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Abstract In this paper, we investigate the hyper order of the solutions of high order linear
differential equations with some dominated coefficient being lacunary series, and obtain some
results which improve and extend previous results.
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1. Introduction and results

In this paper, we shall assume that readers are familiar with the fundamental results and
the standard notations of the Nevanlinna’s theory of meromorphic functions [8,13]. In addition,
we use o(f), A(f) and A(f) to denote the order, exponent of convergence of zeros and exponent
of convergence of distinct zeros of meromorphic function f, respectively. We use o2(f) to denote
the hyper order of f(z), which is defined to be [14]

os(f) = T loglog T'(r, f) _ —1oga T'(r, f)

r—oo logr r—oo logr

The hyper exponent of convergence of zeros and distinct zeros of f(z) are respectively defined
to be [5]

A2(f) = lim w Xo(f) = lim w.

r—oo  logr r—oo  logr

We denote the linear measure of a set E C [1,00) by mE = [, dt and the logarithmic
measure of E by mE = [ I %. The upper and lower logarithmic density of E are defined by

_ —my(EN|1
logdens(E) = lim mu(EN[Lr])

r—o0 logr

and BA
logdens(E) = lim M,

— T—00 logr
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respectively. It is easy to see that m;E = oo if logdens(E) > 0 or logdens(E) > 0.

For the higher order linear differential equation
fO A fE D 44 Agf = F, (1.1)

where A;(z) (j =0,1,...,k—1,k > 2), F(z) are entire functions of finite order, it is well known
that every solution of (1.1) is entire when the coefficients A;(z) (j = 0,1,...,k — 1) and F(z)
are entire functions. As to equation (1.1), a classical problem is whether every transcendental
solution of (1.1) has infinite order or not if there exists some coefficient A4(2)(1 < d < k —1)
such that max{c(A4,),j # d,o(F)} < 0(Aq). Many people investigated this problem. In 1991,
Hellerstein, Miles and Rossi proved the following result.

Theorem 1.1 ([10]) Let Ao,...,Ax—1, F be entire functions. Suppose that there exists an
Ag (0 <d<k—1) such that

max{o(4,),j #d,0(F)} < o(Aq) < %

Then every solution of (1.1) is either a polynomial or an entire function of infinite order.

By the definition of hyper order, we can easily obtain o(f) = oo if o2(f) > 0 and the growth
of infinite order solutions of (1.1) can be estimated more precisely. Then the above problem
becomes that under what conditions can we get the result o2 (f)=0(A4) for every transcendental
solution of (1.1) if there exists some coefficient A4(2)(1 < d < k — 1) satisfying max{o(4,),j #
d,o(F)} < o(Aq).

In 2000, Chen and Yang gave the more precise estimate of hyper order of the solutions of

(1.1) and obtained the following results.

Theorem 1.2 ([4]) Let A;(z) (j =0,1,...,k—1), F(z) be entire functions. Suppose that there
exists some d € {0, ...,k — 1} such that transcendental entire function A4(z) satisfies

max{o(F),0(A;)(j #d)} < o(Aq) < %a

then every transcendental solution of (1.1) satisfies o2(f) = 0(Aq). Furthermore, if F(z) # 0,
then Xa(f) = Aa(f) = 02(f) = o(Aqg).

From Theorem 1.2, we have o2(f) = o(Aq) for every transcendental solution of (1.1) if
max{o(A4;),j # d,0(F)} < 0(Aq) < 1/2. In order to remove the condition o(Ag) < 1/2, we
introduce the lacunary series in the following.

Let Aq(z) = 307, cx, 2™ be a lacunary series of finite order, where the sequence of expo-

nents {A\g, A\1,..., A\n,...} is an increasing sequence of nonnegative integers satisfying the Fabry
gap condition
A
00, n— oo. (1.2)
n

In 2009, Tu and Liu proved the following result.

Theorem 1.3 ([12]) Let A;(z) (j =0,1,...,k—1), F(2) be entire functions satisfying max{o(4;),
j#d, o(F)} <o0(Ag) < oo (1 <d<k-—1). Suppose that Aq(z) = Y oo ycr, 2™ is an entire

function of regular growth such that the sequence of exponents {\,} satisfies (1.2), then
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(i) If F(z) =0, then every transcendental solution f(z) of (1.1) satisfies o2(f) = o(Aq);

(ii) If F(z) # 0, then every transcendental solution f(z) of (1.1) satisfies Aa(f) = A2(f) =
o2(f) = o(Aa).

In this paper, we remove the condition that A4(z) is of regular growth and obtain the same

result as that in Theorem 1.3.

Theorem 1.4 Let A;(z) (j =0,1,...,k—1), F(z) be entire functions satisfying max{c(A;), j #
d,o(F)} < o(Ag) <oo(l <d<k—1). Suppose that Aq(z) =Y oo, cr, 2™ is a lacunary series
such that the sequence of exponents {\,} satisfies (1.2), then

(i) Every transcendental solution f(z) of (1.1) satisfies o3(f) = 0(Aq);

(ii) If F(z) # 0, then every transcendental solution f(z) of (1.1) satisfies A2 (f) = Aa(f) =
o2(f) = o(Aa);

(iii) If f(z) is a polynomial solution of (1.1), then f(z) must be a polynomial with degree
less than d.

(iv) If d =1, then every non-constant solution f(z) of (1.1) satisfies o2(f) = o(Aaq).

2. Lemmas

Lemma 2.1 ([7]) Let f(z) be a transcendental meromorphic function and « > 1 be a given
constant. For any given € > 0, there exist a set E1 C [1,00) that has finite logarithmic measure
and a constant B > 0 that depends only on « and (i,7)(i,j € {0,...,k} with i < j) such that
for all z satisfying |z| = r ¢ [0,1] U Ey, we have
F9(2)
| f0(2)

Lemma 2.2 ([3]) Let f(z) be an entire function of order o(f) = 0 < co. Then for any given

(T(a;: f)(

|<B log® 7) log T(ar, f))j_i. (2.1)

e > 0, there is a set Es C [1,00) that has finite linear measure and finite logarithmic measure
such that for all z satisfying |z| = r & [0,1]|J E2, we have

exp{—r7"} < |f(2)| < exp{r”™°}. (2.2)

Lemma 2.3 ([6]) Let f(z) = >.°7, cx, 2™ be an entire function of finite order. If the sequence

n=1

of exponents {\,} satisfies (1.2), then for any given e (0 < & < 1),

log L(r, f) > (1 — &) log M (r, f) (2.3)
holds outside a set Ej of logarithmic density 0, where M(r, f) = sup . |f(2)], L(r, f) =
inf‘z‘zr |f(Z)|

Lemma 2.4 Let f(z) be an entire function of order 0 < o(f) = 0 < co. Then for any 8 < o,
there exists a set F4 with positive upper logarithmic density such that for all |z| = r € E4, we

have
log M(r, f) > o, (2.4)

where M(r, ) = supy, =, | f(2)]-
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Proof By the definition of the order, there exists a sequence {r,} tending to oo such that for

any given € > 0, we have
log M (7, f) > 715 °.

Since 8 < o, we can choose ¢ (sufficiently small) and « to satisfy 1 < o < %5 Then for all

r € [rn, %] (n > 1), we have

log M(r, f) > log M(ry, f) >r0 S >ra > .

Setting Fy = 1[rn, re], we have
[ E:NI[l.r¢
im ml( 4 [ ’ n])

E,Nn|l s TS -1
logdensFE, > lim ml(4—[,r]) > 1l > lim mu([rn, i) =2 > 0.
n— 00 10g’l” n— 00 10g 7“% n—oo 1og T% o

Thus, Lemma 2.4 is proved. [

Lemma 2.5 Let f(z) = Y07 cx, 2™ be an entire function of order 0 < o(f) = o < co. If

n=1
the sequence of exponents {\,} satisfies (1.2), then for any < o(f), there exists a set E5 with

positive upper logarithmic density such that for all |z| = r € Es, we have
log L(r, f) > 77, (2.5)
where L(r, f) = inf |, | f(2)].

Proof By Lemma 2.3, for any given (> 0), there exists a set E3 with logdensE5 = 1 such that
for all r € E3, we have (2.3). By Lemma 2.4, there exists a set F4 with logdensFEy > 0 such that

for all » € E4, we have
log M (r, f) > ro7¢. (2.6)

Then for any 3 < o, we can choose ¢ to satisfy 0 < ¢ < min{o(f) —3,1}. By (2.3) and (2.6), we
have that for all r € E3 N Ey,

log L(r, f) > (1 — &) log M(r, f) > (1 — e)r® ¢ > 1P,
Note that the set E5 = E3 N E4 has a positive upper logarithmic density. In fact, we have
log dens(E3 N Ey) + log dens(E3 U Ey) > log densE3 + log densEy.
Consequently, we have
log dens(E5) > log densEs3 + log densEy — 1 > 0.
Thus, Lemma 2.5 is proved. [

Lemma 2.6 ([2]) Let f(z) be a transcendental entire function. Then there is a set Eg C [1, +00)
having finite logarithmic measure such that for all z satisfying |z| = r & Eg and |f(z)| = M(r, f),

yf{s()z()z)} <9 seN. (2.7)

Lemma 2.7 ([9,11]) Let f(z) be a transcendental entire function, and let z be a point with
|z| = r at which |f(z)| = M (r, f). Then for all |z| = r outside a set E7 of r of finite logarithmic

we have
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measure, we have
F9(2)
f(z)

where v;(r) is the central index of f(z).

- (”fi’”))i(l +o(1)), i€ N, r¢ Ex, (2.8)

Lemma 2.8 ([5]) Let f(z) be an entire function of infinite order satisfying o2(f) = o. Then

082 () _ (2.9)

r—00 log r -

where v¢(r) is the central index of f(z).

Lemma 2.9 ([1,2]) Let A;(z) (j =0,...,k— 1) be entire functions satisfying max{c(4;),j =
0,....k—1} <o < o0. If f(2) is a solution of

FO 4 Ay fRD 4 Agf =0, (2.10)

then oo(f) < 0.
By Lemmas 2.7, 2.8 and the same arguments as in the proof of Lemma 2.9, we can easily

obtain the following result.

Lemma 2.10 Let A;(z) (j=0,...,k—1), F(z) be entire functions satisfying max{c(4,),j =
0,....,.k—1,0(F)} <o <oco. If f(z) is a solution of (1.1), then o2(f) < o.

3. Proof of Theorem 1.4

Proof of Theorem 1.4 (i) Assume that f(z) is transcendental solution of (1.1). By (1.1), we

have
(k) (d+1) (d—1) F
|Ad|§’%’—i—...—l—lAd—i—lefT}+’%’(Vld—l“fT’-ﬁ-“'ﬁ-}A0|+|7}). (3.1)

By Lemma 2.1, there exists a set Eq C [1,00) having finite logarithmic measure and a constant
B > 0 such that

}f(j)(z)
f0(2)
holds for all |z| = r ¢ E; and for sufficiently large r. Since max{c(A4;),j # d,0(F)} < o(Aq),
we choose aq, 1 to satisfy max{c(4;),j # d,0(F)} < au < (1 < 0(Aq). By Lemma 2.2,

there exists a set Eo C [1,00) having finite logarithmic measure such that for all z satisfying

| < B(T(2r, f))*, 0<i<j<k (3:2)

|z| = r € E5 and for sufficiently large r, we have
|A4;(2)| < exp{r*'}. (3.3)

Since Aq(z) = 307 ea, 2 and {\,,} satisfies (1.2), by Lemma 2.5, there exists a set E5 C [1,00)

having infinite logarithmic measure such that for all z satisfying |z| = r € E5, we have
|Aq(2)| > ‘i?f |Ag(2)| > exp{rf}. (3.4)

By Lemmas 2.2 and 2.6, there exist two sets Fg, E2 C [1,00) having finite logarithmic measure
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such that for all z satisfying |z| =r & (Fg|J E2) and |f(z)| = M(r, f), we have
ol <> 155
fD(2) f(2)
Hence from (3.1)—(3.5), for all z satisfying|z| = r € Es\(E1 U E2 U E¢) and |f(2)| = M(r, f), we

have

} <|F(2)| < exp{r*'}. (3.5)

exp{r?} < (k4 D)rdexp{r®} - (T(2r, f))*". (3.6)
Since f; is arbitrarily close to o(Ag), by (3.6), we have
Tim loglog T'(r, f) > o(Ag).
700 log r
On the other hand, by Lemma 2.10, we have o2(f) < 0(Ag4). Therefore, o2(f) = o(Aq).
(ii) Assume that if f(z) is a transcendental solution of (1.1), by (¢), we have o2(f) = o(Aq).
Next we show that Aa(f) = Aa(f) = o2(f) if F # 0. From (1.1), we have

1 f® f
7o F(f A

By (3.7), it is easy to see that if f(z) has a zero at zg of order m more than k, then F' must have

(k=1)

ot Ao). (3.7)

a zero at zg of order m — k. Hence we get

1 —, 1 1
N(r, - kEN(r,=)+ N(r,=). 3.8
( f) ( f) (r, ) (3.8)
Also by (3.7), we have
k ] k—1 1
SZ —|—ZmrA —|—mr—) (3.9)
j=1 j=
By (3.8), (3.9) and the lemma of logarithmic derivative, we obtain that
k—1
—, 1
T(r,f) < kN(r, ?) + M(log(rT(r, ) + T(r, F) + Y _T(r,4;), r¢E, (3.10)
=0

where E C (0,+00) is a set having finite linear measure, M > 0 is a constant, not necessarily

the same at each occurrence. For sufficiently large r gZ E and for any given € > 0, we have

M(log(rT(r, f))) < 5T(r, f), (3.11)

k—1
T(r,A;) +T(r,F) < (k + 1)rcAate, (3.12)
=0

By (3.11) and (3.12), we have

<.

T(r, f) < 2kN(r, =) + 2(k 4 1)ro(Aa)te, (3.13)

=

hence o2(f) < Xa(f) by (3.13). Therefore, A\a(f) = Xa(f) = 02(f).
(iii) Suppose that f(z) is a polynomial solution of (1.1) with degree not less than d. By
(1.1), we have

[Aaf DI < 1P )4+ [Aara TV @)+ [ Aar fV (@) 40+ [Aof (2)] +|F(2)]. (3.14)

—~
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By the proof of (i), we know that there exists a set F5 with infinite logarithmic measure

such that for all z satisfying |z| = r € Es5, we have
|Aaf D (2)] > ™ - exp {r). (3.15)

On the other hand, since max{c(4,),j # d,o(F)} < a1, by Lemma 2.2 and (3.14), for sufficiently

large |z| = r € Ea, we have

[Aaf D@ < 1P )]+ JAar S @]+ [Aaa ST )+ 4 [Aof (2)] + [ F(2)]
<M. exp {ro1}. (3.16)

Since aq < (1, (3.15) is a contradiction with (3.16), thus, the degree of f(z) must be less than d.
(iv) If d = 1 and f(z) is a polynomial solution of (1.1), by (iii), we obtain that f(z) must be
a constant. In addition, by (i), we obtain that every non-constant solution f(z) of (1.1) satisfies

oo (f)=c(4q). O
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