, —) are exact. So Homa (P ®; N, W) is exact by
Proposition 8. Thus P ® N is projective.

Graded projective module and projective dimension of graded module appeared in [7,2.2].

For later use, we write them as definitions.
Definition 9 Let P € A-gr. P is called gr-projective if P is a projective A-module.

Definition 10 A projective resolution of M in A-gr is an exact sequence of A-module

dn d7171 d1

P,_1 . P ¢

P,

P, M 0,

in which all P, are projective in A-gr, and d; and ¢ are morphisms in A-gr.

If a projective resolution of M in A-gr exists, we define the projective dimension of M as

follows:

Definition 11 The projective dimension of graded A-module M is defined to be the smallest

number d for which there is an exact sequence
0 —PFP  —FPi1— — P —F—M-—70,

with projective objects in A-gr. We denote this by gr.p.dim M = d. If no such projective

resolution in A-gr exists, then we define gr.p.dim M = oc.

Definition 12 Let A be a twisted Hopf algebras. The global dimension of A is defined to be
the supremum of projective dimensions of graded A-modules. We denote this by gr.gl.dim A =
sup{gr.p.dim M|VYM € A-gr}.

Following [5] and [13], we have the main theorem:
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Theorem 13 Let A be a twisted Hopf algebra. Then
gr.gl.dim A = gr.p.dim 4k = p.dim 4k.

Proof To prove the conclusion, we only need to prove gr.p.dim 4N < gr.p.dim 4% for any graded
left A-module N. If gr.p.dim 4k = o0, it holds. Now we assume that gr.p.dim 4%k < 0o. Suppose

that we have a projective resolution of 4% in the category of graded left A-module:
0O0—P~P, —P, 41— - —FP—k—0.
We can get a new exact sequence by applying the functor — ® N:
0— P, N —P, 1N — -+ — P QN —kQN=N —O0.

Since P; are graded projective left A-module, by Proposition 8, we know P; ® N are also graded
projective left A-modules with module structure (8). We get 0 — P, @ N — P,_1 @ N —
- — PPN — 4 k® N =2 N — 0 is a graded projective resolution of N, and therefore
gr.p.dim N < gr.p.dim4k.
Thus the graded global dimension of A is the graded projective dimension of 4k, i.e.,
gr.gl.dim A = gr.p.dim 4 k. Note that gr.p.dim 4k = p.dim 4k for any graded algebras [7,2.3.3]. O
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