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Abstract In this paper, we present a concrete method for constructing a class of compactly
supported nonseparable orthogonal wavelet bases of L? (R™), n > 2. The orthogonal wavelets
are associated with dilation matrix al, (o > 2, a € Z), where I, is the identity matrix of
order n. In the end, two examples are given to illustrate how to use our method to construct
nonseparable orthogonal wavelet bases.
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1. Introduction

Up to now, the theory and the design of 1-D compactly supported wavelet bases have
been well studied. Recently, the wavelet research has primarily focused on multivariate wavelet
bases. The most commonly used method is the tensor product of univariate wavelets. However,
this construction leads to a separable wavelet which has a disadvantage of giving a particular
importance to the horizontal and vertical directions. Separable wavelets are so special that they
have very little design freedom, and separability imposes an unnecessary product structure on the
plane which is artificial for natural images. Therefore, multivariate nonseparable wavelets have
attracted the attention of many mathematicians and some researches on nonseparable wavelets
have made great progress [1-14].

Unlike the separable wavelets, nonseparable wavelets are capable to detect structures that
are not only horizontal, vertical or diagonal, but arbitrarily oriented. Hence they have a more
isotropic treatment of an image [1]. Nonseparable wavelet bases have enough degrees of freedom
to construct bases which have several properties simultaneously such as orthogonality, symmetry
and compact support which is not possible for tensor-product scalar wavelets except for the Haar
tensor. Although the theory and analysis of multivariate wavelet bases have been extensively

studied, the design of n-D compactly supported nonseparable orthogonal wavelet basis is still a
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challenging problem. So far, the construction of nonseparable wavelets with dilation matrix 21,
has been well studied and demonstrated to be useful there [2-10]. Particularly, in [6], the author
has reviewed several methods for constructing bivariate compactly supported nonseparable or-
thogonal wavelets and shown some numerical experiments with nonseparable wavelets for image
compression. In [7], the author has given a brief description of a fairly general method for con-
structing compactly supported nonseparable orthogonal wavelet bases of L?(R™). In [9] and [10],
the author has studied the construction of nonseparable orthogonal and biorthogonal wavelets of
L?(R™), n > 2, respectively. Currently, it also turns out that many researchers proceed to study
the nonseparable wavelets with dilation matrix M especially the matrix M satisfying M? = 21
(see [11-14]). Such dilation matrices make the MRA involve a unique wavelet which is easy to
construct from the scaling function.

In this paper, by designing a set of special matrices D;, i = 1,...,n — 1, satisfying some
conditions, we give the construction of n-D nonseparable orthogonal wavelets with dilation matrix
al,, and provide a proof method that the constructed orthogonal wavelets are nonseparable.

Finally, we give two examples.

2. Design of n-D nonseparable orthogonal wavelet filters

2.1. Definitions

In this section we first provide the reader with some definitions which will be used frequently
in this work. In the following, we denote the point (w1, ws, ... ,wy) € R* m, = (7, 7,...,7) € R¥,
and Dy be the identity matrix I,,. Finally, if D € Z"*™ is a square matrix, then D(w) will denote
the product D - w?”.

Definition 1 A ladder of closed subspaces {V;}jcz of L*(R") is called a multiresolution analysis
(MRA) if the following conditions hold:

(i) V; CVjy for j € Z;

(i) mjeZVj = {0}, UjeZ Vj= LQ(R”);

(iii) f(x) € V; <= f(ax) € Vj11 (@ > 2, a € Z);

(iv) There exists a function ¢(x) in Vy such that the set {¢(x-Kk)}kezn is a Riesz basis for
Vo.

Definition 2 Define a set E,, = {%w,i =0,...,a—1}" and let m; be an element of E,; if
77;i = %wn +mnj, t=1,...,a—1, then 77; are said to be symmetric of n; in E,,. A subset A of
E, is said to be symmetric if ¥n; € A, 3nt € A mod (2nZ"), where n}, i = 1,...,a — 1, are

symmetric of n; in A.

Definition 3 An n-D wavelet filter H,, (w1, . .. ,wy) is said to be separable if H,(-) can be written
in the following form:

k

Hy(wi,...,wn) = Hmi(ailwl + o+ Qinwn),
i=1
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for some integer 1 < k < n. Here m;(-) are some 1-D wavelet filters and (a;1, ..., a:y) € Z".

2.2. Design of n-D Low-pass orthogonal wavelet filters

Let ®(x),x € R™, be a compactly supported function satisfying the dilation equation
O(x) = > h(k)®(ax-K) (@ >2, a € Z), (2.1)
keZn
where ), ,n h(k) = o™, and h(k) # 0 for only finitely many k € Z". By taking the Fourier

transform on both sides of (2.1), we get
~ > w
P(w) = HHO(J), (2.2)
j=1

where Ho(w) = a™™ > ey h(k)e~*"« is called the mask symbol of the scaling function ®. To
construct compactly supported n-D orthogonal scaling functions, we start with the construction

of n-D trigonometric polynomials H,(w) satisfying the following condition:

2(«

2 -1
|Hp(w)]? + |Hp(w + arn)|2 + 4 | Hy(w+ T)rn)|2 =1, Vw e R™ (2.3)

Lemma 2.1 Let Hy(w) and Ggl)(w), ng) (W)yvns Ggail)(w) be a 1-D low-pass and o — 1 high-
pass orthogonal filters. Define the n-D filter H, (w1, ...,w,) by the following iterative process:
V 2 < k < n, choose an integer 1 < { <k —1,

i 2 21 .
P,E_)l(wl, coywig—1) =Hp 1 (aw + Eﬂ', ce,0wp_1 + Ew), 1=0,...,aa—1,
Hy(wi, ... wy) :P]Si)l(wla ooy wr—1) Hey (Wr—g 41, -+ wr)+
Pél_)l (wl, ce ,wkfl)GZ) (wk,[kJrl, . ,wk)—l—
"'+P;£izl)(wlw--7wk—1)ng71)(wk—ék+la---awk)a

where Gf)(wl, coowe), j=1,...,a—1, satisfy the following equation:

MM} = I, (2.4)
Hg(w) Hg(w—F%ﬂ'z) H[(&)‘F@ﬂ'z)
G(l)(w) G(l)(w + 2wy - G(l)(w + —2(0‘71)7@
M, = ‘. c e . ‘ o . Vw e R
G Vw) GO wH 2wy - G (w e+ Ay

Then H,(0,...,0) = 1. Moreover, H,(w1,...,wy) satisfies the condition (2.3).

Proof The proof is carried out by induction. First, we check that the result of the Lemma
holds for & = 2. In this case, fo = 1, Pl(i)(wl) = Hy(awr + %w), 1=0,...,0—1. According
to H1(0) = 1 and (2.4), we get ng)(O) =0,j =1,...,aa — 1. Hence H3(0,0) = 1. Since
Pl(i)(wl) :Pl(i)(wl + %w), 1=0,...,a—1,7=1,...,a—1, we get

a—1

21 21
Z |Ho (w1 + —m,wa + —7r)|2
— o o
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a—1

:IPfO)(w1>|2[Z|H1(w2+%w>|}+|p<1> [D(;mﬂ_ﬁﬂ P

=0

1P (w [Z|G“ b 2+—7r)|2]+
a—la—1

2t 5 2
>3 PO PP @) Hi(ws + =G (w2 + Zom) o+

1=0 j=1
P () P ()G w2+ 2y (wn + o)t
a—1a—2 2% - 2
Z Z P a—1) Wl ( )G(a 1)( + EZF)G?)(WQ + EZT‘—)
1=0 j=1
a—1 ) a—1 2

= Z |P1(Z)(w1 Z |Hq(awr + —7T)| =1.
=0 =0

Next, we assume that the result of the Lemma holds for all 2 < £ < k < n. Then we need
to check the result of the Lemma holds for k + 1. For 2 < ¢ < k, we have Hy(0,

.,0) =1 and
GY0,...,00=0, j=1,...,a — 1. Since ly1 < k,
Hi11(0,...,0) = P{2(0,...,0)Hy,,, (0,...,0) + Z pY 0GP (0,...,0)=1.
The induction hypothesis also implies that for 2 < ¢ < k, Hy, Ggl ,...,GEO‘*D satisfy the

equation (2.4). For simplicity, we denote P,ii)(- + Zmy) = P,gi) (wi + 2 Lwp + Em)i =

0,....,a— 1. Similarly, Hy,q and Gf) , J=1,...,aa—1, can be denoted as above. Since
. k+1

Pél)( D) = P(Z)( ), i=0,...,a—1, j =1,...,a — 1, by using the induction hypothesis,

we get

Z | Hpq1 (- —7Tk+1)|2

a—1la—1

21 i i 21
=P, 0) |2 [ Z |He,.,, (- + Wékﬂ } + Z Z |PISJ)(')|2|G(J) (-+ Ewék+1)|2+

[
i=0 j=1
a—1la-—1 _— 2
© -
S POOPD (O He,,, (- + Wk+1)GZ)+1 (4 S, ) ot
=0 j=1
a—1 0) 2i
Plg ) P( [Z leﬂ ﬂ-gk“)Hg’““( + Eﬂ-ék*l)} +
a—1la—2 [ 2 21
a—1 ] a—1 j
SO BTV ORIOGE 4 = )G+ =)
i=0 j=1
a—1 . a—1 2
= Z |P,£] Z |Hi (o - +— 7rk)| =1.
3=0 =0

Then the induction hypothesis holds for k + 1. Hence we get Z?:_()l |Ho(-+ 2m,) > =1.0
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It is well known that to design a compactly supported orthogonal wavelet basis of L?(R"), it
is necessary to construct one low-pass filter Hy and o™ — 1 high-pass filters H;, : =1,...,a™ — 1.

Consequently, a set of special matrices is required in the design of Hy.

For k=1,...,n—1, we consider a set of matrices Dy € Z"*" satisfying the following three

conditions:

(c1) Vn; € E,,3 773— € E, such that Dg(n;) = Dk(n;-) mod (27Z™), where 772— = ﬁwn +
nj, 1=1,...,a—1;

(c2) Tfmy #my, my #nj, then Dy(n;) # Di(n; ) mod (27Z");

(c3) If Fy = DyDy—1---D1(E,) mod (27Z™), then F} is a symmetric subset of E,, i.e.,
VneF, ek, i=1,...,a—1.

By Lemma 2.1, we prove the following theorem that provides us with the n-D low-pass

orthogonal wavelet filters.

Theorem 2.2 Let H,(w1,...,wy) be the n-D filter of Lemma 2.1 and D1, Ds, ..., D,_1 be the
matrices that satisfy the above three conditions (c1), (c2) and (c3). Define an n-D filter Hy by

n—1
Ho(wl,...,wn) = H Hn(Dk---Do(wl,...,wn)), (25)
k=0

then Ho(0,...,0) = 1. Moreover, H, satisfies the following orthogonality condition

a—1
> [Holw+mi)P =1, YweR", (2.6)
i=0

where n;, 1 =0, ... — 1, are the different points of the set E,, = {0, 2 STy @ﬂ'}”

n—1
Proof Since H,(0,...,0) = 1, we get Ho(0,...,0) = [] Hn(kaDO(O,...,O)) - 1. We
k=0

first let mf = Mygqn-144, @ = 0,...,a" 1 =1, s = 1,...,a — 1. Then Di(n;) = D1(n;) mod
(27Z™), ¥m; € E,, we deduce that

a™—1

Y [Ho(w +m)l?

=0
i n(w +n;)f? H ’H (Dk Dl(w+m))’2

a —1

n—1 2
(1w +m) |2+Z|H (w+ )] TT |Ho (D~ D + )|
i=0 k=1

=% o v )

i=0

Again we let D§(n;) = D1(ns.qn-244), where Dj(n;) are symmetric of D1(n;), 1 =0,..., a" % —
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1, s=1,...,a— 1. Then D2[D;(n;)] = D2[D;(n;)] mod (27Z™), Vn, € E,, we conclude that

ﬂzlri_[l’H (Dk Dl(w""rh))’
=0 k=1
:an 1}H (D1w+nz)’ H}H( "D2D1(w+77i))’2
= 0
=5 [ (o) +Z\H (D364 10)[] < TL [Fa (D Dateo 40
10 k=2

a™” " 2-1n-1

3 H‘H( --Dl(w+m))‘2

=0 k=2

(D) (D)=
s=1

where [Dy_1---D1]*(n;), s = 1,...,a — 1, are symmetric of [Dy_1---D](n;). Hence (2.6)
holds. O

Theorem 2.3 The wavelet filters Ho(w1,w2) given by Theorem 2.2 are nonseparable.
Proof According to Theorem 2.2,
Ho (w1, wa) = Ha(wr,we)Ha (D1 (w1, ws)), (2.7)

where Hy(w1,ws) is defined as Lemma 2.1. To show that Ho(w1,ws) is nonseparable, it suffices
to check that Hy(wi,ws) is nonseparable. By Lemma 2.1, we get

a—1

Hg(wl,WQ) Hl(awl)Hl (AJ2 + Z Hl awy + —W)G(l (LUQ) (28)
=1
where Hj(w7) is a 1-D orthogonal filter. We assume that Ha(wr,w2) is separable.

First case: we prove that

Hy(wi,w2) = my(anwi + ajawz)ma(aziwy + azows) (2.9)

is not possible, where m;(-), ma(-) are two 1-D orthogonal filters, (a1, a12), (a21, aze) € Z?. Now

we discuss the following cases:

(i) @11+ a12 = 0 mod («) and ag; + aze = 1 mod («). For simplicity, we denote mq(A):=
ml(auwl + a12w2), mQ(B):: mo (a21w1 + CLQQ(.UQ). Since
a—1 2 2 )
> [Ha(wr + —mws + _77)| =1, (2.10)
1=0
by substituting (2.9) into (2.10), we get

a . 2i 2i 2
’ml A + Eﬂ'(all + a12 ’ }mg B + Eﬂ'(agl + a22)]

1=0
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a—1 .
2
— |m1(A)|2[; ma(B + Zm)2] = [ma (AR 1= 1, Yiwr,ws) € B,

which is a contradiction. The same result holds in the following cases which are:

(ii) a11 4+ a12 = 0 mod (a) and agy + age = j mod (a), j=2,...,a—1;

(iii) a1 +a12 =i mod (), i =0,...,a — 1 and az; + azs = 0 mod («).

Next we consider the case:

(iv) a11+a12 =1 mod («) and a1 + a2 = 1 mod («). Similarly, by substituting (2.9) into
(2.10), we get
a ! 24 24 2

‘ml [A+ —7T((111 + ai2) ‘ ‘mz [B + —W(azl + a22)]‘

o 2 % 2 2 % 2 %
= [ It TP ima(B + T + [1= 3 (4t S| [1= 3 ma(B + T

:|m1(A)|2[C§|m2(B+%7r)|2 1] + lma(B) [Z|m1A+—7r)| 1]+

|m1(A+zﬂ- |2[2 [ma( B—|-2_7r)| }—I—|m2 B+—7T [Z|m1 A—|——ﬂ')| }—!—

2(a=-2)
o
7)|?
Since 32077 [ma(A+27) 12, 02 [mi (B+2m)2 < 1,k = 0,...,a—2, which is a contradiction.
The same result holds in the following cases which are:

(v) @11+ a12 = i mod («) and a1 + a2 = j mod (), 4,5 =1,...,a —1,(i,7) # (1,1).
Hence we have proved that (2.9) is not possible.

o g (A + S %

2(a—2)

™I Ima(B + I - 1]+

2)

|ma(B + [|m1(A—|- %“T_

w)|2—1}+1:1.

Second case: we prove that
Hg(wl,(.UQ) = mo(alwl + CLQWQ) (211)

is also not possible, where mg(-) is a 1-D orthogonal wavelet filter. Now we discuss the following
three cases:

(i) a1 + a2 = 0 mod («), by substituting (2.11) into (2.10), we get |mo|?(a1w1 + asws) =
1/, ¥(wi,w2) € R? | which is a contradiction with m(0) = 1.

(ii) a1 + a2 = 1 mod (a). First, we assume that a; = 1 mod (a) and az = 0 mod
(o). According to (2.11) and (2.8), we get Ha(Zm, 0) = mo(Zmar) = 0, Hy(Zm, Zn) =
mo(Zmar + Lmag) = Gga_l)(%w), i=1,...,a— 1. On the other hand, since az = 0 mod («),
we obtain mo(ZTa1) = mo(ZTar + —wag) =0,4i=1,...,a—1. Hence we get Ggo‘*l)(%w) =
0,7=1,...,a—1, which is a contradiction with Ggail) (0) = 0. Secondly, we assume that a; =0
mod (o) and az = 1 mod (a). According to (2.11) and (2.8), we get Ha(Zm,0) = mo(Zna;) =
1, i=1,...,a—1, since a3 = 0 mod («a), we get mo(%w) =1,4=1,...,a — 1, which is a

contradiction with mg(0) = 1.
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(iil) a1 + a2 =j mod (), j =1,...,a— 1. The proof is similar to (ii).
Collecting everything together, it follows that Ho(w1,ws) is nonseparable. O
Similarly, the previous proof can be easily extended to the n-D case, then we get the following

Corollary.

Corollary 2.4 The wavelet filters Ho(w1, . . .,w,) given by Theorem 2.2 are nonseparable.

2.3. Design of n-D High-pass orthogonal wavelet filters

As we have previously mentioned, the construction of the a” — 1 mother wavelets U¢,
i=1,...,a™ — 1, requires the construction of n-D high-pass filters H;, i = 1,...,a™ — 1. These
high-pass filters together with the previously defined filters Hy have to satisfy the equations

a—1

Z Hi(w +nj)

=0

(wHmn) =0,, V0<ii <a”—1, weR", (2.12)

where 1;, 7 =0,...,a" — 1, are the different points of the set E,, = {0, %w, cee @ﬂ'}”

Theorem 2.5 Let Hy(w) = Hy(w1,...,w), w € R", H,(-) is the wavelet filter of Lemma 2.1.
Let Dy, Ds,...,D,_1 be the matrices that satisfy the three conditions (c1), (c2) and (¢3). If H;
is the filter defined by:

n—1 a—1
Hiw) =[] [skHo( .- Dow) + Z _Ek G U (D -.Dow)}, (2.13)
k=0 j=1

where Géj), j=1,...,a—1, together with Hy satisfy the following equation

MoM§ = I,
Hoy(w) Hy(w + %71'”) e Ho(w + 2(a— 1)7Tn)
Gél)(w) Gél)(w + %ﬂ-n) G(l)(w + 2(a 1)ﬂ'n)
where My = . . . | |
G(()ail)(w) Géafl)(w + %n-n) Géafl)(w + 2(0;—1)7‘_”)

(eb,e%,...,€%)iz1,. an—1 are the different points of {0,1}"\(0,...,0). ThenH;, i =1,...,a"—1,
is a solution of (2.12).

Proof First, we consider two integers i,i € {1,...,a™ — 1} such that i # i’ and we prove that
a™—1
> Hi(w +n)Hy (w +n;) = 0.
3=0

Since i # i/, there exists 0 < ¢ < n — 1 such that 5}; = 5};, VO<k</{—1and sz #* 5};/. We

assume that £, = 1 and ag =0.

First case: 0 < ¢ < n—1. By using the factorization technique of the proof of Theorem 2.2,
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we get
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_ an;_;_l{Ho([De-..DO](W+77j)) [2 \/%ng)([pl...DO](w+nj))}+
S (o it m) x[5 @ (0 o m)
kﬁl e Ho( Dy - - - Do(w +77J)) + C:ll \;;_leG(a)(Dk -+ Do(w +"7j))} %

a—1

[Egm(pk -+ Do(w + m)) + ; \1/;—?1

GY) (Dy++- Dofw +my)) |
=0,

where [Dy - - - Dy]®(n;) are symmetric of [D;--- Dol(n;), s=1,...,a—1, £=0,...,n—2.

Second case: £ =n — 1. It can be easily proved that

a"z—:l Hi(w +n;)Hy (w +n;)
§=0
= Ho([Du-1-+ Dol(w +mo)) [: \/%Gé” (IPa-1- -+ Dol(w +m0) ) | +
S Ho(1Dus D ) [ 3 G (1 Duf e+ )
s=1 =1
=0.

Finally for the case ¢ = ¢, it is similar to the proof of Theorem 2.2 and we conclude that
Yoo Hilw +my) Hi(w + ;) = 1. O

Remark It is well known that condition (2.12) does not ensure that H;,i = 1,...,a" — 1,
generate an orthogonal wavelet basis of L2(R™). In fact, we need to study the stability of the

wavelet functions \If; . generated by H;. The stability of \If;  can be similarly done as [9].

3. Example

T

Example 3.1 For the case o = 2. Let D1 = < Z ), a,b, x,y be odd integers. Then it is easy

1 1
to check that D satisfies the three conditions (c1), (c2) and (c3). We choose Dy = ( L )

Let Hy(w) = 2(1+ z) and Ggl)(w) =1(z—1), z=e ™, weR, be a 1-D low-pass and a high-
pass orthogonal filters (see [15]). By Lemma 2.1, we get the 2-D filter Ha(wy,ws) = 3(27 + 22),
21 = e W1 29 = 72 gatisfying the condition (2.3). Applying Theorem 2.2, we conclude that
the 2-D nonseparable wavelet filter H, satisfying the orthogonality condition (2.6) by

1 _
Ho(wr,w2) = Ho(wy,ws)Ho (Dl(wl,wQ)) = Z(,zf + zﬂ(z%zg + 2125 1).
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Furthermore, let Gél)(wl,wg) = e‘wlm(wl +m,wa + ) be the corresponding high-pass filters of
Hj(w1,w2). Then it is easy to see that Ha(wi,w2), Ggl)(wl,wg) satisfy the Eq. (2.4). According
to Theorem 2.5, the corresponding high-pass filter H;, ¢ = 1,2, 3, can be obtained via (2.13).

Since the scaling function ¢ generated by H;(w) satisfies ), ., |p(w + 27k)|? = 1, it can be
seen that the translates of ¢ are stable. It follows from [9] that the translates of ® generated by
H, are stable and H, generates a stable orthogonal wavelet basis of L?(R?).

Example 3.2 For the case « = 3. Let D1 = < Z * ) , a2 = 0mod (3), and b+y = 0 mod (3).
Y

Then D, satisfies the condition (¢1). Furthermore, let a = b # 0 mod (3) or z =y # 0 mod (3),

2 1
it is easy to check that D; satisfies (c2) and (c3). Choose Dy = < 5 4 ), then D, satisfies the

conditions (c1), (c2) and (c3). Let Hy(w) = 1(1+2+22), Ggl)(w) = \/_+\/_ \/_ 2 G(2)( ) =

—% + @z{ z=¢e" w e R be a l1-D low-pass filter and two high-pass orthogonal filters,
]

. By Lemma 2.1, we get the 2-D filter

—iw
respectively [16

lr, V2+V6 V6 — V2

HQ(Wl,WQ) :§ 1—T+(1+\/§)22+(1+ 9 )Z§+
( +\/§I\/6+\/6_43\/§i)zf+(1_§_\g_)le2+
1+ f;f fz?nf) 2+(1+\/§;\/6_\/613\/§i)21
f f V2+V6  3v2 -6,

1——+4— ) zo+ (14 1 + 1 z)zfzﬂ

satisfying the condition (2.3), where z; = e, 29 = e~™2, Applying Theorem 2.2, we conclude

that the 2-D nonseparable wavelet filter Hy given by
Ho(wr,wa) = Ha(wi,ws)H2 (2w + wa, 2w1 + 4ws)

satisfies the orthogonality condition (2.6). According to [9], Ho generates a stable orthogonal
wavelet basis of L2(R?).
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