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Abstract In this paper, we consider boundary value problems for systems of nonlinear third-
order differential equations. By applying the fixed point theorems of cone expansion and
compression of norm type and Leggett-Williams fixed point theorem, the existence of multiple
positive solutions is obtained. As application, we give some examples to demonstrate our
results.
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1. Introduction

In this paper, we study the existence of multiple positive solutions of boundary value prob-

lems for systems of nonlinear third-order differential equations:

) = ax(t)f1(t, v(t)), t € (0,1),
) = a2(t)f2(tau(t))a te (07 1)a
(0) ='(0) =0, (1) = aru/(m),
(0) =2(0) =0, v'(1) = azv’(n2),
where f; € C([0,1] x [0,+0),[0,+0)), 0 <m; <1, 1 <@ < %, a;(t) € C([0,1],]0,400)) (i =
1,2).

In recent years, the existence of positive solutions for the third-order nonlinear boundary
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value problems received a special attention (see [1-4] and references therein). By using a Kras-
nosel’skii fixed point theorem, Guo et al. [5] studied the existence of at least one positive solutions
for the following boundary value problem:

{ W () + a(t) f(ut) =0, t € (0,1), 12)

u(0) = u'(0) =0, /(1) =
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In [6], Hu et al. considered the existence of at least one and two positive solutions for systems

of nonlinear second-order differential equations:

—u"(t) = a1(t) f1(t,v(t)), t € (0,1),

(1) = ) ot u(t), 1€ (0,1) )
au(0) + Bu’'(0) =0, ~u(l) + du'(1) =0,

av(0) + Bv'(0) =0, ~v(l)+ dv'(1) = 0.

Motivated by the works of [5] and [6], in this paper we aim at investigating the existence of
at least two positive solutions associated with BVP (1.1) by applying the fixed point theorems of
cone expansion and compression of norm type, and investigating the existence of at least three
positive solutions for BVP(1.1) by using Leggett-Williams fixed point theorem. The results

obtained in this paper are different from those in [5] and [6].

2. Preliminaries and lemmas
Lemma 2.1 ([5]) Suppose that a;n; # 1 (i = 1,2). Then for any y € C[0,1], the problem

wi(t) +y(t) =0, t € (0,1),

(2.1)
w;(0) = wi(0) =0, wi(l) = azw'(n:),
has a unique solution
1
t) :/ K;(t,s)y(s)ds, i=1,2, (2.2)
0
where
(2ts — s2)(1 — a;m;) + t2s(c; — 1), s < min{n;, t},
1 (1 —agmi) +t2s(e; — 1), t < s <,
K;(t,s) (2.3)

2(1 = i) (2ts — s*)(1 — cims) + t*(cum; — s), i < s < t,

t2(1 — s), max{n;, t} < s.

Lemma 2.2 ([5]) Let 0 <m; <1landl<a; < i (1 =1,2). Green’s function K;(t,s) (i =1,2)
defined by (2.3) satisfies 0 < K;(t,s) < K;(s), ¥Y(t,s) € [0,1] x [0,1], i = 1,2, and

min K;(t,s) > v K;(s), Vse€0,1], i =1,2, (2.4)
te[at 1]
where K;(s) = 2% s(1 —s), s €[0,1], 0 < y; = ;mm{az 1,1} < 1.

1—ayn; (1+a)

Corollary 2.1 Let0<n <landl < a; < ni (i = 1,2). Green’s function K;(t,s)(i = 1,2)
defined by (2.3) satisfies rr[lgn]Ki(t,s) > vK;(s), where 6 = max{, 22}~ = min{v;,72}.
t€(6,1

10 az

It is easy to prove by Lemma 2.1 that (u(t),v(t)) € C3([0,1], (0, +00)) x C3([0, 1], (0, +0))
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is a positive solution of BVP(1.1) if and only if (u(t),v(t)) is a positive solution of system (2.5)

1
u(t) = / Ky (t, $)ax (s) f1 (s, 0(s))ds,

1 (2.5)
o) = [ Kalt,9)az(s)fols.us)ds,
0
where K;(t,s) (i = 1,2) is the Green’s function defined by Lemma 2.1.
In real Banach space C[0, 1], the norm is defined by |lu| = max;¢fo 17 [u(t)|. Set
P ={ueC[0,1]],u(t) >0 for t € [0,1], min u(t) >~y || ul}- (2.6)

telf,1]
Obviously, P is a positive cone in C[0, 1], where 6,~ are defined by Corollary 2.1.
For convenience, we make the following assumptions:
(A1) ai(t) € C([0,1],[0, +00)) and a;(t) do not vanish identially for ¢ € [, 1] (i = 1,2);
(A2) fi € C([0,1] x [0,400), [0, +00)) (i =1,2);
(As) aimi <1 (i=1,2).
Define the operators 11,7 : P — E by

1
Tyu(t) = /0 Ki(t,8)a1(s) f1(s,v(s))ds, Vt e [0,1], (2.7

1
Tyu(t) = / Ko, s)as(s) fo(s, u(s))ds, V¥t e 0,1]. (2.8)
0
Lemma 2.3 Ti,7T5 : P — P are completely continuous.

Proof For u € P, consider (2.7), by Lemma 2.2, we have

1
0 < ||Tyu| = max |[Tyu(t)] §/ Ki(s)ai(s)fi(s,v(s))ds. (2.9)
0<t<1 o
It follows from Corollary 2.1 and (2.9) that
1
min Tru(t) 27 [ K1 (9)ar(9)fa(s.0(s))ds = 5| Zral] (2.10)
; 0

Therefore T} : P — P. It is easy to prove that T} : P — P is continuous since K1 (¢, s), f1(t, v(s)),
ay(s) are continuous. Standard applications of the Arzela-Ascoli theorem imply that 77 is a
completely continuous operator. Similarly, it can be proven that 7o : P — P is completely
continuous.

In order to obtain our main results, we need the following fixed point theorems, which are

useful methods to prove the existence of positive solutions for differential equations, for example
[6-8] and [9, 10].

Lemma 2.4 ([11]) Suppose E is a real Banach space and P is cone in E, and let Q1,09 be
two bounded open sets in E such that 0 € Qy, Q; C Qs. Let operator T : PN (Q\Q1) — P be
completely continuous. Suppose that one of the following two conditions holds

1) |Tz|| < ||z||, V& € PN OQ; |Tx|| > ||z||, Ve PnoQs;
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(ii) |Tz| > ||z||, Vu € PN oQy; ||Tx| < ||z||, Yz € PN 0N,
then T has at least one fixed point in PN (Q2\ Q).

Lemma 2.5 ([12]) Let A: P. — P, be completely continuous operator and (3 be a nonnegative
continuous concave functional on P such that 8(x) < ||z| for x € P.. Suppose there exist
0 <a<b<d<csuch that

(i) {x € P(B,b,d) : B(z) > b} # @ and B(Ax) > b for x € P(3,b,d);

(i) || Az < afor | 2 < a;

(iii) B(Ax) > b for x € P(8,b,¢) with || Az ||> d.
Then A has at least three fixed points x1,z2, x3 in P, such that ||z1|| < a,b < B(z2) and ||z3|| > a
with B(x3) < b.

3. The existence of two positive solutions

For convenience, we introduce the following notations. Let
1 1
Ry zmax{/ Kl(s)al(s)ds,/ Kg(s)ag(s)ds},
0 0
1 1
R2=/ Kl(s)al(s)ds/ Ky(71)as(r)dr,
0 0
1 1
R3 = ’ymin{/ Kl(s)al(s)ds,/ Kg(s)ag(s)ds}.
0 0

Theorem 3.1 Suppose that the conditions (A;)-(As) and the following assumptions hold

(Bl) lim inf M = 00, lim inf 7f2(t,u) = 00;

v—0*tte0,1] Y u—0+t€l0,1] ¢
(B3) lim inf LU — oo lim  inf 209 = o
v—ootefo,1] Y u—ootcl0,1] ¢

(Bs) There exists a constant p* > 0 such that
fi(t,v) < R7Yp*, fa(t,u) < Ry'p*, for (t,v), (t,u) € [0,1] x [0, p*],

then BVP(1.1) has at least two positive solutions (u1(t),vi(t)), (ua(t),v2(t)) € C3[0,1] x C3[0,1]
satistfying 0 <|| uy ||< p* <|| w2 || and 0 <[] v1 ||< p* <|| v || -

Proof At first, it follows from the assumption (B;) that we may choose 0 < p; < p* such
that fi(t,v) > A\, fa(t,u) > Au, for each (t,v), (t,u) € [0,1] x [0, p1], where A3y3Ry > 1. Set
Q1 ={ue C[0,1] ;]| u ||< p1} and for u,v € PN OQy, by Corollary 2.1 and (2.10), we have
1 1 1
Tyu(t) > )\1/ Ki(t,s)ai(s)v(s)ds > ()\17)2/ Kl(s)al(s)ds/ Ky(1)as(r)u(r)dr
0 0 )
> (\y)*yRe|ul-

Therefore
[Tvull > [ull, we PnNo. (3.1)

Further, it follows from the condition (B3) that there exists p,. > p* > 0 such that fi(¢,v)
Ao, fo(t,u) > Xou, for each (t,v),(t,u) € [0,1] X [ps,+00), where A\2v3Ry > 1. Let py =

Y
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max{2p1,7 1p.}. Set Qo = {u € C[0,1] :|| u ||< p2}. For u,v € P NIy, by (2.10) we have
mingeg,1) u(t) > v[lull = vp2 > ps, and

Thu(t) > Aoy /9 U K(s)ay(s)o(s)ds > (hgn)? /9 K (s)a (s)ds /0 | Ko(r)as(r)u(r)dr
> (A27)*vRz||ull.
Therefore
|Tyul| > [jull, e PnoQs. (3.2)
Finally, set Q3 = {u € C[0,1] : |lul]| < p*} and for u,v € P N IN3, by Lemma 2.2 and the

condition (Bs), we have

Thu(t) < /0 Ki(s)ax(s)f1(t, v(s))ds < Rflp*/o Ki(s)ai(s)ds < p* = |lull

which implies
| Tru [|< flull, we PNoSs. (3.3)

Thus by (3.1)-(3.3), Lemmas 2.3 and 2.4, T} has a fixed point u; in PN (Q3\ Q) and a fixed
point ug in PN (Q2\ 23). Similarly, it can be proven that T has a fixed point v in PN (Q3\ Q1)
and a fixed point vg in PN (Qg \ Q3). This means that BVP(1.1) has at least two positive
solutions (uy(t),v1(t)), (uz(t),v2(t)) € C3[0,1] x C3[0,1] satisfying 0 < uy(t) < p* < uz(t),0 <
v1(t) < p* < wa(t).

Theorem 3.2 Suppose that the conditions (A;)-(As) and the following assumptions hold
(By) lim sup L%’U) =0, lim sup 7]02(5’“) =0;

v—=0T tg(0,1] u—07F ¢¢[0,1]
(Bs) lim sup L(i’”) =0, lim sup L(i’") =0,
V=0 ¢ef0,1] U= ¢elo,1]

(Bs) There exists a constant p’ > 0 such that
fl(t’u) > R?Tlplv fQ(t’U) 2 Rglp/a for (t’v)v (t7u) € [07 1] X [’Yp/ap/]'

Then BVP(1.1) has at least two positive solutions (u1(t),v1(t)), (ua(t),v2(t)) € C3[0,1] x C3[0,1]
satisfying 0 < [Ju1]| < p’ < |lug| and 0 < |Jv1|| < p' < |Jv2]|-

Proof At first, it follows from the assumption (B4) that there exists 0 < ps < p’ such that
fi(t,v) < Agv, fa(t,u) < Asu, for each (¢,v),(t,u) € [0,1] x [0, p3], where AgR; < 1. Set
Qy ={ueC0,1] : |lu|| < ps}. For u,v € PNIQy, by Lemma 2.2, we have
1 1 1
Tyu(t) g/ Kl(s)al(s))\gv(s)dsg)\g/ Kl(s)al(s)ds/ Ky(r)as(r)u(r)dr
0 0 0
< (A3 R1)?|lul]-

Therefore
|Thul| < lull, we PnNoQs. (3.4)

Further, by the condition (Bs) we consider four cases:
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Case (i) If f; and fo are bounded, then there exists N > 0 such that fi(¢t,v(t)) < N,
fa(t,u(t)) < N, for (t,u), (t,v) € [0,1]x]0, +00). In this case, we may choose py = max{2p3, NR;},
so that for any u € P with ||u|| = p4, we have

1
Tiu(t) < N/ Kq(s)ai(s)ds < ps, t€]0,1].
0
Therefore, || Tiu|| < ||u||. Similarly, we may obtain ||Tov|| < ||v|| for any v € P with ||v|| = pa.

Case (ii) If f; is bounded and f5 is unbounded, then there exists N > 0 such that fi(t,v(t)) < N
for (t,v) € [0,1] x [0, +00), and by the assumption (By) there exists H > 0 such that fa(t, u(t)) <
du(t) for all (¢,u) € [0,1] x [H, +00), where 5f01 Ks(s)az(s)ds < 1.
Therefore, we may choose py = max{2p3,H,Nf01 Ki(s)ay(s)ds}, such that fo(t,u) < fo(t, pa)
for (t,u) € [0,1] x [0, p4]. So, for any w € P with ||u|| = p4, we have

1
Tiu(t) < N/ Ki(s)ai(s)ds < ps, t€]0,1].
0
Therefore, ||Tyu|| < ||u|| = ps. For any v € P with ||[v|| = ps, we have

1 1
Tov(t) < / Ky (s)aa(s) fa(t, ps)ds < 6,04/ Ks(s)az(s)ds < pg, t€[0,1].
0 0
So || vl < |lv]|-

Case (iii) If f5 is bounded and f; is unbounded, then there exists N > 0 such that fo (¢, u(t)) <
N for all (¢t,u) € [0,1] x [0,400), and by the assumption (B4) there exists H > 0 such that
fi(t,v(t)) < dv(t) for (¢t,u) € [0,1] x [H,+00), where (5[01 Ki(s)ai(s)ds < 1. Therefore, we may
choose ps = max{?pg,H,Nfol Ks(s)ag(s)ds}. For any u,v € P with |lul| = ||v]| = p4, similarly
to Case (ii), we can obtain [|Thul| < ||ull, || Tev|| < ||v]|.

Case (iv) If f; is unbounded and f; is unbounded, by the assumption (By) there exists H > 0
such that fi(t,v(t)) < dv(t), f2(t, u(t)) < du(t) for (t,v), (t,u) € [0,1] x [H, 4+00),where Ry < 1.
Therefore, we may choose ps = max{2ps, H, NRy}. For any u,v € P with ||u| = ||v|| = pa, we
can obtain [[Tyul| < {lufl, [ Tov] < [lvl].
Therefore, in either case we may set Q5 = {u € C[0,1] : |lul]| < p4a}, for u,v € PN ON;5 and we
have

1Thu| < |u|l, wePNoQs. (3.5)

Finally, set Q6 = {u € C[0,1] :|| u [[< p'}, for u € PN 0. Lemma 2.2 implies mingeg,1) u(t) >
~|lul| = vp', and by the condition (Bg), Corollary 2.1, (2.7), we have

Tyu(t) > /9 Ky (t,s)ai(s)f1(t,v(s))ds > nglp'/e Ki(s)ai(s)ds > p' = ||Ju]|.

Hence
|Tiul| > [Jull, e PN oQs. (3.6)

By (3.4)-(3.6), Lemmas 2.3 and 2.4, T} has a fixed point u; in PN (2 \ £4) and a fixed uy
in PN (Qs\ Q). Similarly, it can be proven that T, has a fixed point v; in P N (Qg \ Q)
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and a fixed vy in PN (25 \ Q). This means that BVP(1.1) has at least two positive solutions
(ur(t),v1(t)), (uz(t),v2(t)) € C3[0,1] x C3[0,1] satisfying 0 < u1(t) < p' < uz(t),0 < v1(t) <
P < wvy(t).

4. The existence of three positive solutions

Let E be a real Banach space with cone P. A map 8 : P — [0,400) is said to be a

nonnegative continuous concave functional on P if 3 is continuous and

B(tr + (1 —t)y) > tB(zx) + (1 - 1)B(y),

forall z,y € P and t € [0,1]. Let a,b be two numbers such that 0 < a < b and 8 be a nonnegative

continuous concave functional on P. We define the following convex sets:
P,={zxe€P:|z|<a}, OP,={x€P:|z]|=a}, Po={recP:|z|<a},
P(B,a,0) = {x € P:a < f(z),|z| < b}

Theorem 4.1 Suppose that (A;)—(As) hold. There exist nonnegative numbers a, b, ¢ such that
0 <a<b<min{y, 17, 57 }e and fi(t,v), f2(t, u) satisfy the following growth conditions:

(C1) [itv) < 5775 ot w) < 575, (4 0), (w) € 0,1] < [0, ],

(Ca) fi(ts0) < 5375 foltw) < 5355 (), (u) €[0,1] x [0, 4],

(Cs) filt,v) > op, foltow) > o, (B0), (8u) € [0,1] x b, 2],
where m; = mingeg 1] fel Ki(t, s)a;(s)ds, M; = maxeo, 1] fo i(t, s)a;(s)ds, i = 1,2.
Then BVP(1.1) has at least three positive solutions (un,ugl), (u12,u22), (u13,u23) € C3[0,1] x
C3[0,1] such that |Ju;1|| < a, b < B(us2), and ||us|| > a with B(u;3) < b, i =1,2.

Proof Let P be defined by (2.6) and 77,75 be defined by (2.7) (2.8). For u € P, let f(u) =
minsepg,1) u(t). Then it is easy to check that 3 is a nonnegative continuous concave functional on
P with f(u) <| u || and by Lemma 2.3, Ty, T : P — P are completely continuous operators.

First, we prove that if (Cy) holds, then Ty : P, — P.. In fact, if u,v € P, then |lu| < c
and by condition (Cy), we have

1
|7 ul| = max ‘/ K (t,8)a1(s) f1(t,v(s))ds| < max —/ Ky(t,s)a1(s)ds = c. (4.1)
tefo,1] 1 Jg tefo,1] M-

Hence (4.1) shows that T} : P, — P..

In a completely analogous argument, the condition (C3) implies that the condition (ii) of
Lemma 2.5 is satisfied.

Now we show that the condition (i) of Lemma 2.5 is satisfied. Clearly, {u € P(8,b, %) :
B(u) > b} # 2. If ue P(G,b, 9)7 then b < u(s) < %,s € [0, 1]. Therefore, by (Cs3) we obtain

B(Thu) = min / Kq(t,s)ai(s) f1(t,v(s))ds > b min / Ky(t,s)ai(s)ds = b. (4.2)

te(6,1] my telo,1]

Therefore, the condition (i) of Lemma 2.5 is satisfied.
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Finally, we show that the condition (iii) of Lemma 2.5 is satisfied. If uw € P(0,b,c) and
(1 T7u| > %, then we have from Corollary 2.1 and (2.10) that

. b
B(Tyu) = min Thu(t) > y||Tiul| >~ - — =b. (4.3)
te(6,1] v

Therefore, the condition (iii) of Lemma 2.5 is satisfied.

To sum up (4.1)—(4.3), all the conditions of Lemma 2.5 are satisfied. Hence, T} has at least
three fixed points w11, u12, w13 such that ||u1| < a, b < S(u12), and ||ui3]] > a with G(u13) < b.
Similarly, it can be proven that T5 has at least three fixed points usg, e, uss such that ||uz: || < a,
b < B(ug2), and ||uaz|| > a with B(us3) < b. This means that BVP(1.1) has at least three positive
solutions (u11(t), u21(t)), (w12(t), u2(t)), (u1s(t), u2s(t)) € C3[0,1] x C3[0,1] such that ||u; || < a,
b < B(uiz), and |Jus|| > a with B(us) < b, i =1,2. 0

In order to illustrate our results, we consider the following examples.

Example 4.1 In BVP(1.1), let oy =2, ag =
ar1(t) = (1= t)t, ax(t) = 3, fr(t,v) =t +v> v
(A1)—(As) are satisfied. Then

S =% =35, 01 =3 <1 amp=2<1,
, fat,u) =t +ud + uz. Clearly, the conditions

W= DN

TR G =00, lim inf falt,u) = o0;
v—0+ t€[0,1] v u—07 t€[0,1] U
lim inf 1t ) =o00, lim inf fa(t,u) =00
v—00 te[0,1] v u—00 t€(0,1] u

Thus, the conditions (B1)—(B2) hold. Again

1 1 3
R, = max{/ Kl(s)al(s)ds,/ Kg(s)ag(s)ds} < —.
0 0 10
Since f1(t,v), f2(t, u) are monotone increasing functions for (¢,v), (¢t,u) € [0,1] x [0, +00), taking
p* =1, and for (¢,v), (¢t,u) € [0,1] x [0, p*], we have
Nit.0) < ALY =2 < Ry, foltou) < fo(1,1) =2 < Ry,
which implies that the condition (Bs) holds. Hence, by Theorem 3.1, BVP(1.1) has at least

two positive solutions (u1(t),v1(t)), (ua(t),v2(t)) € C3[0,1] x C3[0, 1] satisfying 0 < ui(t) <1 <
ug(t),O < Ul(t) <1< ’l)2(t).

Example 4.2 In BVP(1.1),let oy =2, a2 =3, m =3, =3, oum = 2 < 1, agmp = 3 < 1,
ar(t) = 24, azx(t) = 36, 0 = max{3, 1} = 1, Ki(t) = 9t(1 — 1), Ka(t) = 10t(1 — 1), 11 = 715,
Yo = ﬁ, v = min{Q—%G, %} = ﬁ and

t 9 t 11
fl(tv): W‘FIQU,’UgL fg(tu): erQu ,’U,Sl7
’ s+ 12,0 > 1 ’

|| sles

It is easy to check that (A1)-(As) hold. By direct calculation, we can obtain that 5 < m; <

M, = 36, 35—6 < mo < My =60. Set a = %, b =1,c =600, so the nonlinear terms f;, fo satisfy

1 a 1 a 1
fl(tav) < 5 - M:fQ(tau) < m - Ea (t,U),(t,U) € [07 1] X [07 i]a
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b b 1
fl(tvv)>12> af2(t7u)>9> ) (t,v),(t,u)e[7,1]><[1,216],
my mo 2

filt,v) <13 < Mil,fg(t,u) <10= MLQ (t,v), (t,u) € [0,1] x [0,600].

Then the conditions (C1)—(C3) in Theorem 4.1 are all satisfied, and BVP(1.1) has at least three
positive solutions (u11(t), u21(t)), (u12(t), u2a(t)), (u13(t), uas(t)) € C3[0,1] x C3[0,1] such that

1 . 1 . . .
max u;1 < —, 1 < min u;2, and max wu;3 > = with min wu;3 <1, 1 =1,2.
0<t<1 2 1< 0<t<1 2 1<i<1
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