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Abstract Let R be a commutative noetherian local ring. In this paper, we study Gorenstein
projective, injective and flat modules with respect to a semidualizing R-module C, and we give
some connections between C-Gorenstein homological dimensions and the Auslander categories
of R.
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1. Introduction

Throughout this paper, R will denote a commutative ring with nonzero identity and R will
denote the M-adic completion of a local ring (R, ).

When R is two-sided noetherian, Auslander and Bridger [1] introduced the G-dimension,
G-dimg M, for every finitely generated R-module M. They proved the inequality G-dimpM <
pdr M, with equality G-dimgrM = pdrM when pdrM is finite. Several decades later, Enochs
and Jenda extended the ideas of Auslander and Bridger and introduced three homological di-
mensions, called the Gorenstein projective, injective and flat dimensions. They proved that
these dimensions are similar to the classical homological dimensions, i.e., projective, injective
and flat dimensions, respectively. The Gorenstein projective, injective and flat dimensions of a
module are defined in terms of resolutions by Gorenstein projective, injective and flat modules,
respectively.

Let R be a noetherian ring with a dualizing complex D. The Auslander categories A(R)
and B(R) with respect to D are defined in [3,(3.1)]. In [6], it was shown that the modules
in A(R) are those of finite Gorenstein projective dimension (Gorenstein flat dimension) (see [6,
Thm. 4.1]) and the modules in B(R) are those of finite Gorenstein injective dimension (see [6,
Thm. 4.4]). Esmkhani and Tousi [9, 10] extended the characterization of finiteness of Gorenstein
projective, injective and flat dimensions in [6] to arbitrary local noetherian ring probably without

a dualizing complex. They proved over a local noetherian ring R, for an R-module M, the
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Gorenstein projective dimension of M is finite if and only if the Gorenstein flat dimension of
M is finite if and only if R ®z M belongs to the Auslander category A(R) (see [9, Thm. 3.4,
Cor. 3.5]), and M is Gorenstein injective if and only if Homg (R, M) belongs to the Auslander
category B(R), M is cotorsion and Ext%(E, M) = 0 for all injective R-modules E and all i > 0
(see [10, Thm. 2.5]).

Since the dualizing complexes (or modules) for a general ring usually do not exist, semidu-
alizing complexes and modules (see Def. 2.1) have received much attention in recent years, see,
for example, [5,12,13,15-20, 22]. The examples of semidualizing modules include the rank 1 free
module and a dualizing module, when one exists.

Let R be a noetherian ring and C' a fixed semidualizing R-module (or complex). The Auslan-
der categories Ac(R) and Be(R) with respect to C' are defined by Avramov, Foxby [3, (3.1)] (or
Christensen [5, Def.4.1]). In [12], Holm, J¢rgensen proved that if R admits a dualizing complex
D, then an R-module M is in Ac+(R) if and only if the C-Gorenstein projective dimension of M
is finite if and only if the C-Gorenstein flat dimension of M is finite, where C* = RHompg(C, D).
Dually, M is in B+ (R) if and only if the C-Gorenstein injective dimension of M is finite [12,
Thm. 4.6].

Motivated by [9,10], the main aim of this paper is to extend the characterization of C-
Gorenstein projective, injective and flat dimensions in [12] to arbitrary local noetherian ring,
possibly without a dualizing complex.

Let R be a local noetherian ring and C' a fixed semidualizing R-module, and let D denote
the dualizing complex of R. Then by [5, Thm. 5.6], C=C®rRisa semidualizing module of ]:2,
and by [5, Cor. 2.12], the complex 't = RHomR(C, D) is semidualizing for R.

We define A (R) to be those R-modules M such that R ®r M € Ags (R) and B5(R) to
be those R-modules M such that Hompg(R, M) € Bgy (R). In Section 3, we characterize C-
Gorenstein projective, injective and flat modules in terms of the classes A, (R) and B (R). Our

main results are Theorems 3.5, 3.7 and 3.10 which state, respectively, that:

Theorem A Let R be a local noetherian ring and M an R-module. Then M is C-Gorenstein
injective if and only if M € BJ(R), M is cotorsion and Ext(Homg(C,E), M) = 0 for all
injective R-modules E and all i > 0.

Theorem B Let R be a local noetherian ring, M an R-module, and n a non-negative integer.
Then the following conditions are equivalent:

(1) GFc-pdp(M) <n.

(2) M € Al(R) and Tory(Homp(C,I), M) = 0 for all injective R-modules I and all i > n.

(3) M € A (R) and Extz(M,C ®g L) = 0 for all cotorsion R-modules L with finite flat
dimension and all i > n.

(4) M € AL (R) and Ext’y(M,C®p F) = 0 for all cotorsion flat R-modules F and all i > n.

Theorem C Let R be a local noetherian ring, M an R-module, and n a non-negative integer.

Then the following conditions are equivalent:
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(1) GPc-pdr(M) <mn.
(2) M € Al (R) and Ext%y(M,C @g P) = 0 for all projective R-modules P and all i > n.
(3) GFc-pdg(M) < oo and Ext'is(M,C @p P) = 0 for all projective R-modules P and all

P> n.

2. Semidualizing modules and associated categories

The homological dimensions of interest in this paper are built from semidualizing modules
and their associated projective, injective and flat classes, defined next. Semidualizing modules
have been considered by many authors [5, 12,13, 15-20, 22].

Definition 2.1 A finitely generated R-module C' is semidualizing if
(a) The natural homothety morphism R — Hompg(C,C) is an isomorphism, and
(b) Extz'(C,C) = 0.
Let C' be a semidualizing R-module. We set

Pc(R) = the subcategory of modules C @ P where P is R-projective,
Fc(R) = the subcategory of modules C ®pg F where F' is R-flat,

F&'(R) = the subcategory of modules C ®g F where F is flat and cotorsion,
Zc(R) = the subcategory of modules Homp(C, I) where I is R-injective.

Modules in Pc(R), Fo(R), FEY(R) and Ze (R) are called C-projective, C-flat, C-flat C-cotorsion
and C-injective, respectively. An R-module M is C-cotorsion if Exty(C @z F, M) = 0 for all
flat R-modules F'.

Lemma 2.2 (1) Every C-injective R-module is C-injective as an R-module.
(2) Every C-flat R-module is C-flat as an R-module.

Proof (1) Let I be any injective R-module. Then T is an injective R-module. By adjointness,

we have
Hom ,(C,T) = Homp(C ®g R, T) = Homp(C, Hom (R, T)) = Homp(C, T).

It follows that Hom R(C‘, 1) is a C-injective R-module.
(2) Let F be any flat R-module. Then F is a flat R-module. So, we have

O@ng (C®rR) @p F2C®pF.
Hence C ®RF is a C-flat R-module. O

Definition 2.3 Let X be a class of R-modules and M an R-module. An X-resolution of M 1is

a complex of R-modules in X of the form
X=X, X,-1—-—>2X1—-X7—0

such that Hy(X) =2 M and H,(X) = 0 for n > 1, and the following exact sequence is the
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augmented X-resolution of M associated to X :
Xt=. 5 X, =X, 1— =X —Xg— M —0.
The X-projective dimension of M is the quantity
X-pdz(M) = inf{sup{n > 0| X,, # 0} | X is an X-resolution of M}.

In particular, one has X-pdg(0) = —oco. The modules of X-projective dimension 0 are the
nonzero modules of X.

An X-resolution X of M is proper if the augmented resolution Xt is Hompg (X, —)-exact.

We define (proper) X -coresolutions and X-injective dimension dually. And the X-injective
dimension of M is X-idg(M).

When X is the class of projective, injective and flat R-modules, we write pdgM, idg M,
and fdr M for the classical homological dimensions of M. Similarly, the Gorenstein projective,
injective and flat dimensions of M are denoted Gpdr M, GidgM and Gfdr M, respectively.

By Pc(R), Zc(R) and Fe(R) we denote the classes of R-modules with finite C-projective,
C-injective and C-flat dimension, respectively. Note that if R is a noetherian ring of finite Krull
dimension, then P(R) = F(R), and so Pc(R) = Fo(R) (see [21, Thm.4.2.8]). We shall use

these facts without comment.

Definition 2.4 An R-module M is called C-Gorenstein injective if

(I1) Extlz{l(HomR(C’, I), M) = 0 for any injective R-module I, and

(I2) there exist injective R-modules Iy, I, - - - together with an exact sequence:

X =--- = Homg(C, I;) - Homg(C, Iy) = M — 0

such that this sequence stays exact when we apply the functor Homg(Hompg(C, E), —) to it for
any injective R-module E (i.e., M admits a proper Z¢(R)-resolution).

An R-module M is called C-Gorenstein projective if

(P1) Ext%l(M, C ®r P) =0 for any projective R-module P, and

(P2) there exist projective R-modules P°, P!, --. together with an exact sequence:
X=0—-M-—-CrP"—-C®rP'— .-,

and also, this sequence stays exact when we apply the functor Hompg(—,C Qg Q) to it for any
projective R-module @Q (i.e., M admits a proper Pc(R)-coresolution).

An R-module M is called C-Gorenstein flat if

(F1) Torgl(HomR(C’7 I), M) = 0 for any injective R-module I, and

(F2) there exist flat R-modules F°, F!, --. together with an exact sequence:

X=0-M-=C@rF'—-CrF'— ..,

and furthermore, this sequence stays exact when we apply the functor Homg(C, E) @ g — to it

for any injective R-module E. We set

GZc(R) = the subcategory of C-Gorenstein injective R-modules,
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GPc(R) = the subcategory of C-Gorenstein projective R-modules,
GFc(R) = the subcategory of C-Gorenstein flat R-modules.

Fact 2.5 (1) By Holm-J¢rgensen [12, Ex.2.8], if I is an injective R-module, then Hompg(C, I)
and I are C-Gorenstein injective, and if P is a projective R-module, then C ® g P and P are
C-Gorenstein projective. Similarly, if F' is a flat R-module, then C® g F' and F' are C-Gorenstein
flat.

(2) By [17], we know that an R-module M is C-Gorenstein injective if and only if there

exists an exact sequence of R-modules

X X X X, X
X—... %2 | Hompg(C, I1) L N Hompg(C, Ip) % I, —— I, -

such that M = Cokerd;X, each I; is injective and the complex Hompg(Zo(R), X) is exact. In

which case, X is called a complete ZoZ-resolution of M.

Similarly, M is C-Gorenstein flat if and only if there exists an exact sequence of R-modules

oy o o

X=-. £ Fy
such that M = Cokerd;¥, each Fj is flat and the complex Zc(R) ®g X is exact. In which case,
X is called a complete FF -resolution of M.

It was shown in [13] that the Auslander categories Ac(R) and B¢(R) satisfy the two-of-

three property. Here, we can prove the similar results hold for A, (R) and By (R). Recall an
R-module M is cotorsion if Ext},(F, M) = 0 for all flat R-modules F.

8%, %,
C®RF_1 _— C@RF_Q —_— -

Lemma 2.6 Let 0 — M’ — M — M"” — 0 be an exact sequence of R-modules over a local
noetherian ring R. The following assertions hold.

(1) If any two of M', M, M" are in A, (R), then so is the third.

(2) Assume that M’ is a cotorsion R-module. If any two of M', M, M" belong to By (R),
then so does the third.

Proof (1) The exact sequence 0 — M’ — M — M"” — 0 yields the exact sequence 0 —
Ropr M — R®r M — R®r M — 0. Now, the conclusion follows from [13, Cor.6.3].

(2) The exact sequence 0 — M’ — M — M" — 0 yields the exact sequence 0 —
Homp(R, M') — Hompg(R, M) — Homg (R, M"") — 0. Now, using [13, Cor. 6.3] again. [J

Lemma 2.7 Let (R,9M, k) be a local noetherian ring and M a cotorsion R-module. Then for
all i > 0, the following conditions are equivalent:

(1) Exth(Homp(C,E), M) =0 for all injective R-modules E.

(2) Ext’é(HomR(C, I), Homp(R, M)) = 0 for all injective R-modules I.

Proof Assume that L is an R-module and F. — Homé(é, L) is a free resolution of HomR(C', L).
By [8, Prop. 1.4.16] and the fact that M is cotorsion and every flat R-module is flat as an R-

module, then for every i > 0, we have

Ext’,(Hom (C', L), Homp(R, M))



302 Chunzia ZHANG, Limin WANG and Zhongkui LIU
= H'(Hom 4 (F., Homg (R, M))) = H'(Homg(F. @ R, M))
=~ H (Hompg(F., M)) = Ext’ (Homg(C, L), M).

(1) = (2). By Lemma 2.2, every C-injective R-module is C-injective as an R-module. So,
the assertion holds from the above isomorphism.

(2) = (1). Let E be an injective R-module and let Homg(—, F(k)) be denoted by (—)V,
where E(k) is the injective envelope of k. By [8, Thm.3.4.1], E(k) is an injective cogenerator
for R and E(k) = ER(R/ﬂf)?) as an R-module. The R-module (Homg(C, E)Y)Y considered
with the R-module structure coming from E(k), that is, (#f)(z) = #(f(x)), for all # € R,
f € Homg(Hompg(C, E)Y, E(k)) and € Hompg(C, E)¥. Since E is injective, Homg(C, E)Y is a
C-flat R-module from [18, Lem. 3.3], and so Homg(C, E)Y = C ®g F for some flat R-module F'.
Then we have Homp(C, E)Y @r R~ (C @r F)@r R = C Rp (F g R), since F @x R is a flat
R-module by [8, p43, Ex.9]. Consequently, Hompg(C, F)Y @ R is a C-flat R-module. By the

adjoint isomorphism, we have
Hom s (Hompg(C, E)" @g R, E(k)) = Homg(Homg(C, E)Y, E(k))

as R-module. Hence (Homp(C, E)¥)Y is a C-injective R-module by [18, Lem. 3.3].

Consider the natural monomorphism Hompg(C, E) ER (Hompg (C, E)V)V. Note that Hompg(C,
E) is a pure submodule of (Hompg (C, E)V)Y, see [21, Prop.2.3.5]. Also, [7, Lem.2.1] implies
that Hompg(C, F) is pure injective, so Homg(C, E) is a direct summand of (Homg(C, E)V)V.
Thus, it suffices to show that Ext’((Hompg(C, E)¥)¥, M) =0 for all i > 0. To this end, by the

assumption and the above isomorphism, for all ¢ > 0, we have
Ext’((Hompg(C, E)Y)Y, M) 2 Ext’, ((Homp(C, E)")¥, Homg (R, M)) = 0. O

Lemma 2.8 Let R be a noetherian ring. If Tor®(Hompg(C,I), M) = 0 for all i > 0 and all
injective R-modules I, then Ext'a(M,C ®g K) = 0 for all i > 0 and all cotorsion R-modules K

with finite flat dimension.

Proof We use induction on the finite number fdg K’ = n. First, assume that n = 0. Then K
is flat, and hence K is a summand of an R-module Homg(E, E’) by [7, Lem. 2.3], where E, E’
are injective. It suffices to show that Exts(M,C ®p Homg(E, E’')) = 0 for all i > 0. By [8,
Thms. 3.2.11, 3.2.1], we have
Exto(M,C @r Homg(E, E')) = Exty (M, Homg(Homg(C, E), E'))

=~ Hompg(Tor(Homg(C, E), M), E')

=0
for all i > 0. So Ext%(M,C ®g K) = 0 for all i > 0. Now assume that fdg K = n > 0. Let
F — K be a flat cover of K with Kernel L. Then L is cotorsion and fdgL = n — 1. Since
fdg K = n < oo, by [13, Cor. 6.2], we have K € Ac(R), so Torf(C, K) = 0, then we obtain the

following exact sequence

0—-C®RrL—-CRrF—C®rK—D0.
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Now, applying the induction hypothesis and the long exact sequence
- — 0 =Exth(M,C @ F) — Exth(M,C @r K) — Extd " (M,C ®@p L) =0 — -+,

we have the desired conclusion. [

3. (-Gorenstein homological dimensions and Auslander categories

This section focuses on the connections between C-Gorenstein homological dimensions and
the Auslander categories of R.
In the following result, the conclusion of (1) was proved in [22, Prop. 4.3(1)] under an extra

assumption that Risa projective R-module.

Proposition 3.1 Let R be a local noetherian ring and M an R-module. Then the following
conclusions hold:

(1) If M is a C-Gorenstein injective R-module, then Hompg(R, M) is C-Gorenstein injective
as an R-module.

(2) If M is a C-Gorenstein injective R-module, then M € B.(R).

(3) If M is a C-Gorenstein injective R-module, then M is cotorsion.

Proof (1) If M is a C-Gorenstein injective R-module, then by Fact 2.5 (2), M admits a complete
TcoZ-resolution:

ax X, 0%,
I, I

a5 o
X=--- — HOHlR(C711) —) HOIIIR(C,I())

such that M =2 Cokerd;X. As an R-module, R has projective dimension at most dimR < oo
(see [8, Cor.2.4.31] and [21, Thm.4.2.8]). We use induction on the finite number pdzR. If
deR = 0, then R is a projective R-module, and so HomR(R,X) is exact. Assume deR > 1.
Let 0 > K — P — R — 0 be a projective resolution of R with pdpK = deé — 1. Then
it follows from [8, Thm. 3.2.1] that EXt}%(R, Hompg(C, E)) = HomR(Torf(C’7 R),E) = 0 for any

injective R-module E since R € Ag(R) (see [13, Cor.6.2]), and so the following sequences

0 — Homg (R, Homz(C, I;)) — Homg (P, Homg(C, I;))

— Homp(K,Homg(C, I;)) — 0, ()

and
0 — Homg(R, I_;) — Homp(P,I_;) — Hompg(K,I_;) — 0 (*_4)
are exact for i = 0,1,... and j = 1,2,... . Thus 0 — Hompg(R, X) — Hompg(P,X) —

Homp (K, X) — 0 is exact, which gives that
Homp(R, X) = --- — Homp(C, Homg(R, Iy)) — Homp(R,1_1) — -

is exact by induction and since Homp(R, Homg(C, I;)) = HomR(C',HomR(R, I;)), where every
Homp(R, I;) is an injective R-module. Note that

Homp (R, M) = Hompg(R, Ci¥) = Homp(R, %) = zHomrltX) o oHlomn(1.X),
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Let T be any injective R-module. Then T is an injective R-module, and so
Hom (Hom (€, T), Homp(R, X)) = Homp(Homg(C, T), X)

is exact. Hence Hom R(R, M) is a C-Gorenstein injective R-module.

(2) Let M be a C-Gorenstein injective R-module. By (1), Homp(R, M) is C-Gorenstein
injective as an R-module. Hence, by [12, Thm. 4.6], Hompg (R, M) € Beas (R), and so M € BL(R),
by the definition.

(3) Let F be any flat R-module. By [21, Thm.4.2.8], pdgF = n < oco. Since M is a
C-Gorenstein injective R-module, we have an exact sequence

0 — K, - Homg(C,I,—1) — - — Homg(C,I;) —» Homg(C,I) = M — 0
with I; injective. Breaking this sequence into short exact ones and noting that
Ext’(F, Hompg(C, I;)) = Hompg(Tor?(C, F),I;) = 0
for all ¢ > 0 by [8, Thm. 3.2.1], by dimension shifting, we have
Ext (F, M) = Ext}; " (F, K,) = 0

for all m > 0. O
Dually, we get the next result.

Proposition 3.2 Let R be a local noetherian ring and M an R-module. Then the following
conclusions hold:

(1) If M is a C-Gorenstein flat R-module, then R® M is C-Gorenstein flat as an R-module.

(2) If M is a C-Gorenstein flat R-module, then M € A, (R).

Let X be any class of R-modules and M an R-module. An X-precover of M is an R-
homomorphism ¢ : X — M, where X € X and such that the sequence

Hompg(X',p)
_

Hompg(X', X) Homp(X', M) —— 0

is exact for every X’ € X. If, moreover, ¢of = ¢ for f € Hompg(X, X) implies f is an automor-
phism of X, then ¢ is called an X-cover of M. Also, an X-preenvelope and X-envelope of M
are defined “dually”.

Lemma 3.3 Let R be a noetherian ring and M an R-module.

(1) If R is a local ring and M is a cotorsion R-module such that M € B (R), then there
exists an epimorphism L — M with Zg-idg(L) < oo.

(2) Assume ¢ : L — M is an epimorphism such that Zc-idr(L) < oo and that

Ext's(Homg(C, 1), M) =0

for all injective R-modules I and all i > 0. Then M has an epic ’zc(R)—precover E — M, in
which E is C-injective.

Proof (1) Note that M € Bl (R), then Homg(R, M) € Bg, (R). By [12, Thm. 4.6],

QIé—idR(HomR(R, M)) < 00.
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It follows from [19, Lem. 1.9], there are an R-module L and an R-epimorphism L — Hom R(R, M)
such that Z-idz(L) = gIé—idR(HomR(I?i, M)) < oco. Note that every C-injective R-module is
C-injective as an R-module by Lemma 2.2, and hence Z¢-idg(L) < oco. So, it suffices to show
that the natural R-homomorphism HomR(R, M) — M is epic.

The natural exact sequence 0 — R — R— ]:2/ R — 0 yields an exact sequence
Homp(R, M) — Hompg (R, M) — Exth(R/R, M).

The last module is zero because f%/ R is a flat R-module and M is a cotorsion R-module. These
considerations prove that HomR(R, M) — M is epic.

(2) By [13, Prop.5.3 (e)], there exists an Z¢(R)-precover f : Hompg(C, E) — M. At first,
we show that f is an fC(R)—precover. To this end, let ¢’ : L’ — M be an R-homomorphism such
that Ze-idg(L') < co. By [15, Cor. 2.9], we have L' € Ac(R), and so L' 2 Hompg(C,C®grL’) and
Ext}(C,C ®g L') = 0. On the other hand, by [15, Thm. 2.11], idr(C ®g L') = Zc-idg(L') < oo,
there in particular exists an exact sequence 0 — C ® g L' — E/ — K — 0 with E’ injective and

idgpK < co. Applying Homp(C, —), we get an exact sequence

0 L' —2— Homg(C,E'") —— Homg(C,K) —— 0

with Ze-idg(Homp(C, K)) = idgK < oo (see [15, Thm.2.11]). From the assumption and [16,
Lem. 1.7], we have Exty(Hompg(C, K), M) = 0. Now, applying the functor Homp(—, M) to the

above exact sequence, we obtain the following exact sequence
Homp(Hompg(C, E'), M) — Homp(L', M) — Exty(Homg(C, K), M) = 0.

So, there exists an R-homomorphism ¢ : Homg(C, E') — M such that ¢’ = ¢g. Also as f is an
Zc(R)-precover, there exists an R-homomorphism % : Hompg(C, E') — Hompg(C, E) such that
¢ = fh. Then there exists an R-homomorphism hg : L' — Hompg(C, E) such that f(hg) = ¢/,
which means f is an Zo(R)-precover.

Since f is an fC(R)—precover7 then there is an R-homomorphism ¢ : L — Hompg(C, E) such
that ¢ = f1. Since ¢ is epic, f is also epic. [

Dually, we can prove the conclusions (1) and (2) of the next lemma using Lemma 2.8 and
[18, Cor. 5.10].

Lemma 3.4 Let R be a noetherian ring and M an R-module.

(1) If R is a local ring and M € A, (R), then there exists a monomorphism M — L with
fc-de(L) < o0.

(2) Assume ¢ : M — L is a monomorphism such that Fo-pdp(L) < oo and that
Tory(Hompg(C, I), M) = 0 for all injective R-modules I and all i > 0. Then M has a monic
fC(R)-preenvelope M — F, in which F is C-flat.

(3) Let R-homomorphism f : M — L' be a ﬁc(R)—preenve]ope. Assume v : M — L is
a monomorphism such that Poc-pdg(L) < oo and that Ext%(M, C ®r Q) = 0 for all projective
R-modules Q and all i > 0. Then M has a monic ﬁC(R)—preenvelope M — P, in which P is
C-projective.
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Proof We should only prove (3). By assumption, ¢» : M — L is monic, then f : M — L’
is also monic. It follows from [15, Cor.2.9], L' € Bo(R). Now, there exists an exact sequence
0 K CorP ——— L’ 0 such that P is a projective R-module by [15,

Cor.2.4]. It is easy to see that Po-pdg(K) < co. So from the assumption and [16, Lem. 1.7], we
have Ext}?(M, K) =0, and thus a lifting 4 : M — C ®g P with f = wpu. The injectivity of f

gives also p is monic. It is easy to see that p is also a P (R)-preenvelope. [

Theorem 3.5 Let R be a local noetherian ring and M an R-module. Then the following
conditions are equivalent:

(1) M is C-Gorenstein injective.

(2) M is cotorsion and Homp(R, M) is C-Gorenstein injective as an R-module.

(3) M € BL(R), M is cotorsion and Ext(Hompg(C, E), M) = 0 for all injective R-modules
E and all i > 0.

Proof (1) = (2). It follows from Proposition 3.1.

(2) = (3). By Definition 2.4 and Lemma 2.7, we have Exth(Homp(C, E), M) = 0 for
all injective R-modules E and all ¢ > 0. On the other hand, [12, Thm.4.6] implies that
Homp(R, M) € Bz, (R), so M € BL(R).

(3) = (1). By the definition of C-Gorenstein injective R-modules, it suffices to show that
M admits a proper Z¢(R)-resolution. By Lemma 3.3, there exists an exact sequence

0 N Homp(C,E) —L— M 0 (%)

with f an fC(R)—precover and F injective. If we have proved that IV satisfies the given assumption
on M, then the result is obtained because one can obtain the sequence in Definition 2.4 (I2) by
iterating ().

Let I be an injective R-module. Applying the functor Homg(Homg(C,T), —) to the exact
sequence () yields an exact sequence

-+ — Exty(Hompg(C, I), M) — Ext ! (Hompg(C, I), N)
— Ext' ! (Homg(C, I), Homg(C, E)) — - - .
Since I € Be(R), we have
Exth(Homg(C, I), Homg(C, E)) = Hompg(Tor?(C, Homg(C, 1)), E) = 0.

Also Ext’ (Hompg(C, I), M) = 0 for all i > 0 by the assumption. Thus Ext%(HomR (C,I),N)=0
for all j > 2. From (*) we also have the following exact sequence

Hom g (Hompg(C, I), M) — Extg(Hompg(C,I), N) — Extk(Homp(C,I), Homg(C, E)).
It is clear that Exth(Homp(C, I), Homg(C, E)) = 0. On the other hand, since f is an Zo(R)-
precover, Hompg(Hompg(C,I), f) is an epimorphism. So Exth(Hompg(C,I),N) = 0 by “Five
Lemma”.

Next, we show that N is a cotorsion R-module. Since M € Bl (R), Homg(R, M) € Bes (R),
and so QIé—idR(HomR(R, M)) < oo. By [19, Lem. 1.9], there exists an exact sequence of R-
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modules

0 K E' —%— Homg(R,M) —— 0

such that Z-idz(E') = QIO—idR(HomR(R,M)) < oo and K is a C-Gorenstein injective R-
module. By Proposition 3.1, K is a cotorsion R—Inodule, which implies that K is cotorsion as an
R-module by [10, Lem. 2.4]. Now, let ¢ : HomR(R, M) — M be the natural R-homomorphism.
Since Za-idz(E") < 0o, by Lemma 2.2, Zo-idg(E') < co. Note that f is an Zc(R)-precover of
M, then there exists an R-homomorphism ¢ : E' — Hompg(C, E) such that o = fi). Thus

there exists an R-homomorphism 6 : K — N such that the following diagram is commutative

0 K E' “> Hompg(R, M) —>0
0 — N —— Hompg(C, E) ! M 0.

Let F be any flat R-module. Since Ext},(F, Homg(C, E)) = Homg(Tori(C, F), E) = 0, we

obtain the following commutative diagram

~~'—>HomR(F,H0mR(]EL’,M))LEXt}%(FvK) —)—>--- (+%)
\LHomR(F,Lp) ial
Hompg(F, M) ’ Exth(F,N) ——0.

Note that R/R is a flat R-module and M is a cotorsion R-module, then we have ExtL(R/R, M) =

0. Thus the natural exact sequence 0 — R — R— I%/ R — 0 yields the following exact sequence

0 —— Hompg(R/R,M) —— Hompg(R,M) —2— M 0-

Now, applying the functor Hompg(F, —) to it yields an exact sequence

Hom g (Fyp)
_—

Homp(F, Homg (R, M)) Hompg(F, M)

——— Exth(F,Homg(R/R, M)) —— BExth(F,Homg(R, M)) —— 0 (1)

since M is cotorsion. Also, [14, Lem. 2.16] implies that HomR(R, M) is a cotorsion R-module,
so Exth(F,Homg(R, M)) = 0. On the other hand, since F is a flat R-module, we get that the
sequence 0 — F' — F ®p R— F®gr R/R — 0 is exact. Thus the sequence

Hompg(F ®r R, M) — Homp(F, M) — Exth(F ®r R/R,M) — Exth(F @r R, M) — 0 ()

is exact and since F @g R is a flat R-module and M is cotorsion, Exth(F ®r R, M) = 0.
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Now, from (f) and (#f) we obtain the following commutative diagram

Homp(F, Hompg(R, M)) = Homp(F ®r R, M)
Hompg(F, M) ——————— Hompg(F, M)

Exth(F, Homp(R/R, M)) — ExtL(F ®p R/R, M)

0 0.

By “Five Lemma”, Exth(F, Homg(R/R, M)) = Exth(F ®g R/R, M). Since F @ R/R is a flat
R-module and M is cotorsion, Ext}(F, Homg(R/R, M)) = 0. Thus, from (f), Homg(F, ¢) is an
epimorphism. Then by (xx), 610 is epic and so 0, is epic. Thus Ext}%(F, N) =0. It follows that
N is cotorsion.

Finally, by Fact 2.5 and Proposition 3.1 (2), we have Homz(C, E) € B,(R). So N € B (R)
by Lemma 2.6. [J

Corollary 3.6 Let R be alocal noetherian ring of Krull dimension d and assume that Extzé(f%, M)
0 for all¢ > 0. Then the following conditions are equivalent: (1) M € By(R). (2) GZc-idr(M) <
00. (3) GLc-idr(M) <d.

Proof (1) = (3). Since M € B/, (R), Homp(R, M) € BC,Jr(]:Z). So [12, Thm. 4.6] implies that
GZ 4-id s (Hompg (R, M)) < co. On the other hand, [12, Thm. 2.16] gives that
GI p-id 3 (Hompg (R, M)) = Gidp_ (Homp(R, M)).
By [11, Thm. 2.29], Gids_ »(Homg(R, M)) < FID(R « C), where
FID(R) = sup{idyN |N is an R-module with finite injective dimension}.

Also, [4, Cor.5.5] implies that FID(R o« C) < dim(R « C), and R and R o C are finitely
generated as modules over each other, so dim(R « C) = dim(R) = d. This shows that
GI p-id(Hompg (R, M)) < d.

Consider the following exact sequence of R-modules
0—-M—-E"—-FE'—... 5 E"1 L0

with E’ injective for 0 < i < d — 1. By Fact 2.5, it suffices to prove that L is a C-Gorenstein

injective R-module. From the assumption, we have the following exact sequence
0 — Hompg (R, M) — Homp(R, E°) — --- — Homp(R, E*') — Homg (R, L) — 0.

Since Q’Ié—idR(HomR(R, M)) < d, Homp(R, L) is a C-Gorenstein injective R-module.
Let F be any flat R-module. Then by [21, Thm.4.2.8], pdpF < d. Thus Ext%(F, L) =
Exti?(F, M) = 0 for i > 0. This means that L is a cotorsion R-module. Now the result follows
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from Theorem 3.5.
(3) = (2) is obvious.
(2) = (1). Let GZ-idr(M) = s < oo. Then there exists an exact sequence of R-modules

0-M—-G"—-G"—--- =G =0

such that G°, G1,... , G* are C-Gorenstein injective R-modules. By [21, Thm. 4.2.8], pdrR is

finite. Using hypothesis and [17, Lem. 4.8], we get an exact sequence
0 — Hompg (R, M) — Hompg(R,G°) — --- — Hompg(R,G*) — 0.

This implies that QIé—idR(HomR(]:?,M)) < 5. So [12, Thm.4.6] gives that Homp(R, M) €

By (R). Thus, M € Bl (R). O

The next result can be proved using a similar method as in Theorem 3.5.

Theorem 3.7 Let R be a local noetherian ring, M an R-module, and n a non-negative integer.
Then the following conditions are equivalent:

(1) GFc-pdp(M) <n.

(2) M € A (R) and Tor; (Homp(C,I), M) = 0 for all injective R-modules I and all i > n.

(3) M € AL (R) and Extz(M,C ®@g L) = 0 for all cotorsion R-modules L with finite flat
dimension and all i > n.

(4) M € Al (R) and Ext’y(M,C®p F) = 0 for all cotorsion flat R-modules F and all i > n.

Corollary 3.8 Let (R,9,k) be a local noetherian ring. If M € A (R), then

g}—é—pdé(é ®r M) =GFc-pdr(M).

Proof The inequality “<” follows from Proposition 3.2 (1), then we should only prove the op-
posite inequality. Since M € A%, (R), we have Rog M € Aay (R), which implies g}"é—de(R ®r
M) < oo by [12, Thm. 4.6]. Set GF 5-pds(R®p M) = s. Then there exists an exact sequence of
R-modules

0—-Ki—FP1—--—>P—-P—-M-—0 (*)

with P; projective for 0 < ¢ < s — 1. By Fact 2.5 (2), we need show that K is a C-Gorenstein

flat R-module. From (x), we obtain the following exact sequence
0—-K,®g R—P,_1®gR— -+ > P @ R—Py®r R— M o R — 0.

By Fact 2.5 (2) and Proposition 3.2 (1), K, ®g R is a C-Gorenstein flat R-module. Then
K, ®r R € Apy (R) by [12, Thm. 4.6]. Thus, K, € AL (R).

Let F be any injective R-module and let Hompg(—, E(k)) be denoted by (—)Y, where E(k)
is the injective envelope of k. By the similar arguments to the proof of Lemma 2.7, we know
Hompg(C, E) is a direct summand of (Hompg(C, E)V)V. Thus, it suffices to show that

Tor’((Hompg(C, E)V)Y, K,) = 0 for all i > 0.

Consequently, we have Tor(Homg(C, E), K,) = 0 for all i > 0 and the assertions hold. While
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(Hompg(C, E)V)Y is a C-injective R-module, we have TorlR((HomR(C, EY), K,®r R) =0 for
all ¢ > 0 by Theorem 3.7.

Now, suppose F. — K, is a flat resolution of K,. Then F. ®z R is a flat resolution of
K, ®pr R. So for every i > 0, we have

Torl((Homp(C, E)V), K,) = H;((Homg(C, E)")" @ F.)
= H;((Homg(C, B)V)Y @5 (F.®g R))
= Tor/*((Homp(C, E)")Y, K, @ R)
=0. O

Corollary 3.9 Let R be a local noetherian ring and M an R-module. Then the following
conditions are equivalent:

(1) M e AL(R).

(2) GFc-pdp(M) < .

The next result contains Theorem C from the introduction.

Theorem 3.10 Let R be a local noetherian ring, M an R-module, and n a non-negative integer.
Then the following conditions are equivalent:
(1) GPe-pdg(M) <n.
(2) M € AL (R) and Ext®(M,C ®g P) =0 for all projective R-modules P and all i > n.
(3) GFo-pdr(M) < oo and Exty(M,C @ P) =0 for all projective R-modules P and all

P> n.

Proof (1) = (2). It follows from [17, Lem. (3.3)(a)] that GFc-pdp(M) < GPc-pdi(M) < n.
Then by Theorem 3.7, M € Al (R). Also, [20, Prop.2.12] implies that Ext(M,C ®g P) = 0
for all projective R-modules P and all i > n.

(2) = (3). It follows from Corollary 3.9.

(3) = (1). There exists an exact sequence
0—K,—PFP,.1—-—>P—-F—-M-—0

with P; projective for 0 < ¢ < n—1. From Fact 2.5, we only need to show that K, is C-Gorenstein
projective.

Let P be any projective R-module. Then Exth(K,,C ®p P) = Exty"(M,C ®g P) =0
for all ¢ > 0. In view of Definition 2.4, it is enough to show that K, admits a proper Pc(R)-
coresolution.

[12, Thm.2.16] and [11, Thm.3.15] give that GFc-pdr(K,) < oo, thus there exists a
monomorphism K,, — L with Fe-pdp(L) < oo by [18, Cor.5.10]. From [8, Thms. 3.2.1, 3.2.11],
we have

Exts (K, C @z Homg(F, E')) = Homg(Tor? (Homg(C, E), K,), E')

for all i > 0 and all injective R-modules E and E’. Therefore, Tor!*(Homg(C, E), K,,) = 0 for all

injective R-modules E. Now using Lemma 3.4 (2), (3), there exists a monic P¢ (R)-preenvelope
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f: K, —» C®pgQ in which Q is projective. Let P be any projective R-module. Applying the
functor Homg(—,C ®pr P) to the exact sequence

0—K,LCor0—B—0, (+)

we have Exty(B,C®g P) = 0 for all i > 0 since f : K,, — C®zQ is a Pc(R)-preenvelope. Also,
GFc-pdg(B) < oo by [12, Thm. 2.16] and [11, Thm. 3.15]. Now iterating the above procedure,
we have the desired proper Pg(R)-coresolution of M. [

Corollary 3.11 Let R be a local noetherian ring and M an R-module. Then the following
conditions are equivalent:

(1) GPe-pdp(M) < oo,

(2) GFopdg(M) < .

(3) M € AL(R).
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