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Congruences on Zappa-Szép Products of Semilattices with
An Identity and Groups
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Abstract Let P = E <1 G be a Zappa-Szép product of a semilattice ¥ with an identity and
a group G. In this paper, we first introduce the concept of congruence pairs for P, and then
prove that every congruence on P can be described by such a congruence pair. In fact the
congruence lattice on P is lattice-isomorphic to the set of all congruence pairs for P. Finally,
we characterize group congruences on P.
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The semidirect product of two groups generalizes the direct product of two groups in that
only one of the factors is assumed to be normal. The Zappa-Szép product of two groups is a
natural generalization of the semidirect product of two groups in that neither factor is required
to be normal. The Zappa-Szép product of two semigroups can also be considered as a natural
generalization of the Zappa-Szép product of two groups.

Zappa-Szép product arises when an algebraic structure has the property that every element
has a unique decomposition as a product of elements from two given substructures. The Zappa-
Szép product was developed in [8] and used to discover properties of groups by Rédei, Szép and
Tibiletti. Zappa-Szép product of semigroups also appeared in the work of Coleman and Easdown
[7] on the structure of a ring R under the binary operation a 0 b = a + b — ab. They may also be
constructed from actions of two structures on one another, satisfying axioms first formulated by
Zappa [8], and have a natural interpretation within automata theory [3, Section 2].

Let E be a semilattice and G a group. Then the semidirect product E x G is an F-unitary
inverse semigroup which is isomorphic to a P-semigroup P(Y,G; X). Using the kernel normal
system, Jones in [4] obtained a way of constructing the congruences on a P-semigroup in terms
of subsemilattices of Y and subgroups of G. Petrich [6] gave a construction of congruences on
a P-semigroup by a congruence on Y and subgroups of G, in a different notation, due to Jones
[4]. Notice that any semidirect product F x G is a Zappa-Szép product E <1 G which need not
to be an inverse semigroup. It is therefore of interest to look at the description of congruences

on a Zappa-Szép product F <1 G.
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In this paper our aim is to describe congruences and congruence lattice on P = E <1 G a
Zappa-Szép product of a semilattice F with an identity and a group G. We recall the definition
and basic properties of Zappa-Szép products in Section 1. After introducing the concept of
congruence pairs for P in Section 2, we prove that every congruence on P can induce a congruence
pair. Last section shows that every congruence on P can be constructed by a congruence pair,
and the congruence lattice on P is lattice-isomorphic to the set of all congruence pairs for P.
Finally, we characterize group congruences on P.

Readers can be referred to [2] for the undefined notion and notations about semigroups in

this paper.

1. Definition and basic properties

In this section, in order to give an expression of semigroup theoretic aspects of the Zappa-

Szép products of semilattices and groups, we record the definition and basic properties from [3].

Definition 1.1 ([3, Section 2]) Let A and S be semigroups, and suppose that we are given
functions S x A — A, (s,a) — s-a and S x A — S, (s,a) — s* satisfying the following axioms
for all s,t € S and a,b € A:

ZS81: s-(t-a)=st-a;

Z82: s+ (ab) = (s-a)(s* - b);

7Z83: 5% = (52)b;

ZS4: (st)® = stage,

Then it is easy to check that the set Ax S endowed with the product (a,s)(b,t) = (a(s-b), s%t)
is a semigroup, the Zappa-Szép product of A and S, which we denote by A S.

Example 1.1 ([3, Section 2]) If the action of A on S is trivial, we obtain the familiar semidirect
product A x S.

Example 1.2 ([3, Section 2]) Let S be an inverse semigroup with semilattice of idempotents

E(S). Then we can form the Zappa-Szép product E(S) > S using the actions
s-a=sas ! and s* = sa for all a € E(S), s€S.
The product in E(S) 1 .S is then given by
(o, 8)(B,t) = (asPBs™ 1, spt).
Let P = F <1 G be a Zappa-Szép product of a band F and a group G. We assume the

additional two axioms:
7 55: for the identity element 1 € G we have 1 - a = «;
ZS6: if E has an identity 1 € E, then g-1 =1 and ¢g' = g for all g € G.

Proposition 1.1 ([3, Lemma 3.1]) Let E be a band and let G be a group, action on each other
so that [ZS1],...,[ZS5] hold. Then for all g € G and «, 8 € E with a < /3 we have:
(1) 1% =1;
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(2) (9) =(g71)"
3) g-a=(g9-B)(¢” a);
4) 97 a=(9" a)g-a);
(5) if g? =1, then a = a(g - a).
If F is a semilattice, then in addition, we have the following:

(6) the action of G on E is order-preserving;

(7) 97 a=g- o
(8) ifgP? =1, then g-a = o;
(9) if g° =1, then B(g-~y) = py for all y € E.

Proposition 1.2 ([3, Proposition 3.2]) A Zappa-Szép product P = E <1 G of a band E and a
group G is a regular semigroup. Moreover:

(a) the subset of idempotents is E(P) = {(«, g) : g* = 1};

(b) if E has an identity 1 € E, then P is unit-regular;

(c) if E is a semilattice, then the set of inverses of («, g) is

Vieg)={lg7"-a,z) € Pra® = (g7},

and furthermore P is orthodox and L-unipotent.

2. Congruence pairs

Hereafter, let P = FE 1 G be a Zappa-Szép product of a semilattice ' with an identity and
a group GG. The object in this section is to introduce the concept of congruence pairs for P. We
begin our study of congruences on P by the consideration of a congruence on F and a family of

subgroups of G and their mutual relationship. First we need the following lemmas.

Lemma 2.1 Let p be a congruence on P. If (a,g)p(B,h), then (a,1)p(5,1). Moreover,
(@, g)p(a, h) and (B, 9)p(B, ).

Proof Assume that («, g)p(8,h). Multiplying on the right by (1,g7!), we obtain
(@, 9)(1, g7 )p(B. h)(1,97).

Since g-1=1,h-1=1, g' = g and h' = h, we have

(@,1) = (alg-1).9'g7") = (., 9)(1, 9 )p(B. h)(1,97)

= (B(h-1),h'g™") = (B,hg ™)
which yields (a, 1)p(8, hg™1). Symmetrically, (3,1)p(a, gh~'). Then,
(@B,1) = (B, 1) = (8,1)(e, 1)p(B,1)(B,hg™") = (B, hg~)p(e, 1)

and

(@f.1) = (@, 1)(8,1)p(ex, 1)(a, gh™") = (ar, gh™1)p(3, 1).

This implies («, 1)p(8, 1), as required.
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Furthermore,

(a,9)p(B,h) = (B, 1)(B, h)p(a, 1)(B, h) = (af, h) = (Ba, h)
= (B, D)(e, h)p(a, 1)(e, h) = (a, h)
yielding (o, g)p(a, h). Symmetrically, (3, g)p(3,h). O
Let p be a congruence on P and Ep = {(a,1) : « € E}. By Proposition 1.1 (1) and
Proposition 1.2 (a), we have Ep C E(P). For any (a,1),(8,1) € Ep, we have (a,1)(8,1) =
(af3,1) € Ep. In fact, it is easy to see that Ep is a semilattice with an identity. We now define

a relation 77 on E by the rule

at”f < (a,1)p(B,1) for a, 5 € E.
Since the mapping (o, 1) — « is an isomorphism of Ep onto F, the next lemma is immediate.
Lemma 2.2 7” is a congruence on E.

By the approach from the Theorem VIL.2.1 in [6], for every (a, 1) € Ep , we define Hyro to
be the projection of (o, 1)p in G, explicitly

Hyo ={g9€G:(B,9)p(a,1) for some § € E}.
Lemma 2.3 H,.» is a subgroup of G.

Proof Since (a,1)p(a, 1), by the definition of Hyre, we have 1 € Hyrp and so Hyro # . Let
g,h € Hyro. Then

9,h € Haro = (8,9)p(a, 1) and (7, h)p(c, 1)

a,g)p(a, 1) and (o, h)p(a,1) (by Lemma 2.1)

g)p(e, h) = (a, g)(1,h~Y)p(a, B)(1,h71)
gh

Hp(a,1) = gh™ € Hyro.

Q,

(
= (
= (
= (o,
This implies that H,,» is a subgroup of G, as required. [
As a consequence from the proof of Lemma 2.3, we have

Corollary 2.1 gh™! € H,., if and only if (o, g)p(a, h).

Proof From the proof of Lemma 2.3, we have (a, g)p(c, h) implies gh~* € H,,». Conversely,
we have
gh™ € Hyro = (38 € E)(B,gh V)pla, 1)
= (o, gh ")p(a,1) (by Lemma 2.1)
= (o, gh ™) (L, h)p(a, 1)(1, h) = (a, g)p(a, h). O

For the rest of this section, we now study the mutual relationship between 7 and { Hare }ac k-
Let P, p, 77 and {Hur» tackr be stated as above.

Lemma 2.4 If ar?f, then (t - o)7*(t - 8) and t*(t°)~" € Hy.q)r» for any t € G.
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Proof First, we have

= ( ) = (- t)(a, p(t - a, 1) (5,1)
= ( (t-a)(t-p),17) )
= (t-a,1)p((t-a)(t-F),1) (by Lemma 2.1)
= (t-a)r’(t-a)(t- B).
Symmetrically, (t- 8)77(t - «)(t - 3). It follows that (¢ - «)r?(t - 3).
Next,
ar’B = (t-a,t%)p((t - a)(t- §),1%) (by (x))
= (t- o, t*)p(t-a,t?) (by Lemma 2.1)
= t*(t°)"" € H(1.a)» (by Corollary 2.1). O

Lemma 2.5 If g € Hure, then a(g-v)mPav and g € Hay)» for any v € E.

Proof First, we have

g € Hyre = (o, 9)p(r,1) (by Corollary 2.1)

= (@, 9) (v, Dp(a, 1)(v, 1) = (alg - v), g")plaw, 1) (**)
= (a(g-v),1)p(av,1) (by Lemma 2.1)

= a(g-v)r’av.
Next,

9 € Hore = (alg-v),9")plav,1) (by (+x))
= (av,¢")p(av,1) (by Lemma 2.1)
= g” € Hia)r» (by Corollary 2.1). O
Lemma 2.6 If o < 3, then t*Hpro(t*)™! C Hy.q)r0 for any t € G.

Proof To obtain that t*Hg.»(t*)~1 C Ht.q)re, we need only to prove that tog(tv)~t e Ht.ayre
for any t € G, g € Hgro.
Let g € Hgro. By Corollary 2.1, we have (3, g)p(5,1). Since a < 3, we have af = . Then

(o, 9) = (aB,g9) = (. 1)(B,9)p(c,1)(B, 1) = (aB, 1) = (v, 1).
It follows that

(t-a,t) (o, g)p(t-a,t)(a,1) = (t-a,t%g)p(t - a, t%)
= t%g(t*)™" € H.ayro (by Corollary 2.1). O

Now we introduce the concept of congruence pairs for P as follows.

Definition 2.1 A pair (7,{Ha~ }acE) is a congruence pair for P if

(i) T is a congruence on E;
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(ii)) {Hartack is a family of subgroups on G;
(iii) 7 and {Huyr}acp satisty:
a) If arf, then (t-o)7(t- ) and t*(t?)~' € H(y.o), for any t € G;
(ta)
b) If g € Hyr, then a(g - v)Tav and g € H ), for any v € E;
(av)
(c) If a < 3, then t*Hp, (t*)~' C Hy.q), for any t € G.

The following result is immediate from the (¢) of Definition 2.1 (iii).
Lemma 2.7 Let (7,{Har}ack) be a congruence pair for P. If o < (3, then Hg; C Hyy.

Proposition 2.1 Let P = E < G, the Zappa-Szép product of a semilattice E with an identity

and a group G. If p is a congruence on P, then (77, {H,+» }vecr) IS a congruence pair.

Proof It follows from Lemmas 2.1-2.6. (0

3. Congruences and congruence lattice

To describe congruences on P, the set of all congruences on P is denoted by Con(P). In this
section, we are finally ready to establish the relation between congruence lattice Con(P) and the

set of all congruence pairs for P.

Theorem 3.1 Let P = E <1 G, the Zappa-Szép product of a semilattice E with an identity and
a group G. If p is a congruence on P, then (7P, {H,» }ver) is a congruence pair. Conversely, if

(7, {Hur }ver) is a congruence pair for P, a relation p(- (s, 1,cp) defined by

(0, 9) Pr{Hor}oer) (B R) & aTB, gh™' € Hyr,

is a congruence on P. Moreover,

P(r, = — _
TP AHurYver) = T, Ha-,—”(ﬂ{Hvr}veE) = H,-, P(re {Hyrp toer) = P-

Proof By Proposition 2.1, we have already established the first statement in this theorem.
Thus, we suppose now that (7,{Hy}ver) is a congruence pair, and let p = p(- (g, 1,c) be as
defined. It is immediate that p is reflexive and symmetric. In order to verify that p is transitive,
let (o, g)p(B3, h) and (B, h)p(v, k) for (a,g), (B, h), (v, k) € P. By the definition of p( (H,.},cn);

we have
(,9)p(B,h) = arB and gh™* € Hyr, (B,h)p(v,k) = Brv and hk~' € Hyp,.

This implies that arf7v, and so atv. By arf3, we have H,, = Hg, andso gk~ = (gh~')(hk™1) €
H,.. It follows that (a, g)p(v, k). Therefore p is an equivalence relation.

To show that p is a congruence, we prove that p is a right congruence and a left congruence.
Let (o, 9)p(B,h) and (v, k) € P. Then, at3 and gh~! € H,,. Further,

gh™ € Hyr = a(gh™ - (h-v))ra(h-v) (by (2) of Definition 2.1 (iii))
= a(g-v)Talh-v) = a(g-v)rB(h-v) (by arf) (**%)



Congruences on Zappa-Szép products of semilattices with an identity and groups 683
and

gh™ € Hor = (gh™ """V € Hy(pyr (by (2) of Definition 2.1 (iii))
“L(hw — ‘v
= gh (h )(h’ l)h € Ha(h-v)‘r

= ¢"(h")"" € Hy(hv)r (since A1 (h-v) =v and (h~1)" = (R¥)1)
= g'(h") ' € Hﬁ(h wyr (since atf we have a(h - v)7B(h - v))
= ¢"(h") 7! € Hoguyr (by (%))

Furthermore, (gVk)(h?k) ™' = (¢Vk)(k~1(h¥)~") = g"(h*)~" € Hy(gv)-- Therefore,

(@, 9)(v, k) = (alg - v), g"k)p(B(h - v), h"k) = (B, h)(v, k).

This implies that p is a right congruence.
On the other hand,

atf = (k-a)r(k-B) (by (1) of Definition 2.1 (iii))
=v(k-a)rv(k - B)
and
gh™' € H,,

= k%gh™' (k*)™" € Hit.a)r (since a < a and (3) of Definition 2.1 (iii))

= k%gh 1 (k%) = (k*gh ™ (k™)) (k*(K®) ') € H(k.ayr (by (1) of Definition 2.1 (iii))

= k%gh ' k")t € Hy(.0)r (since v(k-a) < (k- a) and Lemma 2.7).
Therefore,

(v,k)(a, 9) = (v(k - @), k*g)p(v(k - B),K°h) = (v, k)(B, h).

This implies that p is a left congruence.

It is clear that 77 {Hvrlver) = 7,
Next,
gc HOtT < (aag)p(r,{HUT}UeE)(a7 1) < gc Han(Tv{HUT}UEE)

which ylelds HQTP(T‘{HUT}UEE) = Ha-,—.

Finally,

(o, 9)p(B,h) < (o, 1)p(B3,1) and (a, g)p(a, h) < ar”B and gh™ € Hyro
< (CY, g)p(T",{Hm—p}UeE)(ﬁv h)

which yields p = p(o (1 (I

wrP fveR)"

Theorem 3.2 Let Con(P) be the congruence lattice of all congruences on P. Let 1p be the

poset of all congruences pairs for P with the partial order given by
(T {Har}acr) < (7' {Har }acr) © 7 C 7' Hor C Horr for each o € E.

Then the mapping
6:Con(P) — Qp, p— (7", {Hare tacE)



684 Jiangping XIAO and Yonghua LI

is a lattice isomorphism from Con(P) onto Qp.

Proof According to Theorem 3.1, we know that 6 is bijective. Since
p<o< 1’ C717 Hyro € Hyro for each a € E < (77 {Huorrtacr) < (77, {Huoro tacE),

0 is preserving order mapping. Therefore 6 is a lattice isomorphism. [J

For the rest of this section, we characterize group congruences on P.

Proposition 3.1 Let P = FE = G, a Zappa-Szép product of a semilattice E with an identity
and a group G. Let H be a normal subgroup of G satisfying:

(1) t*(t°)~1 € H for any a, 8 € E,t € G;

(2) If g€ H, then g € H for any v € E.

Define a relation pg on P by

(o, 9)pu(B,h) < gh™' € H.

Then py is a group congruence on P. Conversely, every group congruence on P can be con-

structed in this way.

Proof Direct part. It is easy to verify that py is an equivalent relation. To show that py is a
congruence, let (o, g)pu (6, h) and (v, k) € P. Then

(@, 9)pr(B.h) = gh™" € H = (gh™" )" € H (by (2))

- ghfl-(h.u)(hfl)h.u cH

= g"(h¥)"' € H (by Proposition 1.1 (2))

= (¢Yk)(h’k) e H

and
(o, 9)pr(B,h) = gh™ € H (by the definition of pg)
= kogh H(K7)t = (k"gh T (k)T (R (K) ) € H
(since H is a normal subgroup and k% (k%)= € H).

It follows that

(a, 9)(v, k) = (a(g - v), g"k)pu (B(h - v), h"k) = (B, h)(v, k)
and

(v, k)(a, 9) = (v(k - a), k*g)pr (v(k - B), kK h) = (v, k)(5, h).

Therefore, p is a congruence.
By Proposition 1.2, P is regular implies that P/ppy is regular. It remains to show that P/py

is cancellative. We prove that P/pgy is left cancellative and right cancellative. Now

(Ua k)pH (Ot, g)PH = (Uv k)pH (67 h)pH
= (Uv k)(av g)pH (Uv k)(ﬁa h) = (U(k : a)v kag)pH(U(k : ﬁ)v kﬁh)
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= k%gh~'(k?)~' € H (by the definition of pg)
= gh™ = [(k*) " (k*gh™ (k)" R (k) k%) € H
(since H is a normal subgroup)
(by (1) we have (k*)™'k% = (k™H)**)((k™1)*7) ! € H)
= (a,9)pu(B,h) (by the definition of py) = (a, g)pr = (8, h)pn.

This implies that P/pp is left cancellative.

(a,9)pr (v, k)pr = (B, h)pr (v, k)pr = (o, 9)(v, k) pr (B, h)(v, k)
= (a, 9) (v, k) (1, k™ Hpu (B, h) (v, k) (1, k™) = (a, g) (v, 1) pr (B, h) (v, 1)
= (a,9)(1, 1)pua(B8,h)(1,1) (since (v,1)pu(1,1))
= (a,9)pu(B,h) = (o, 9)pr = (B,h)px-

This implies that P/py is right cancellative. Therefore, pg is a group congruence on P.

Converse part. Let p be a group congruence on P. Now we define a subset H of G as follows
H={geG:(a,g)p(B,1) for some o, 3 € E}.

It is convenient to present the next phases of the arguments as a lemma.
Firstly, notice that if p is a group congruence on P, then («, g)p(3, k) for all (a, g), (8, h) €
E(P).

Lemma 3.1 Let p be a group congruence on P and g,h € G. Then, («, g)p(8,h) if and only if
(7, 9")p(6, h) for any v,6,v,w € E.

Proof If (a, g)p(8, k), then
(av g)(vv 1)/)(6’ h)(wv 1) = (Ot(g ! U)v gv)p(ﬁ(h ' w)a hw) = (F)/a 1)(0&(9 ' U)v gv)p(5a 1)(6(h ' w)a hw)
= (yalg - v), g")p(6B(h - w), ) = (alg - v)7,9")p(B(h - w), )
= (a(g-v),1)(v,9")p(B(h - w),1)(6,h%) = (v,9")p(6,h)
(since(a(g - v), 1)p(B(h - w),1)) and p is a group congruence).

Conversely, it is clear. [J

Let us now return to the main proof. Since (a,1)p(c, 1), by the definition of H, we have
le Handso H#@. If g€ H and h € H, then

(3, B,7,6 € E)(a, g)p(B,1) and (v, h)p(d,1) (by the definition of H)

= (@, 9)p(y,h) (by (8,1)p(5,1))
= (a,g)p(a, h) (by Lemma 3.1)

= (a, 9)(1, 27 )pla, h)(1,h71) = (a, gh™H)p(er, 1)
= gh~' € H (by the definition of H).

This implies that H is a subgroup. To show that H is a normal subgroup of G, we need to prove
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that tgt—' € H foranyt € G, g€ H. Let g € H and t € G. Then

(3o, B € E) (a,9)p(B,1) (by the definition of H)
= (1,9)p(1,1) (by Lemma 3.1)
= (L)1, ) (L Y)(L, ) (1, 1)(1, )
= (1, tgt Yp(1,1) = tgt~! € H.

In order to establish condition (1), let o, 8 € E. Then

(1,8)(a, Dp(L,4)(B,1) = (£ - a, t*)p(t - B, 17)
= (- a,t™) (1, (") Hp(t- 8,17)(1, (7))
= (t- o, W) Hpt- 8,1) = t*(t%)"' € H.

Further, let g € H. Then

(3, B € E)(a, 9)p(B,1) = (a,9")p(3,1) (by Lemma 3.1)
=g € H.

We have proved that H satisfies the condition (2).
Finally, we prove that pg = p. Now

(. 9)pu(B.h) = gh™' € H = (v,gh™")p(,1)
= (’77 ghil)(lv h)p(é, 1)(17 h)
= (7, 9)p(6, h) = (o, 9)p(B, h)

which yields pg C p.

(a,9)p(B,h) = (a,9) (1, )p(B,h)(1,h™") = (a, gh™")p(B,1)
= gh™' € H= (o, 9)pu (B, h)

which yields p C py. O
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