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Primitive Non-Powerful Symmetric Loop-Free Signed
Digraphs with Base 3 and Minimum Number of Arcs

Lihua YOU*, Yuhan WU
School of Mathematical Sciences, South China Normal University, Guangdong 510631, P. R. China

Abstract Let S be a primitive non-powerful symmetric loop-free signed digraph on even n
vertices with base 3 and minimum number of arcs. In [Lihua YOU, Yuhan WU. Primitive non-
powerful symmetric loop-free signed digraphs with given base and minimum number of arcs.
Linear Algebra Appl., 2011, 434(5), 1215-1227], authors conjectured that D is the underlying
digraph of S with exp(D) = 3 if and only if D is isomorphic to ED,, 3,3, where EDy 33 = (V, A)
is a digraph with V' = {1,2,...,n}, A = {(1,4),(4,1) | 3 < ¢ <n}U{(2i —1,2),(2¢,2¢ — 1) |
2 <3< 3}1U{(2,3),(3,2),(2,4),(4,2)}). In this paper, we show the conjecture is true and
completely characterize the underlying digraphs which have base 3 and the minimum number
of arcs.
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1. Introduction

A sign pattern matrix is a matrix each of whose entries is a sign 1, —1 or 0. For a square
sign pattern matrix M, notice that in the computations of the entries of the power M¥, the
“ambiguous sign” may arise when we add a positive sign 1 to a negative sign —1. Then a new
symbol “#” was introduced in [1] to denote the ambiguous sign. The set I' = {0,1, —1,#} is
defined as the generalized sign set and the addition and multiplication involving the symbol #

are defined as follows (the addition and multiplication which do not involve # are obvious):
(-)+1=1+(-1)=#; a+#=#+a=#, forallacT,
O-#=#-0=0;, b-#=#-b=#, forallbeT\ {0}

In [1,2], the matrices with entries in the set I" are called generalized sign pattern matrices.
The addition and multiplication of generalized sign pattern matrices are defined in the usual
way, then the sum and product of the generalized sign pattern matrices are still generalized sign

pattern matrices. In this paper, we only consider the operations of matrices over I'.
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Definition 1 ([1]) A square generalized sign pattern matrix M is called powerful if each power

of M contains no # entry.

Definition 2 ([3]) Let M be a square generalized sign pattern matrix of order n. and M, M? M3, ...
be the sequence of powers of M. Suppose M? is the first power that is repeated in the sequence.

Namely, suppose b is the least positive integer such that there is a positive integer p such that
M® = MPP. (1.1)

Then b is called the generalized base (or simply base) of M, and is denoted by b(M). The least
positive integer p such that (1.1) holds for b = b(M) is called the generalized period (or simply
period) of M, and is denoted by p(M).

We now introduce some theoretical concepts of graph.

Let D = (V,A) denote a digraph on n vertices. Loops are permitted, but no multiple
arcs. A u — v walk in D is a sequence of vertices u,uy,...,ur = v and a sequence of arcs
e1 = (u,uy),es = (ug,us),...,ex = (ug—1,v), where the vertices and the arcs are not necessarily
distinct. We use the notation v — u; — ug — --- — up_1 — v to refer to this u — v walk. A
closed walk is a u — v walk where u = v. A path is a walk with distinct vertices. A cycle is a
closed © — v walk with distinct vertices except for u = v. The length of a walk W is the number
of arcs in W, denoted by {(W). A k-cycle is a cycle of length k, denoted by Cj.

A signed digraph S is a digraph where each arc of S is assigned a sign 1 or —1. A generalized
signed digraph S is a digraph where each arc of S is assigned a sign 1, —1 or #.

The sign of the walk W in a (generalized) signed digraph, denoted by sgnW, is defined to
be Hle sgn(e;), where e, ea,. .., e is the sequence of arcs of W.

Let M = (m;;) be a square (generalized) sign pattern matrix of order n. The associated
digraph D(M) = (V, A) of M (possibly with loops) is defined to be the digraph with vertex set
V ={1,2,...,n} and arc set A = {(4,j)|mi; # 0}. The associated (generalized) signed digraph
S(M) of M is obtained from D(M) by assigning the sign of m;; to each arc (4, j) in D(M), and
we say D(M) is the underlying digraph of S(M).

Let S be a (generalized) signed digraph on n vertices. Then there is a (generalized) sign
pattern matrix M of order n whose associated (generalized) signed digraph S(M) is S. We say
that S is powerful if M is powerful. Also the base b(S) and period p(S) are defined to be those
of M. Namely we define b(S) = b(M) and p(S) = p(M).

A digraph D is said to be strongly connected if there exists a path from u to v for all
u,v € V, and D is called primitive if there is a positive integer k such that for each vertex x and
each vertex y (not necessarily distinct) in D, there exists a walk of length k from z to y. The
least such k is called the primitive exponent (or simply exponent) of D, denoted by exp(D). It
is also well-known that a digraph D is primitive if and only if D is strongly connected and the
greatest common divisor (simply g.c.d.) of the lengths of all the cycles of D is 1. A (generalized)
signed digraph S is called primitive if the underlying digraph D is primitive, and in this case we
define exp(S) = exp(D).
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A digraph D is symmetric if for every arc (u,v) in D, the arc (v,u) is also in D. A
(generalized) signed digraph S is called symmetric if the underlying digraph D is symmetric. If
a digraph (or a generalized signed digraph) D (or S) is symmetric, then D (or S) can be regarded
as an undirected graph (possibly with loops).

A digraph D is loop-free if D has no loops. In this case, if a digraph (or a generalized signed
digraph) D (or S) is symmetric and loop-free, then D (or S) can be regarded as a simple graph.

The primitive exponent and exponent set of primitive symmetric loop-free digraphs were
discussed in [4,5] and the minimum number, h(n, k), of edges of primitive simple graphs G =
(V, E) such that |[V| =n and exp(G) = k were determined completely in [6, 7].

Now the concept of exponent for primitive digraphs was extended to the concept of base
for primitive signed digraphs [3], a natural question is to study the minimum number of arcs
of primitive symmetric loop-free signed digraphs. It was shown in [1] that if a primitive signed
digraph S is powerful, then b(S) = exp(D), where D is the underlying digraph of S. Then for a
primitive powerful symmetric loop-free signed digraph, [7] gives the results. In [8,9], the case of

the non-powerful is studied.

Theorem 3 ([9]) Let B} be the base set of primitive non-powerful symmetric loop-free signed
digraphs on n vertices. Then BY = {2,3,...,2n — 1}.

Theorem 4 ([9]) Let H(n,k) be the minimum number of arcs of the primitive non-powerful
symmetric loop-free signed digraphs S = (V, A) such that |V| = n and b(S) = k for 2 < k <
2n — 1. Then we have

(1) H(n,2) =2[51 ).

(2) H(n,3) =2[32 ).

(3) H(n,k)=2n for4 <k <2n-—1.

In [9], the underlying digraphs of the primitive non-powerful symmetric loop-free signed
digraphs which have H(n, k) arcs with k = 2 are completely characterized, and the case when
k = 3 is nearly characterized.

Let n = 2m + 1 be odd, OD,, 3 = (V, A) be a digraph, where V = {1,2,...,2m, 2m + 1},
A={(1,9),:1)|2<i<2m+1}U{(2¢,2i +1),(20 4+ 1,2i) | 1 <i < m}. Clearly, OD,, 3 is a
primitive symmetric loop-free digraph on n vertices with exp(OD,, 3) = 2.

Let n = 2m be even, ED,, 3 = (V, A) be a digraph, where V = {1,2,...,2m —1,2m}, A=
{(1,4),(i,1) | 2 < i < 2m}U{(24,2i+1), (2i+1,20) | 1 < i < m—1Y0{(2m—1,2m), (2m, 2m—1)}.
Clearly, ED,, 3 is a primitive symmetric loop-free digraph on n vertices with exp(ED,, 3) = 2.

Let n = 2m be even, ED, 33 = (V,A) a digraph, where V = {1,2,...,2m}, A =
{(1,4), (3,1) | 3 < i < 2m}U{(2i — 1,20),(2i,2i — 1) | 2 < i < m} U{(2,3),(3,2),(2,4), (4,2)}.
Clearly, ED,, 33 is a primitive symmetric loop-free digraph on n vertices with exp(ED,, 33) = 3.

Theorem 5 ([9]) Letn > 6, S = (V(S), A(S)) be a primitive non-powerful symmetric loop-free
signed digraph on n vertices with |A(S)| = H(n,3) and b(S) = 3. Then one of the following
conditions holds:
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(1) If n is odd, D is the underlying digraph of S if and only if D is isomorphic to the
digraph ODy, 3.

(2) Ifn is even, D is the underlying digraph of S with exp(D) = 2 if and only if D is
isomorphic to the digraph ED,, 3.

(3) Ifn is even, there exists D which is isomorphic to ED,, 3 3 such that D is the underlying
digraph of S with exp(D) = 3.

Conjecture 6 ([9]) Letn > 6 beeven, S = (V(S), A(S)) be a primitive non-powerful symmetric
loop-free signed digraph on n vertices with |A(S)| = 3n — 2, exp(S) = 3, b(S) = 3. Then D is
the underlying digraph of S if and only if D is isomorphic to the digraph ED,, 3 3.

In this paper, we show the Conjecture 6 is true, and completely characterize the underlying

digraphs which have base 3 and the minimum number of arcs.

2. Some preliminaries

In this section, we introduce some useful definitions and properties in the proofs of our main
results. Other definitions and results not in this article can be found in [10, 11].

A subgraph H = (Vy, Eg) of K = (Vk, Ek), denoted by H C K, is a graph if Vi C Vi
and Fy C Eg. A proper subgraph H = (Vy,Ey) of K = (Vk, Ek), denoted by H C K, is a
graph if Vg C Vi, Eg C Ex or Vg = Vi, Eyg C Ek.

If K; = (Vk,,Ek,) C K for all i € I, we define the union UieI K; of K; as the graph
(Uier Vi, U;er Ex,). Throughout this paper, we define some subgraphs of K = (Vk, Ex) as
follows:

For u,v,w € Vi,
L(u,v) = (Vg, EL), where V;, = {u,v}, B, = {{u,v}}

and

A(u,v,w) = (Va, Ea) where Va = {u,v,w}, Ea = {{u, v}, {v,w}, {w,u}}.

We say that L(u,v) is a line segment joining u and v, and A(u,v,w) is a triangle with

vertices u,v and w.

Definition 7 ([3]) Two walks W and W5, in a signed digraph are called a pair of SSSD walks, if
they have the same initial vertex, same terminal vertex and same length, but they have different
signs.

From the relation between sign pattern matrices and signed digraphs, it is easy to see that a
(generalized) sign pattern matrix M is powerful if and only if the associated (generalized) signed
digraph S(M) contains no pairs of SSSD walks. Thus for a (generalized) signed digraph S, S
is powerful if and only if S contains no pairs of SSSD walks.

The following result will be useful.

Theorem 8 ([3]) Let S be a primitive non-powerful signed digraph. Then
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(1) There is an integer k such that there exists a pair of SSSD walks of length k from each
vertex x to each vertex y in S.

(2) If there exists a pair of SSSD walks of length k from each vertex x to each vertex y,
then there also exists a pair of SSSD walks of length k + 1 from each vertex x to each vertex y
inS.

(3) The minimal such k (as in (1)) is just b(S), the base of S.

3. Characterization of simple graphs G = (V, E) with exp(G) = 3 and
|E| _ 3|V2|—2

In this section, we characterize simple graphs G = (V, E) with exp(G) = 3 and |E| = ?A\;ﬁ7
where |V] is even.
In Theorem 9, the following graphs will be used.
(1) Ay(ka, ko, ks) = Au, ug, uz) U A(ug, ug, ug) U (UF A(ur, vai 1, v9))U
U2y Aug, wai1,we:)) U (U2 A(us, 2i1, 72:)).
(2) As(k1, ko, ks) = D(ug, ug, uz) U A(ug, us, ug) U (Uf;l A(ug, v2i—1,v2;))U
U2y Avr, waio1,w2:) U (U Ave, i1, 72:)).-
(3) As(k1, ko) = L(u,v) U (Uf;l AUy ugi—1, u2;)) U A(u, Uggy , Ugg, +1)U
(Ufil A(0,v2i-1,02i)) U AV, Vg, , Vaky41)-
(4) Aqkr, k2) = Lu,v) U (U, Alu,uzior, uzi)) U (U A0, 02021, v20))U
AV, Vaky—1,0;) U A(v, Vak,,v5) (4,5 € {1,...,2ky — 2}).
(5) As(k1,ke) = L(u,v1) U L(u,ve) U A(v1,vs,v4) U A(vg, v4, v5)U
(U A, uzim1,u2:)) U (U2 A (o1, waim1,w2:)).
(6) Ag(k1,ke) = A(ur,ug,us) U L(ug,v1) U L(ug, va) U A(vy,v9,v3)U
(UL A(ur, waim1, wa:)) U (UR2) A(ug, w251, 72:)).
(7) A7(k1, ko) = A(ur,ug,us) U L(ug,v1) U L(ug, va) U A(vy, 09, v3)U
(Uf;l A(ug, wai—1,wsa;)) U (Ufil A(v1, wai—1, wa;)).
(8) As(k) = A(ur,ug,uz) U L(ug,v1) U L(ug,ve) U A(vy, vs,v4) U A(va, vg, v5)U
(Uizs A(or, w2io1, w2:)-
(9) Ag(k1,ke) = A(u1,ua,us) UA(ug,uz,uq) U L(ug,v) U L(ug, w) U L(v, w)U
(Uis A0, v2im1,020)) U (U32) A (w, wai1, way)).
(10) Aqo(k1, ko) = L(u,v1) U A(vy, v2,v3) U L(vg, w) U L(w, u)U
(UL A i1, i) U A (u, gk, i, 1) U (U2 A(w, waim1, wa)).
(11) Aq1(k) = A(ug,uz,us3) U A(ug, ug, uq) U L(ug, v1) U A(vy, ve, v3) U L(vg, w)U
L(w, uz) U (U A(w, wai—1,wsy)).
(12) Aj2(k) = L(u,v1) U A(v1,v2,v3) U L(ve, wy) U A(wy, wa, w3) U L(wsg, u)U
(Ule A(u, ugi—1,uzi)) U A (U, ugk, Ugk1)-
(13) A1z = A(ug,ug,uz) UA(ug,ug,ug) U L(ug,vy) UA(vy,v2,v3) U L(ve, wi)U
A(wy, we, w3) U L(ws, uz).
Graphs Aj(kq, ko, k3) and Ay (kq, ko, k3) are shown in Figures 1-2.
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Uy V2,
Figure 1 A1 (kl, k‘z, k'3) Figure 2 A2 (kl, kQ, kg)

n—2

Theorem 9 Let G = (V, E) be a primitive loop-free graph on even n vertices. If |E| = 322
and exp(G) = 3, then G is isomorphic to one of the following graphs:
(1) Ai(ky,ka,ks), k1 #0 or ko - ks #0, k1 + ko + ks = 252,

| N

(7) Az(ky, k2 8,
(8) As(k), k =
(9) Ag(ki, k), ki, ko > 1,k + ko = 255,
(10) Avo(k1, ko), k1 ko > 1, k1 + ko = 255,
(11) Aq1(k), k= ans > 1.

(12) Aia(k), k=252 >1.

(13) Ays.

In order to show Theorem 9, the following lemmas are needed.

k1 >0,k >0,k +hky =12
-8

v ‘

(2) As(ki, ko, ks), ki ko #0, ks >0, ky + ko + ks = 254,
(3) As(ki,ka), k1 > 1, ko > 1, ki + ko = 252
(4) As(ky ko), kv > 1, ko > 2, ky + kg = 252,
(5) As(ki ko), k1 > 1,ks > 0, k1 + ko = 25°.
(6) Ag(k1,k2),k1 > 0,ky >0,k + kg = 258,
( )
(

:—/ Ll
>
|
‘ 3
[}

Lemma 10 Let K = (Vk, Ex) be a graph such that exp(K) = 3. Then for any vertex u € Vi,

there are vertices v,w € Vi, such that A(u,v,w) C K.

Lemma 11 ([7]) Assume that the connected graph K = (Vi, E) is the union of triangles.
If there are triangles Ay,...,A, C K such that H, = (J/_, A; is connected, then there are
triangles Api1,...,Ay C K such that K = |J._, A; and H, = szl A, are connected for all
t=p+1,...,s.

Lemma 12 ([7]) Assume that the connected graph K = (Vi , Ex) is the union of triangles. If
|Vk| =n, then |Ex| > 2%=2. Let us assume that K = J;_, /\; and H; = Ule A\; are connected
forallt=2,...,s.

(1) If |Ex| =222, then |Va, \Va, .| =1forallt =2,...,s.

(2) If |Eg| = 222, then |Va, (\Vu, | = 1 for all t = 2,...,s, except in the case t = ¢

which satisfies |V, (\ Vi, ,| = 2.

Lemma 13 Let K = (Vk,Ek) be a connected graph which is the union of triangles. If

exp(K) =3, |Vk| =n and |Ex| = %72, then K is isomorphic to one of the following graphs:
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(1) K = Ay(ki, ko, ks), ki # 0 or kg - k3 # 0, ky + ko + kg = 54
(2) KgAz(k17k27k3)7k1'k27&07k3207k1+k2+k3:n7_4'

Proof We can assume K = J;_, A; and H; = U§:1 A\; are connected for all t = 2,...,s. Then
VA, N Vu,_ | =1forallt =2,...,s, except in the case t = ¢ which satisfies |Va, (\ Vg, ,| =2
by (2) of Lemma 12.

Then let H = A(uy,uz,u3) U A(ug, ug,uq). It is easy to see exp(H) = 2, and H C K.
Without loss of generality, we can assume K = H U (U?Z1 K;) by (2) of Lemma 12, where
K; (i=1,2,3,4) is the union of triangles or K; = {u;}, Vk, (\Vu = {w;}, and |Vk,| = n;, thus
n; > 1 and n =ny + no + n3 + ng.

Clearly, |Ek,| > % for 1 <i <4 by Lemma 12. Then

4 4

3n—2 3n; —3 3n—2
= |Ex| =I|F FEir|>5 = .
5 |Ex|=| H|+i§:1| K| > +i§:1 5 5

Hence |Eg,| = 222 for any i € {1,2,3,4}.

Case 1 n; > 1.

First, we claim that ny = 1. Otherwise, for any pair of vertices z € Vi, \{u1},y € Vi, \{ua},
there is no walk of length 3 from vertex x to vertex y, contradicting the fact that exp(K) = 3.

Secondly, we claim that K; = Uf;l A(uy,v9;—1,v9;) for some k1 > 1. For any vertex
x € Vi, \ {u1}, there is a walk of length 3 from vertex x to vertex ug, {x,u1} € Fk, holds. Thus
the result follows from |Ef, | = 3*1=2 and (1) of Lemma 12.

Finally, similarly to the above proof, we have Ky = Ufil A(ug, woi—1,ws;) and K3 = Ufil
A(us, Z2;—1,T2;) for some ko, k3 > 0, and thus K = Ay (kq, ko, k3), where k1 > 1 and ki +ko+k3 =

n—4
5 -

Case 2 ny > 1.

The proof is similar to that in Case 1.
Case 3 ni=1,n4=1,n0 > 1.

Subcase 3.1 ngz > 1.
Similarly to Case 1, we have K, & Ufil A(ug, wa;—1,ws;) and Ky = Ufil A(ug, T2i-1, T2i)
for some kg, k3 > 1. Thus K = A1 (0, ko, k3), where ko - k3 # 0 and ky + k3 = 22

=2,
Subcase 3.2 nz =1.

There are two vertices vy, vy € Vi, \{ua}, such that A(us,vy,v2) C K5 by Lemma 10 and
ny > 1. If Ky = Uf;l A(ug,v9i-1,v2;), k1 > 1, then exp(K) = 2. It is a contradiction. Hence
Uf;l A(ug,v9;—-1,v2;) C Ka(ky > 1) and there exists triangle A’ C Ky '\ Uf;l A(ug,v2i-1,02;)-
Without loss of generality, we can assume A’ = A(vy,w;,ws). Then we can assume Ko =
(U ) A(uz, vai-1,v2:)) U2, A1, waim1, w2:)) U (U2 A(v2, 2251, 2;)) for some ky, ka > 1
by |Ek,| = 222=2, exp(K) = 3 and (1) of Lemma 12. Thus we have K 2 Ay(ki, ko, k3), where
k1 ko #0,k3 >0, and k1+k2+k3="7*4.
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Case4 ni=1,ngs=1n,=1.

The proof is similar to that in Subcase 3.2. [

Lemma 14 Let K; = (Vk,,Ek,), K2 = (Vk,,Ek,) be the unions of triangles which are

connected and Vi, (Vk, = 0. Let K = L(u,v)|JK1|J K2, where u € Vg,,v € Vg,. If

[Vk| =n, |Ex| = 222 and exp(K) = 3, then K is isomorphic to one of the following graphs:
(1) K = As(ky, k) k1 > 1, ks > 1 kg + ky = 252

(2) K= Ay(ky ko) k1 > 1 ko > 2, k1 + ko = 252,

Proof Clearly, n is even by the fact that |[Ex| = 2.2, Suppose |Vk,| =n; (i = 1,2). Then we

have ni 4+ ny = n, and ny,no have the same parity.

Case 1 Both ny and ng are even.

By Lemma 12, |Ek,| > 3%=2(j = 1,2). Then

3n—2 3ng—2  3ng—2
5 = [Pkl = |EBr [+ [Br, [ +1 2 o2

Hence |Eg,| = 242 (i = 1,2).

It follows from (2) of Lemma 12 and exp(K) = 3 that K; & (Uf;l A(u, ugi—1,ugi)) U
A (U, Uk, , Uk +1), Ko = (Ufil A(v,v2i-1,v2;)) U A(v, Vogy, Vog,+1) for some kq,ke > 1. Thus
K= Ag(khkg), where k1 > 1, ko > 1 and ky 4+ ko = n—4

5 -

+1_3n—2
2 2 o2

Case 2 Both n; and ns are odd.
By Lemma 12, [Eg,| > 2%4=3(; = 1,2). For all i = 1,2, if |Ef,| > 221 then

3n—2 3n; —1 3ng—1 3n
It is a contradiction. Hence we can assume |Ef,| = 21=3 and |Eg,| = 222=1. Thus we have

K, = (Uf;l A(u, ugi—1,us;)) for some k1 > 1 and Ko = (Ufi;l A (v, V251, v2;) )UA (v, Vo, —1, v5)U
A(v,vap,,v;) where i, 5 € {1,...,2ky —2} for some ky > 2 by Lemma 12 and exp(K) = 3. There-
fore, K = A4(k1,k2), where kl Z ]., kQ 2 2, kl —+ ]{)2 =n=2 O

5
Lemma 15 Let K not be the union of triangles and K = L(uy,v1) L(ug,v2) U K1 |J K2,
where K1 = (Vk,,Ek,), Ko = (Vk,, Ex,) are connected and are unions of triangles, u,us €

Vi,,v1,v2 € Vi,. If V| = n, |Ex| = 322 and exp(K) = 3, then K is isomorphic to one of

the following graphs:
(1) As(ki, ko), k1 > 1,k > 0, k1 + ko = 25°.
(2) Ag(k1,k2), k1 >0,k > 0, k1 + ko = 25°.
(3) Aq(ki,k2), k1 > 0,ky >0,k + ky = 258,
(4) As(k), k=135

3n—2

5—. Suppose |Vk,| = n1,|Vk,| = na. We

Proof Clearly, n is even by the fact that |[Ex| =

have ni 4+ ne = n, and n1,ne have the same parity.

We claim that both n; and no are odd. Otherwise, if both n; and ny are even, then
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|Ek,| > % for all ¢ = 1,2 by Lemma 12, and thus

3n—2 3Ny —2 3ng—2 3n
= |Exg|=|E E 2> 2="",
5 1Bx| = 1Br,| +|Bre| +22 —5—+ —5—+ 5
It is a contradiction. By Lemma 12,
3n—2 3y —3  3ng—3 3n —2
5 = Bkl = |Br [+ [Br, | +2 2 12 + 22 +2="

Then |Eg,| = 2%=3 for all i = 1,2. And for any pair of triangles Ay, Ay C K; (i = 1,2), they
have at most one common vertex by (1) of Lemma 12.

For any pair of vertices u € Ex, \ {u1,us}, v € Ek, \ {v1,v2}, there is a walk of length
3 from vertex u to vertex v by exp(K) = 3. Hence {u,u1} € Ek, (or {u,uz2} € Ek,), and
{v,v1} € Ek, (or {v,v2} € Ek,).

For all i = 1,2, let S,, = {A C Kq|u; € Va}, Sy, = {A C Kalv; € Va}. Thus |S,,| > 1 and
|Sy;| > 1 by the fact that K; (i = 1,2) is connected and is the union of triangles.

Case 1 uy = us.
Then vy # vq, and {vy,v2} ¢ Fk, since K is not the union of triangles.

Since K> is the union of triangles and |Eg, | = 2%2=2 there is one pair of triangles A € S,,,

As € S,,, such that they have exact one common vertex. Assume that Ay = A(vy, v3,v4), Do =
A (ve,v4,v5).

If [Sy,
no walk of length 3 from vertex = to vertex y, contradicting the fact that exp(K) = 3. So we

> 1for all i = 1,2, then for any pair of vertices € Vg, \a,, ¥ € Vs,,\a,, there is

can assume |S,,| = 1, then Ky = A(vy,v3,v4) U A(vg, v4,v5) U (Ufil A(v1, wai—1,we;)) for some
ko > 0.

On the other hand, by Lemma 10 and (1) of Lemma 12, we have K; Uf;l A(u, ugi—1, ug;)
for some k1 > 1. Thus k = As(k1,k2), k1 > 1, ko > 0,k1 + ko = ”T*G.

Case 2 v; = vs.

Then u; # us. The proof is similar to that in Case 1.
Case 3 u; # us and vy # vs.

Subcase 3.1 {ui,us} € Ex, and {v1,v2} € FEk,.

By Lemma 10, A = A(uy,uz,u3) € K1, A" = A(vy,v2,v3) C Ks. Then A € S,,,, A" €
Sy, forall i =1,2.

If | Sy, | > 1 and |S,,| > 1, then for any pair of vertices « € Vs, \ay € Vs, \an, there is no
walk of length 3 from vertex z to vertex y, contradicting the fact exp(K) = 3. Hence |S,,| > 1
and |S,,| =1 hold, or |S,,| > 1 and |S,,| =1 hold.

Similarly, we have |Sy,,| =1 when [S,,| > 1, and |S,,| =1 when [S,,| > 1.

Subcase 3.1.1 |S,,| > 1 and |S,,| > 1.
Then |S,,| =[Sy, | = 1. Tt is easy to see that K =2 Ag(k1,ka), k1, ko > 1,k + ko = "T_G.

Subcase 3.1.2 |S,,| > 1 and |S,,| = 1.
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Then |S,,| = 1. It is easy to check that if |S,,| = 1, then K = Ag(k1,0) where ky = 255;
and if |S,,| > 1, then K 2 A7(k1, ko) where k1,ky > 1 and ky + ko =

Subcase 3.1.3 [S,,| =1,|54.,] > 1.
The proof is similar to that in Subcase 3.1.2.

Subcase 3.1.4 |S,,| =1,|59.,]|=1.
Then one of the following holds:
(1) If|Sy,| = |Sw,| =1, then K = Ag(0,0) where n = 6.
(2) If [S,,| > 1 and |S,,| =1, then K = A7(k1,0) where k; = 255,
(3) If |S,,| = 1 and |S,,| > 1, then K =2 A;(0, k2) where kg = 25,
(4) If |Sy,| > 1, |Su,| > 1, then K = Ag(k1, ka) where k1,ke > 1, k1 + ko =
From above arguments, we have K = Ag(k1, k2) or K = A7(kq, ks) where khk’g > 0 and
ki + ko = 5= 6

l\')

Subcase 3.2 {u;,u2} € Fk, and {vi,v2} ¢ Fk,.

Similarly to Case 1, assume Ay = A(vy,v3,v4), Do = A(va,v4,v5), and Az = A(uq, uz, ug).
Then K7 = Az and A1, Ay € K3 by Lemma 10 and (1) of Lemma 12. Otherwise, there exist
vertices © € Vg, \a, (or z € Vs., \As), ¥ = s (or y = v3) such that there is no walk of length 3
from x to y, contradicting the fact exp(K) = 3. Hence K = Ag(k), k = 255,

Subcase 3.3 {ui,us} ¢ Ek, and {v1,v2} € Fk,.

It is similar to that in Subcase 3.2.

Subcase 3.4 {uj,us} ¢ Fk, and {v1,v2} ¢ Fk,.
There exist vertices z € Vs, \{u1},y € Vs,, \ {v2}, such that there is no walk of length 3
from vertex x to vertex y, contradicting the fact exp(K) = 3.

Combining the above arguments, we complete the proof. [

Lemma 16 Let K not be the union of triangles and

K = L(uy,v1) U L(ve, w1) U L(we, uz) U K1 U K2 U K3,

where K; = (Vk,, Fk,)(i = 1,2, 3) is connected and is the union of triangles, uy,uz € Vi, ,v1,v2 €

Vig, w1, w2 € Vi,. If [Vi| = n, |Ex| = 322 and exp(K) = 3, then K is isomorphic to one of
the following graphs:

(1) Ag(kr, ko), ko, ko > 1, Ky + iy = 258,

(2) Avo(ki, ko), k1, ke > 1, k1 + kg = 252

(3) Au(k), k=258 > 1,

(4) Aps(k), k=258 > 1.
(5) Ais.

v ‘

Proof Note that n is even by |Ex| =

|Vk,| = n;. Then n; > 3 by
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the fact that K; is the union of triangles and ny + ns + ng = n. Thus all of ny,ny, n3 are even
or one of ni,n9,ng is even, and the other two are odd.

We claim that one of ny, na, ns is even, the other two are odd. Otherwise, we have |Ek,| >
% for all i = 1,2,3 by Lemma 12, then

3 3
3n—2 3n; — 2 3n
= |F = Er > = —.
5 |Ek| ;:1| K,,|+3_i§:1 5 T3=

It is a contradiction.
Without loss of generality, we can assume n; is even and ng,ng are odd. According to
Lemma 12, we have |E, | > 3M=2 |Ey, | > 3%=3(; = 2,3). Then
& 3n1—2 3ny—3 3n3—3 . 3n—2

=|Ex| = Ex,|+3> 3
|K|;|K1\+,2+2+2+ 5

Thus |Ex, | = 2=2 and |Ek,| = 223 for i = 2,3.

Let u € Vi, \ {u1,u2} and v € Vi, \ {v1,v2}. Then there is a walk of length 3, namely,

3n —2
2

u — x — y — v, for some z,y € Vi by the fact that exp(K) = 3. It is easy to check that
x = uy,y = v1. Thus {u,u1} € Eg, for any v € Vi, \ {u1,uz}, and {v,v1} € Ek, for any
v € Vi, \ {v1,v2}. Similarly, we have {u,us} € Fk, for any u € Vi, \ {u1,us}, {v,v2} € Ek,
for any v € Vi, \ {v1,v2}, {w,w;} € Ek, for any w € Vg, \ {w1, w2} and i =1, 2.

If uy = ug,v1 = vo,w; = we, then L(uy,ve) | L(vy,ws) | L(wi,u2) = Auy, vy, wr), which
contradicts the fact that K is not the union of triangle.

If uy # ug, then {uy,us} € Ek,, and % = |Ek,| > 2n1 — 3, so n; < 4. It is clear that
ny = 4 by the fact that n; is even and n; > 3. Thus |Ek, | = % = 5. It is easy to check that
Ky =2 Aug, ug, uz) U A(ug, ug, ug).

If v1 # vo, then {v1,v2} € Ek,, and 322=3 = |Ey,| > 2ny — 3, so ny < 3. It is clear that
ny = 3 by the fact that ny > 3 and ns is odd. Thus |Ek,| = % = 3. Then Ky & A(vq, v2,v3).

Similarly, if w; # way, then ng = 3, and we have K3 = A(wq, wa, w3).

Case 1 uj # us,v1 = U, W1 = Wa.
We have K1 = A(’Uq,UQ,Ug) U A(ul,UQ,U4). Then K = Ag(kl,kg), where kl Z l,kg Z
1, k1 + ka = 25% by the (1) of Lemma 12 and exp(K) = 3.

Case 2 uj = ug,v1 # Vg, W1 = Ws.
Then Ky = A(vy,v9,v3). We have K = Aqg(k1,ka) where ky > 1,ka > 1, k1 + ko = ”7_6 by
Lemma 12 and exp(K) = 3.

Case 3 U1 = U2,v1 = U2, W1 7é wa.

The proof is similar to that in Case 2.

Case 4 uj # ug, V1 # Vg, W1 = Wo.
Then K7 & A(uq,us,us) U A(ug, ug,uq) and Ko = A(vy,va,v3). Thus K 22 Aj1(k) where
k=252 >1 by Lemma 12 and exp(K) = 3.
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Case 5: uy # us,v1 = v, W1 7# Wa.

It is similar to that in Case 4.

Case 6 Up = u2,v1 7é Va2, Wy 7& wa.
Then K3 = A(vy,v2,v3) and K3 = A(wy, wz, w3). Thus K = Ajp(k) where k = ans > 1
by (2) of Lemma 12 and exp(K) = 3.

Case 7 uy # ug,v1 # V9, w1 # Wo.

Then K1 = A(ug, ug, ug) UA(ur, ug, uyg), Ko = A(vy,v2,v3), K3 =2 A(wy, we, ws). It is easy
to check that K = Aqys.

Combining the above arguments, we complete the proof. [

Now we are ready to prove Theorem 9.

Proof of Theorem 9 Note that G = (V, E) is a primitive loop-free graph with exp(G) = 3,
then for any vertex u € V, there are vertices v,w € V such that A(u,v,w) C G.

Let K = (Vik, Fx) be the union of all triangles of G and K7, ..., K; be the components of
K, where for all 1 <1i <t, K; = (Vk,, Exg,) and |Vk,| = n;. Then n; > 3 by the fact K; is the
union of triangles, and |Eg,| > 2%=2 according to Lemma 12.

Let E' = {{u,v}lu € Vk,,v € Vk,,where i # j,i,j € {1,...,t}}. Then |E'| > ¢ —1 by the
fact that G is connected. Then

t
n=|V|=Vk| =) |Vk
i=1

t
= E ni,
i=1

and

t t
3n —2 3n; — 3 3n — 3t
=|E| = FEg, E'| > ! E'| = E'|.
5 = 1Bl = 2 Bl + B 2 302 | = S 1B
Thus |E'| < 32,

For any i € {1,...,t}, let (i) = |{{u,v} € E'|lu € Vg,}|, and (1) = min{d(1),...,0(¢)}.
Then §(1)t < 3'_, 6(i) = 2|E'| < 3t — 2, 50 §(1) < 2.

Case 1 §(1) =0.
Lemma 13 implies the Theorem 9 because (1) = 0 if and only if t = 1.

Case 2 4(1) =1.

We claim that ¢ = 2 in this case. For ¢t > 3, without loss of generality, we can assume
{u,v} € E, where u € Vi, ,v € Vk,, then for any pair of vertices u’ € Vi, \ {u},w € Ui_s Vk,,
such that there exists a walk of length 3, namely, ' — w; — wy — w for some vertices
wy,wy € Vi by the fact that exp(G) = 3. Tt is easy to see wy = u, ws = v, and {v,w} € E’ for
any w € |Ji_s Vk,. Then

¢
>|E| =14 ni>1+3(t—2).
i=3

3t—2

Thus t < 2. It is a contradiction. Hence t = 2 and Lemma 14 implies Theorem 9.
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Case 3 4(1) =2.

Then ¢t > 2 and |E’| > t. Without loss of generality, we can assume {{u1, v1 }, {u2,v2}} C E’,
where u1,us € Vi,,v1 € Vi, ,v2 € Vi,,2 < 4,5 <.

If 1 = j, then ¢t = 2. Otherwise, similarly to Case 2, we have

t
> B 224 m—ni > 2+3(t - 2).
=2

3t —2

Then t < 2, it is a contradiction. Hence ¢t = 2 and Lemma 15 implies Theorem 9.

If i # j, then ¢t > 3. Similarly to Case 2, we have

t
t—2
2 Z|E/‘22+an7ni7nj22+3(t*3).

=2

Then t < 4. Hence t = 3 or 4.

Subcase 3.1 ¢t = 3.
Then |E’| = 3 by the fact that t < |E’| < 322 and §(1) = §(2) = 6(3) = 2 because §(1) = 2
is the minimal. We can assume E’ = {{uy, v1}, {v2, w1}, {wa,ua}}, where uy,us € Vi, ,v1,v2 €

Vi, , w1, ws € Vi, by the fact that G is connected. Hence Lemma 16 implies Theorem 9.

Subcase 3.2 ¢t =4.

We claim that |E’| # 4. Otherwise, we have 6(1) = 6(2) = 6(3) = 6(4) = 2 because
5(1) = 2 is the minimal. Then we can assume E' = {{uy,v1},{ve, w1}, {wa,z1}, {x2,u2}},
where u; € Vi, ,v; € Vi,,w; € Vi, x; € Vi, (i =1,2) by the fact that G is connected. Now for
any pair of vertices x,y, where z € Vi, \ {u1,u2}, y € Vi, \ {w1, wz}, there is no walk of length
3 from vertex x to vertex y, contradicting the fact exp(G) = 3.

We also claim that |E’| # 5. Otherwise, Z?:l 0(i) = 2|E'| = 10 and §(3) > 6(1) =
2 (i =2,3,4), then {§(1),8(2),(3),5(4)} ={2,2,2,4} or {2,2,3,3}. Tt is easy to check that the

structure of graph G is isomorphic to one of the following graphs:

K Ko K Ko
4 K3 4 K3
Figure 3.1 G, Figure 3.2 G»

Ky

)
(D—Ch)
4 K3
Figure 3.3 G3 Figure 3.4 G4
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In Figures 3.1-3.3, there exist vertices u,v ¢ Vg such that there is no walk of length 3 from
vertex u to vertex v, contradicting the fact exp(G) = 3.

In Figure 3.4, 1let E' = {{uy,v1}, {va, w1}, {vs, wa}, {ws, 1}, {2, us}}, wherefori =1,2,5 =
1,2,3, u; € Vi,,vj € Vi,,w; € Vigy, i € Vi,. For any vertex u € Vi, \ {u1,u2}, any vertex
w € Vk,, there is a walk of length 3, namely, u — y' — y” — w for some vertices y',y"” € Vi by
the fact that exp(G) = 3, then Vi, = {wy, w2, w3} for w is any vertex in Vk,.

If y = uq, then y” = vy, and we have v; = v3 = v3. Thus u — u; — v1 — wy (or wy) is the
walk of length 3 from u € Vi, \ {u1,us} to wy(or wy). If y' = ug, then y” = x5, and we have
1 = x9. Thus u — uy — 1 — w3 is the walk of length 3 from u € Vi, \ {u1,u2} to ws. But
there exist vertices v € Vi, \ {v1}, € Vg, \ {z1} by the fact |Vi,| > 3 for 1 <i <4, such that
there is no walk of length 3 from vertex v to vertex z, contradicting the fact exp(G) = 3.

Hence |E’| # 4 and |E’| # 5, but |E’| = 4 or 5 by the fact that 4 =¢ < |E'| < 32 =5. It
is a contradiction. Thus ¢ # 4.

Combining the above arguments, we complete the proof. O

4. Proof of Conjecture 6 and characterization of base 3

In this section, we show the Conjecture 6 is true and completely characterize the underlying
digraphs which have base 3 and the minimum number of arcs.

The following result can be used to prove the conjecture is true.

Lemma 17 ([9]) Let S = (V, A) be a primitive non-powerful symmetric loop-free signed digraph
with exp(S) = k on n vertices. If there exist two vertices i and j such that there is only one
walk of length k from i to j in S, then b(S) > k.

Now we show the Conjecture 6 is true.

Theorem 18 Let n > 6 be even, S = (V(S5), A(S)) be a primitive non-powerful symmetric
loop-free signed digraph on n vertices with |A(S)| = H(n,3) = 3n — 2, exp(S) = 3, b(S) = 3.
Then D is the underlying digraph of S if and only if D is isomorphic to the digraph ED),, 3 3.

Proof Sufficiency. It follows from (3) of Theorem 5.

Necessity. Since |V (S)| =n, |A(S)| = 3n — 2 and exp(S) = 3, D is isomorphic to one of the
graphs listed in Theorem 9.

If D is isomorphic to one of the graphs Ag, ..., A3 listed in Theorem 9, then b(S) > 3 by
Lemma 17, contradicting the fact that 5(S) = 3. Then D is isomorphic to Aj(k1, k2, k3), where
k1 # 0 or kg - k3 # 0, k1+k2+k3:”774.

If ko - k3 # 0, then for any pair of vertices w,x, where w € Ufiﬁ wy, T € Uffl x;, there
is only one walk of length 3 from vertex w to vertex z, and we have b(S) > 3 by Lemma 17,
contradicting the fact that b(S) = 3, so ka - k3 = 0 and k; # 0. Thus D is isomorphic to the
digraph FD,, 33. O

By Theorems 5 and 18, we can completely characterize the underlying digraphs which have

base 3 and the minimum number of arcs as follows.



A conjecture about primitive non-powerful symmetric loop-free signed digraphs 287

Theorem 19 Let n > 6, S = (V(S), A(S)) be a primitive non-powerful symmetric loop-free
signed digraph on n vertices with |A(S)| = H(n,3) and b(S) = 3. Then one of the following
conditions holds:

(1) If n is odd, D is the underlying digraph of S if and only if D is isomorphic to the
digraph OD,, 3.

(2) If n is even, D is the underlying digraph of S with exp(D) = 2 if and only if D is
isomorphic to the digraph ED,, 3.

(3) If n is even, D is the underlying digraph of S with exp(D) = 3 if and only if D is
isomorphic to the digraph ED,, 3 3.
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