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Abstract This paper consists of two parts. In the first part, we discuss the Holder continuity
of Cauchy-type integral operator T of isotonic functions and the relationship between ||T'[f]||«
and || f||a- In the second part, firstly, we introduce a modified Cauchy-type integral operator 7"
and demonstrate that the operator 7" has a unique fixed point by the Contraction Mapping
Principle. Then we give the Mann iterative sequence and prove that the Mann iterative
sequence strongly converges to the fixed point of the modified Cauchy-type integral operator
T
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1. Introduction

The isotonic functions are the functions defined in the even dimensional Euclidean space R™
with values in the complex Clifford algebra Co,, and satisfy the isotonic system 0, f + ifaﬁ =0,
where 9y, = Y71, €jdxj, Oy, = 37", €j0Tmyj. Isotonic Clifford analysis is a new field in
Clifford analysis. It is a generalization of complex Clifford algebra. Recently, Blaya, Sommen
and some other experts [1-4] have studied isotonic functions, and obtained a series of results
such as the integral representation of the isotonic functions and cauchy integral formulas, etc. In
addition, they have found that the isotonic functions are closely related to hermitian monogenic
functions in Clifford analysis and they have done much research on hermitian monogenic functions
by applying isotonic functions. So to study the isotonic functions can generalize the further
applications of Clifford analysis to the field in mathematics and other subjects, and thus it is
valuable to study it both in theory and practice.

Fixed point problem of operators is an important branch in Clifford analysis. So it is
necessary to study the existence of the fixed point and the iterative approximation for the isotonic
operator. There are many iterative schemes to approximate the fixed point of an operator,

such as Picard iterative scheme, Mann iterative scheme, Ishikawa iterative scheme, Projection
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iterative scheme, Hybrid iterative scheme, etc [5-9]. And different iterative schemes have different
approximation degrees and different complexity degrees in the process of approximation.

On the basis of [10], [5] and [12], this article studies some properties of the Cauchy-type
integral operator 7" of isotonic functions. Firstly, we discuss the Holder continuity of the Cauchy-
type integral operator T and the relationship between ||T'[f]||lo and || f||o. Secondly, we introduce
a modified Cauchy-type integral operator T' and prove that the operator 7" has a unique fixed
point by the contraction mapping principle. Finally, we give the Mann iterative sequence and
prove that this sequence strongly converges to the fixed point of the modified Cauchy-type
integral operator T”. These results make the theory of Clifford analysis more perfect as well as
lay a theoretical foundation for the study of the properties of singularity integral operator in

Clifford analysis.

2. Preliminaries

Let e1,...,e, be an orthogonal basis of the Euclidean space R™ and Cy, be the complex
Clifford algebra with basis {e4 : ea = €4, -+~ €4, }, where A = {aq,...,ap} C {1,...,n},1 <
o <ag<---<oap<nandey =ey=1for A=0.

The noncommutative multiplication of the basis in Cy ,, is governed by the rules:

ef:—l, 1=1,2,...,n,
eie; = —eje;, 1<4,7<n, i#j.

Any Clifford number a € Cp ,, can be written as a = Y , Caea, Cq € C. For any a € Cyp, |a| =
(S L1Cal2)?, =Y, Caza and @ = Y, Caba, where 64 = (—1)1ley, 24 = (—1) 25y
For k =0,1,...,n, Com(k) ={a€Cyn:a= E‘A‘:k Caea} is the subspace of k-vectors. Thus
we can obtain that Co, = @) _, Com(k) and for any a € Con, a = >.,_olalk, where []; is the
projection operator on Céﬁz

In this article, we assume that n = 2m and denote the real Clifford vector x = Z?Zl

x =370 (€jxj + emjTm+;). And for any real Clifford vector @, y, we have |zy| < Mo|z||y|. In

€55 by

addition, the corresponding Dirac operator can be written as 0, = Z}n:l(ejaxj + em4;0Tmyj).
Let 7 = >0 (€;n5(y) + €m+jnm+;(y)) be the unit normal vector. We introduce the following

Clifford vectors and their corresponding Dirac operators

m m m
T=Y ery, wa= Y eTmig, ma= Y en;(y),
j=1 j=1 j=1
m m m
ng = Zejnm+j(y), Oz, = Zejarj, Oz, = Zejaxmﬂ-.
j=1 j=1 j=1
In addition, let I; = %(1 +iejem+;),J = 1,2,...,m. Then the primitive idempotent is given
by I = H;nzl So we have the following conversion relations en4;I = ie;l, and therefore

em+jal =iae;l with a € Cg . Using the front conversion relations, we have that

(y—2)ifI = [(y1 — z1)(na f +ifng) + (fne — ina f)(y2 — 22)]1. (2.1)
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Let Hg,, be the set of Holder continuous functions defined on 9 with the index «. For
any ¢ € Hg,, we define ||p|la = C(p,0Q) + H(p,09Q, ), where C(p,08) = max;can ()],
H(p, 00, &) = Supy, 44, 1, t,e00 %. Obviously, Hg, is a Banach space. And for any

fyg € H5g, we have

If +gllo < [flla+llgllas [[fglla < 2% flallglla-

Throughout this article, we suppose that € is a nonempty connected open subset of R?™
and O, Q™ are denoted as the interior and the exterior of 2, respectively. We assume that its

boundary 0f is a differentiable, oriented and compact Liapunov surface.
Since 99 is Liapunov surface, from the corresponding proof in [11], we have
| Dl G
D(p07 (25 E 802777,—2)

where My > 0 is a real constant number.

|do(z)] = [ds(x)

|[dpodiprdeps - - - dpam—2| < M1P(2)m_2dpo,

Definition 2.1 Let €2, 092 be the set as stated above. f € H§, and 0 < o < 1. Then the
integral
L[ =z (S +ifne) + (fna — ina f) (e — 2)
(TN(x) = = = = ds,

wam Jan ly — x[*m

is called Cauchy-type integral operator of isotonic functions, where yi, ya, *1,%2, ni, ng are

defined as above, f: >4 fa€a and dS, is the area difference.

Remark (1) (T'[f])(z) is an isotonic function.

(2) If f is isotonic function, then we have

f(z), xe€Q,

()@ = { o e _q

In addition, when = ¢ 012, it is clear that the integral is well defined. When x € 012, it is a

singular integral. So, in the following, we give the definition of the Cauchy principal value.

Definition 2.2 Let 2,052 be as stated above, xo € 0. Construct a sphere E with the center
at xg and radiu 6 > 0, where 0X2 is divided into two parts by E, and the part of 9) lying in the
interior of E is denoted by A\s. If lims_o(T[f])s(z0) = I(x0), in which

1 (1 — 21) (S +ifno) + (Fnz — iny f)(y2 — 22)
(T1f)s(w0) = ——— — —

Wam Joo—xs ly — x>

dsS,,

then I(xg) is called the Cauchy principal value of singular integral (T|[f])(zo) and denoted by
I(zo) = (T'[f])(z0)-

Lemma 2.3 ([10]) For any 1, y, 1,1, T12, Y1, Y2, T2, 21, T22, we have

2m—1
Y1 — 221 Y1 — T1,1 Colzs — x — ok
— 2m — 2m S 0| : 21r1L|(1+ E : |y 2| )a
ly — 22| ly — 1] ly — w2
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Y2~ 722 2712 <Oo|$2—171|( Z ty — ol )
ly =22 Jy =P Ty — @ ly —a1[®

Lemma 2.4 ([1]) For any a,b € Co,m, al = bI if and only if a = b, where I =[[", I;,I; =
3(1+iejemy;).
Lemma 2.5 ([10]) Suppose f € H§, and 0 < a < 1, 29 € Q. Then we have

1 (g1 — 70,1) (na f (o) + if (z0)na) + (f(wo)n2 — in1 f(0)) (y2 — 70,2) s

wam Joa ly — xo]?™ Y

_ %f(xo).
Lemma 2.6 ([10]) Let f € H3o,0 < o < 1,20 € 09, (T[f])*(z0) =limy .0, weor (T1f])(z) and
(T[f)™ (x0) = limy 4y we- (T[f])(x). Then we have
(TfD)* (x0) = —f(iUO) (T[fD(zo),
(T[f1)™ (z0) ——f(iEO) (T (o).
Lemma 2.7 ([13]) (1) If g € HSy, 0 < 8 < a < 1, then ¢ € H; (2) If f1(2), folx) € HZ,

then fi(x) £ fo(x) € Hgq; (3) Let f(x) = > 4 fa(x)ea. If fa(x) satisfies fa(x) € Hg, then
feH g, 0<a<].

3. Some properties of the isotonic operator

Theorem 3.1 Let 2, 092, Q~, (T'[f])” be stated as above and f € H§, (0 < a < 1). Then for

any x1,xe € 0f), we can obtain
(T~ (z1) = (T[f]) " (z2)| < JH(f, 09, a)|z1 — 22|,

where J is a positive constant independent of f.

Proof For any x1,z9 € 09, let |z1 — 2| = . Then we construct a sphere E; centered at xq
with radius 36. Then 0f) is divided into two parts by Ej. The part of 09 lying in the interior
of E; is denoted by Ass and the other part 99 lying in the outside of E; is denoted by 90\ Ass.
Assume that 60 < d, where d is the same as the one in Liapunov surface definition. By Lemmas
2.5 and 2.6, we have

{ (g1 — 210 (F(y) — F(@1) +i(f(y) — f(z1))ne] .
o0

ly — 1P

[(F(v) = F(@1))n2 — ina(F(y) = Fl21)))(y2 — @)}

ly =z

1 { (y1 — 22.)[ma (F(y) — f(22)) +i(f(y) — flz2))ne]
o0

ly — xo|*™

dSy+

+
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[(F(y) = f(x2))n2 —ina (f(y) — f(22))](y2 — 72.2) }dS
ly — @™ !
< (1 (Ll + Lo + Lg),

where

L (1 — 2 (f () = F(21) + i (y) = [(@1))na]
= A

ly — x>

+

[(f(y) = f(@))n2 — ina (F(y) = J(@1))(yz — @1,2) }dS

ly —

L] /AM {(g —22,0) [ (f(y) — f(w2)) +i((y) — f(w))ne]

ly — w2l

[(f(y) = f22))ng —ina (f(y) — f(22))](y2 — x2,2) }dS

ly — o[>

+

B (g1 — 22,0 [ (f(y) = f(@2)) +i(f(y) = Fl@2))na]
Ls _} /asz\Agé { ly — x2]?™ *
[(F(y) = fa2))ng — ima (F(y) = Jl@2))(y2 — 222) las, -

/ { (1 = 21.) [ (f(y) = f(21) +i(f () — f(21))na]
A0\ Ass

—+

ly — 2>

ly — 1>

[(f(y) = f(@1))n2 —ina (f(y) — f(z1))](y2 — 21,2) }dS ‘

ly — 1>

From |y1 — 11| < |y — 21], [y2 — 12| < |y — o1 and the local generalized sphere coordinates
transformation, we obtain

L1§/ ly — z1|Calf(y) — flaa)|l + Col f(y) — fla1)
Azs

ly — 1>

Ass

ly — @ [Pt

lly — =1
|dSy|

— 920, fy) = fle)] ly—a]®

Neo Y= m|* Jy —a [Pt

< 202/ MMS“
A

us |y _ x1|2m7170c

|dSy|

S H(f,00,q)

2m—1—a
0 Po

< 2CH Mip3™ 2dpo

35
< Cg/ H(f,00,0)p5 tdpo = JLH(f, 09, a)|z1 — 22|
0

Similarly, we have Lo < JoH(f, 00, a)|z1 — x2|*. For L3, we have

Ll [ Ay ) U @) — S + i)~ flenals

ly — w2l
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() = Flams = ima (Flo) — Flao)) (22 - 222 Vg,

ly — x2>™ |y —x |2m

/ {ﬂ[m(f(y) — f(w2)) +i(f(y) = Fla2))na]+
OO\ M35

[y —w P
. ~ ~ Y2 — T1,2
(F() = Fe)ma = ima(F(y) = Fle2))) == } 5, -
/ (= zua)lnlf ) — o) + ()~ Fn)ma]
O\ Ass

ly — 1>

[(f(y) = f(@1))ng — ina (F(y) — F(@1))] (g2 — 71.2) s
ly — 1|2 } y‘

SR (e )[ (7 () — F@2)) +i(F(w) ~ Flea)nal+
OQ\Ma

|y — 22 |y — $1|2m

() = Flaa)ma = im(Fl0) ~ Flea)) (i — 1) JASU [+

_:E2|2m |y_x1|2m

’/ (yl—fvl Dlna(f(@1) = flx2)) +i(f(@1) = oo ))n2]+
8(1\A35

ly — 1>

[(f (1) = f(w2))nz — ina (f(@1) = F(@2))(y2 — 21,2) }

s ‘
ly — z1]?™

=01 + Os.
When y € 9Q\ Ass, |y — 22| > |y — 21| — |21 — 22| > 35 — 6 = 26. Thus
I y—=

< |<2.
2 Y — T

Again by Lemma 2.3, we get

|zg — 21
<
Ol _[99\)\36 COC4 _ I2|2m( Z — 1 |k) ) f($2)||d5y|

ly
|:E2 - (Ell
S05/ fy) = f(x2)[|dS
O\ A3s5 |y—x2|2m| ( ) ( )|| y|
To — T
:CS/ = 2lf|n - (a iy - wallas,|
0\ Ass |y—IE2| |y T |
1
=CRHE aQ,a)/ e |15 [lr2 — 21
o\ Ngs Y — 2|2 Y
o0 1 -
SOﬁH(‘f’m’o‘)/ ———pg"  dpolz2 — 1]
35 Po

=JsH(f, 00, a)|r1 — x2|*.

By Lemma 2.4 and the formula (2.1), we have
0uc| [z mnlien ey,
9N\ Ass

ly — x>

ly — 1P

| [ Bl )~ 1)
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19!

y
<arf [ e ] ) — el

Using the conclusion of regular functions, we get

1 — 1 - 1
o [~ [ AT e L [ g L
6—0 wam Joo\rg, 1Y — 71[*™ wam Joq |y — z1]?™ 2
Hence for any € > 0, there exists a number §; > 0, such that when 0 < § < d1, the following

formula is right.
1 Y— T 1
- — 7da(y)——’ <e.
’ wam Joa\rss ¥ — 1[*™ 2
Thus taking € = %, we have
1 _
O<‘—— yixgmda(y)’<1.
Wam J 8O\ \ss |y - $1|
By f € Hgq, we get

Os < JLH(f,00,a)|x1 — x2|*.

Hence
(T[fD™ (x1) = (Tf]) " (@2)| < JH(f, 09, a) |z — 22| (3.1)

In addition, when 6|z — 22| > d, the above inequality can also be obtained. This completes the

proof. (I

Remark (1) From Theorem 3.1, we obviously obtain that (7'[f])~ is Holder continuous operator
with the index a.
(2) Tt is easily obtained by applying Lemmas 2.6 and 2.7 that (T'[f])", T[f] are both Hélder

continuous operators with the index a.

Theorem 3.2 Let ,00,Q7 and (T'[f])” be stated as above. Suppose f € H5,(0 < a < 1) and
1flle < M, zo € Q. Then |[(T[f]) lla < K||flla, where K is a positive constant independent
of f.

Proof By Theorem 3.1, we know
H((T[f])™,090,a) < JH(f, 09, ). (3-2)

Again from Lemma 2.4 and —ﬁ Joa %do(y) = 3, we get
(TIA) " (@o)] = | ~ 5. wo) + (T (wo)
<l [ T do(w)lf @) - £)
19}

wam Joq |y — wo[*™

1
< - —_ = .
< Js 502 max [f(wo)| = J5 max |f(zo)l

Thus

e [(TF]) (20)| < Js mase | (o).
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Therefore

CUT[f])~,09) < JsC(f,00). (3.3)
So, by (3.2) and (3.3), we obtain
TN Mo = CUTD)™,09) + H(T[f]) ™, 090, a) < K| flla; (3.4)
where K is a positive constant independent of f. [J

Theorem 3.3 Let Q,00,Q%, (T[f])" be stated as above, f € H5,(0 < a < 1) and ||f]|a <
M,z € 02. Then |[(T[f])"|la < L||flla, where L is a positive constant independent of f.

Proof By Lemma 2.6 we get
(LD (o)l < (Tf1)™ (wo)| + |f (wo) -

Hence,

mase (T[f1)* ()] < mase | (T1F1) (o) + mave | F(zo).

Namely
C((T[fD)*,09) < C((T[f])~,09) + C(f,09).

Again from

(TN (@) = (TN T (@2)] < [T (1) = (TUD ™ (@2)] + [ f(z1) = f(z2)],

we have
sup (T[fD)* (1) = (T (22)]
T1,T2€00 |.’IJ1 - x2|a
< sw (LD (1) = (LD~ ()] sup |f(z1) = flz2)|
21,2609 |1 — 22| w1we€0Q  |T1 — T2]®
Namely
H(T[)7",00,a) < H(T[f])",00,a) + H(f, 00, ). (3.6)

Thus by (3.4), (3.5) and (3.6), we have

ITLD Mo < HTFD " o+ 1 lla < LllFllas

where L is a positive constant independent of f. [

Theorem 3.4 Let Q,00,Q", (T[f])T,(T[f])~ be stated as above, f € H§,(0 < o < 1) and
Il < M. Then |T[f]|la < A|lf|la, where A is a positive constant independent of f.

Proof By Lemma 2.6, we have

Hence

sup (T[f])(z1) = (T[f]) (x2)]

T1,L2€00 |$1 - $2|a
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<1 p WD) = T o),
T1,L2€08 |I1 - x2|a
wp|@mrwﬂ—@mr@m.
T1,2€00 |:I;1 - w2|oz
Namely .
H@mﬁQMS§W«ﬂﬂﬁﬁﬁw+ﬂﬂﬂﬂrﬁﬁwk
In addition )
ma [(T[f])(@)] < 5 [max [(T17)* ()] + max [(T(f)" ()]
Namely .
aﬂﬂﬁmS§KﬂﬂﬂVﬁm+C«ﬂﬂYﬁm}

So by Theorems 3.2 and 3.3, we can obtain that

1Tl < 3L o+ WD ] < 50K+ DL flla = Al fll (37)

where A is a positive constant independent of f. [J

4. The fixed point and Mann iteration of the operator 7’

Definition 4.1 Let Q be defined as above. Then the integral operator T'

T)@) = AT ) = = [ Wz S +ifne) + (e = im )y~ 22) g

wam Jaq ly — x[*m

is called a modified Cauchy-type integral operator of isotonic functions, where A € R, 0 < |\| <
% (0 < B8 < 1), A is the same in Theorem 3.4 and others are defined as in Definition 2.1.

Definition 4.2 ([5]) Let X be a linear space, B C X, T : B — B, and {f,} be a sequence

contained in [0,1]. Then for a given x1 € B, the sequence
Tn+1 = (1 - ﬁn)xn + ﬁnTxnu n > 1

is called Mann iterative sequence of T.

Lemma 4.3 ([12]) Let {an}, {bn} and {c,} be nonnegative real sequences satisfying
nt1 < (1 —tp)an + by +cp, n>1,

where t, € [0,1], Y07 | t, = 00, b, = 0(t,) and >~ ; ¢ < 00. Then lim,_. a, = 0.

Theorem 4.4 Let Q2,09 be defined as above and B = {f|f € H§q, ||flla < M,0 < o < 1}.
Then T' has a unique fixed point in B.

Proof We prove the theorem in three steps.
(1) B is a Bananch space because B C Hg, and B is a closed subspace.
(2) By the remark of Theorem 3.1, we know T'[f] € Hg,. Hence T'[f] € H,.

Again from (3.7), we can obtain

IT[f]la < All flla-
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Hence
1T [fllla = IAT[flla < Bl flla < M.

SoT': B— B.
(3) By (3.7), we can get
1T e < Alflla

So for any f1, fo € B, we have

IT'1f1] = T'[fallla = IMITA] = Tf2llla < INA[f1 = folla
< Blfr = falla-

Namely, 7" is a contraction mapping on B. Therefore, we can obtain that 7" has a unique fixed

point on B by the contract mapping principle. [

Remark Let Q2,00 be defined as above and B = {f|f € H§q, || flla < M,0 < o < 1}. Then

there exists a unique f € B satisfying T[f] = 1 .

Theorem 4.5 Let {8,} be a sequence contained in [0,1], Y77 | 3, = oo and lim, . 3, = 0.

Then for any given f1 € B, we can define an iterative sequence { f,} as follows

fn+1 = (1 - 5n)fn +5nT/[fn]a n > 1.

Then {f,} strongly converges to the unique fixed point of T".

Proof From Theorem 4.4, we know T’ has a unique fixed point f, namely T'[f] = f. Thus we

can obtain
[frtr = flla =11 = Bn)fr + BaT'[fu] = flla
= 1(1 = Bn)(fn = )+ Bu(T'[fn] = Hlla
= [[(1 = Ba)(fn = )+ BalT'[fa] = T'[fDl
< (0 =Bu)llfn = flla+ BuBll fn = flla
=1 =80 =B)lfn = flla-

Let t,, = 8,(1—f3), b, = 0 and ¢, = 0. Then we know ¢, € [0,1], >->7 | t,, = 00, by, = 0o(ty,)
and Y 07 | ¢, < 0o. So by Lemma 4.3, we can get that {f,} strongly converges to the unique
fixed point of T7". O

n=1

Remark Let {,} be a sequence contained in [0, 1], Y77 | 8, = oo and lim,, . 3, = 0. For any
given f1 € B, define the same sequence as in Theorem 4.5. Then the sequence {% fn} strongly
converges to the solution of the equation T'[f] = %f
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