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Abstract In this paper, some new generalized L-KKM type theorems with finitely open values
and with finitely closed values are established without any convexity structure in topological
spaces. As applications, some new matching theorem, fixed point theorem and existence the-
orem of equilibrium problem with lower and upper bounds are also given under some suitable
conditions. These theorems presented in this paper unify and generalize some corresponding
known results in recent literatures.
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1. Introduction

KKM theory and its applications are of fundamental importance in modern nonlinear anal-
ysis. The famous KKM theorem was first established in finite dimensional spaces by Knaster,
Kureatowski and Mazurkiewiez [1]. Fan [2] extended the KKM theorem to infinite dimensional
topological vector spaces and gave some applications in several directions. Since then, lots of
generalizations and applications have been obtained. In early forms of the fundamental result,
convexity assumption played a crucial role and restricted the ranges of applicable areas (see, for
example [3-20] and the references therein). In [11] Horvath, replacing convex hulls by contract
subset, gave a purely topological version of the KKM theorem. Tian [14] proved the F-KKM
theorems, Park and Kim [12, 13] introduced G-convex space and developed KKM-type theorems.
Deng and Xia [4] and Ding [8,9] proved some generalized R-KKM type theorems in general
topological spaces without any convexity structure. Recently, Fang and Huang [15] introduced
L-KKM mapping in topological spaces without any convexity, which unified and generalized
some known results.

The main purpose of this paper is to establish some new generalized L-KKM type theorems
with finitely open valued and with finitely closed values in topological spaces without any con-

vexity structure under much weaker assumptions. As applications, some new matching theorem,
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fixed point theorem and existence theorem of equilibrium problem with lower and upper bounds
are also given in topological spaces. These results presented in this paper unify and generalize
some corresponding known results of Deng and Xia [4], Ding [8,9], Li [16], Chadli, Chiang and
Yao [17].

2. Preliminaries

Let X and Y be two nonempty sets. We denote by 2¥ and (X) the families of all subsets
of Y and the family of all nonempty finite subsets of X, respectively. For each A € (X), |A4]
denotes the cardinality of A. Let A, denote the standard n-dimensional simplex with vertices
{eo,e1,...,en}. If J is a nonempty subset of {0,1,...,n}, we shall denote by A the convex hull
of vertices {e; : j € J}. Let X be a topological space. A subset A of X is said to be compactly
open (resp. compactly closed) if for each nonempty compact subset K of X, ANK is open (resp.
closed) in K.

Let X and Y be two topological spaces. A set-valued mapping 7' : X — 2Y is said to be lower
(resp. upper) semicontinuous on X if, for each open set U C Y, the set {x € X : T'(x) NU # (0}
(resp. {x € X : T'(z) CU}) is open in X.

Definition 2.1 ([15]) Let X be a nonempty set and Y be a topological space. A set-valued
mapping G : X — 2Y is said to be a generalized L-KKM mapping if, for any N = {xq,...,x,} €
(X) (where some elements in N may be same), there exists a lower semicontinuous mapping
on A, — 2Y such that for each {e;,,...,e;. } C{eo,---,en},

k
en(Ar) € | G,

=0

where Ak = CO({eiO, ey e'lk})

Remark 2.1 Generalized L-KKM mapping extends the generalized R-KKM mapping of Deng
and Xia [4]. We also know that the generalized L-KKM mapping defined by Definition 2.1 unifies
the generalized R-KKM mapping of Verma [5], the generalized G-KKM mapping of Ding [6], and
the generalized L-KKM mapping of Ding [7].

Definition 2.2 Let X be a nonempty set and Y be a topological space. A generalized L-KKM
mapping G : X — 2Y is said to be finitely closed-valued (resp. finitely open-valued) if, for each
N = {zo,...,2,} € (X) and each x € N, pn(Ay,) N G(x) is closed (resp. open) in ¢n(A,),

where oy : A, — 2Y is the lower semicontinuous mapping in touch with N in Definition 2.1.

Remark 2.2 Definition 2.2 extends the definition 2.3 of Ding [9]. It is easy to obtain that
each generalized L-KKM mapping with compactly closed (resp. compactly open) values must
be finitely closed (resp. finitely open) valued since for each N = {zg,...,2,} € (X), on(A,) is

compact in Y. The converse is not true in general.

Lemma 2.1 ([10]) Let X and Y be two topological spaces, and F : X — 2Y be a set-
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valued mapping. Then F is lower semicontinuous if and only if for each closed set S of Y,
F~Y(S)={x € X : F(z) C S} is closed set of X.

The following Lemma is the equal case of Theorem 3.1 in [15]

Lemma 2.2 ([15]) Let X be a nonempty set, Y be a topological space, and G : X — 2Y be a
generalized L-KKM mapping with nonempty finite closed values. Then

n

on(An) m ( ﬂ G(z;)) # 0.

=0

3. Generalized L-KKM Type Theorems

Theorem 3.1 Let X be a nonempty set, Y be a topological space, and G : X — 2¥ be
a generalized L-KKM mapping with nonempty finitely closed values. If for some M € (X),

Nuenr G() is compact, then (), o G(x) # 0.

Proof By Lemma 2.2, i_,G(z;) # 0. Since for some M € (X), NyenG(z) is compact.
Therefore, NexG(z) # 0. O

Theorem 3.2 Let X be a nonempty set, Y be a topological space, G : X — 2Y be a generalized
L-KKM mapping with nonempty finitely open values. Then for each N = {xq,...,z,} € (X),

n

on(An) | (N G() #0.

i=0
Proof Suppose the conclusion is not true. Then there exists N = {xq, ..., 2z, } € (X) such that
en (A () ([Glai) =0,
i=0

where px : A, — 2V is the lower semicontinuous mapping in touch with N in Definition 2.1.
Then

n

en(An) = on (An)\( ﬂ(soN(An) NG(z:)))

- U(@N(An)\((PN(An) NG(x;))).

=0
Since G is finitely open-valued, ¢n(A,) N G(z;) is open in pn(A,,) for each © € N. For
each z € A, let

I(z) = {i € {0,1,...,n} : o (2) & G(z:)}
and
S(z) = co({e; i € I(2)}).
If for some 2 € A, I(z) = 0, then we have

on(2) € G(z;), for all i € {0,1,...,n},



368 Min FANG

which contradicts the assumption

n

ex(A) (N Cla) =0.

i=0
Therefore we can assume that I(z) # 0, for each z € A,,. And hence S(z) is nonempty compact
convex subset of A,, for each z € A,,.
By the assumption, ;4 7(,) (¢~ (An)\on(Ar) N G(;)) is closed, and ¢y is lower semicon-
tinuous, we have
U =2y (U (on(Qn)\on(An) 0 G:)
iZ1(z)

is an open neighborhood of Z in A,,. For each 2’ € U, we have
on(2") € G(x;), for all i & I(z).
And hence I(2") C I(z). It follows that
S(z') € S(z), for all 2’ € U.

This shows that S : A,, — 22 is an upper semicontinuous set-valued mapping with nonempty
compact, convex values. By the Kakutain fixed point theorem, there exists a zy € A,, such that
zo € S(z0).

Note that G is a generalized L-KKM mapping. It follows that

pn(20) € pn(S(20)) C |J Glaa).

i€I(z0)

Hence there exists an 49 € I(zp) such that pn(20) € G(x;,). By the definition of I(z), we have
on(z0) & G(z;), Vie I(z),

which is a contradiction. Therefore

n

on(An) m ( ﬂ G(xi)) # 0.

i=0
Remark 3.1 Theorem 3.2 generalizes Theorem 3.2 of Ding [9] and Theorem 1 of Piao [18]
from generalized R-KKM mapping to generalized L-KKM mapping. Theorem 3.2 also extends
Theorem 2.2 of Ding [8] in the following aspects: (1) From generalized R-KKM mapping to
generalized L-KKM mapping; (2) From compactly open-valued to finitely open-valued.

4. Applications

In this section, by applying the generalized L-KKM theorems established in the above
section, some new matching theorem, fixed point theorem, and existence theorem of equilibrium

problem with lower and upper bounds are established in topological spaces.

Theorem 4.1 Let X be a nonempty set, Y be a topological space and {M;}?_, be a family
of finitely closed (or finitely open) subset of Y such that |J;_, M; =Y. Suppose that for each
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A= {xg,...,x,} € (X), there exists at least a lower semicontinuous mapping pa : A, — 2Y. Let
Xo = {z0,...,2n} € (X) be given. Then for any lower semicontinuous mapping px, : A, — 2V,
there exists {e;,,..., €, } C {eo,...,en} such that

©x, (Ag) m ﬂMZJ ) #0.

Proof Define a set-valued mapping G : Xy — 2Y as follows:
G(z;) =Y\M; for each i =0,1,...,n

Since each M; has finite closed (or finite open) values in Y, G is a set-valued mapping with
finitely open (or finitely closed) values. Suppose, on the contrary to the conclusion, that there
exists a lower semicontinuous mapping ¢x, : A, — 2 such that for any {ei; :j=0,1,...k} C

{€o,...,€n}, we obtain
k
©x, (Ag) m ﬂ = 0.
3=0

Therefore,

k
wx,(Ar) C | JN\M;,)
=0

(Elj

qu

Then G : X — 2Y is a generalized L-KKM mapping. Accordmg to Theorem 3.2 (or Lemma
2.2),

ﬂ G(x;) # 0,

i=0
which means that Y # JI_, M;. This is a contradiction and the proof is completed. O

Remark 4.1 Theorem 4.1 extends Theorem 3.1 of Ding [8] and Theorem 3 of Piao [18] from

single-valued continuous mapping to set-valued lower semicontinuous mapping.

Theorem 4.2 Let D be a nonempty subset of a topological space X, S : D — 2%, T :
X — 2% be two set-valued mappings such that for any x € X, S~'(x) C T~(x). For each
A = {xg,...,1,} € (D), there exists at least a lower semicontinuous mapping pa : A, — 2.
Let G : D — 2% be a set-valued mapping with finitely closed (or finitely open) values. Suppose
that there exists Xo = {zo,z1,...,2,} € (D), such that X = |J;_,G(z;) and G(z;) C S(z;).
for any y € X and any {x;,,..., 2, } C{xo,...,Zn},

oxo(Ax) CT M y) ={z e D:yeT(x)},

where Ay, = co({e;,, ..., e, ). Then there exists & € D such that & € T(&).

Proof It is easy to see that all conditions of Theorem 4.1 are satisfied. By Theorem 4.1, for
any lower semicontinuous mapping ¢x, : A, — 2%, there exists {e;,,..., €.} C {€o,--.,en}
such that

k
SDXO Ak m n xzj 7& wa
=0
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where Ay, = co({eiy, ..., € })-

By the assumption, we obtain

k k
wxo(A0) [ ( ﬂ (23,)) C oxo(AR) [ ([) S(zi,)) # 0.
j=0 j=0

Taking any & € px,(Ar) () (ﬂ?:o S(xi;)), then
&€ oxo(Ag) C X and z;, € S71(2) C T7(2).
Therefore, we have & € px,(Ax) C T7(%) is a fixed point of 7.

Remark 4.2 Theorem 4.2 generalizes Theorem 6 of Piao [18] from single-valued continuous
mapping to set-valued lower semicontinuous mapping. When S is an identity map and G(z) =
T'(x), Theorem 4.2 goes back to Theorem 3.2 of Ding [8].

Theorem 4.3 Let X be a nonempty set, Y be a topological space and f,g : X XY —
R|J{—o0,+0} and s : X — Y be three functions such that

(i) Foreachzx e X, a< f(x,s(x)) < f;

(ii) For each A = {xo,...,xn} € (D) such that for each Ay = {z;,,...,%;,} € A and each
y € pa(Ay), there exists j € {0,...,k}, a < g(xi,,y) < B;

(iii) For each (z,y) € X xY,a < g(z,y) <= a < flz,y) < 5;

(iv) Theset {y €Y :a < f(x,y) < B} is nonempty finitely closed valued in Y';

(v) There exists {xo,...,zn} € (X) such that ﬂ{’;zo{y €Y :a< f(zj,y) < B} is compact
subset of Y.
Then there exists § € Y such that o < f(z,y) < ,Vz € X.

Proof Define F,G : X — 2Y as follows:
Fr)={yeY:a<gxy <p} VeeX

and

Gzx)={yeY:a< f(z,y) <p}, VrelX.

By (i), s(z) € G(z) and G(z) # 0 for each z € X. The condition (iv) implies that G has
nonempty finitely closed values. By (iii) of this theorem, we obtain that F(x) C G(x).

Next, we prove that F is a generalized L-KKM mapping. Suppose, on the contrary to the
conclusion, that there exists N = {xq,...,2,} € (X) and any lower semicontinuous mapping
on A, — 2Y such that {e;,,...,e; } C{eo,---,enl,

k

g€ on(A) and g & | ) Fxs,).
j=0

This in turn means that

y € on(Ax) but g(zi;,9) > a or g(z;,y) < B,
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which contradicts (ii). Then F is a generalized L-KKM mapping and so G is also a generalized
L-KKM mapping. From the condition (v), it follows that m?:o G(z;) is compact. Then all the

assumptions of Lemma 2.2 have been checked, and we obtain that

ﬂ G(z) # 0.

zeX

Taking § € (,cx G(), we get § € Y such that o < f(x,7) < (8 for each z € X.

Remark 4.3 Theorem 4.3 extends Theorem 5.1 of Zhang [20], and Theorem 3.1 of Li [16] in

several aspects.
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