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Abstract In this paper, some characterizations of pairwise semi-stratifiable spaces are given by
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1. Introduction

It is one of the questions in general topology how to characterize the generalized metric

spaces [2, 3]. Künźı and Mushaandja [9] obtained some characterizations of some topological

ordered spaces and generalized metric spaces. It is well known that stratifiable spaces [1] form

one of the more interesting class of generalized metric spaces. This notion has been generalized

to bitopological spaces [4], and many properties have been extended. Maŕın and Romaguera [7]

introduced the notion of monotonically normal bitopological spaces (or Pairwise monotonically

normal spaces) which is a useful generalization of pairwise stratifiable spaces, and characterized

pairwise monotonically normal spaces in terms of a mixed condition of insertion and extension

of semi continuous functions. It is well known that a topological space is stratifiable if and

only if it is monotonically normal and semi-stratifiable [8]. A bitopological space is pairwise

stratifiable if and only if it is pairwise monotonically normal and pairwise semi-stratifiable [7].

In [11], Li gave some characterizations of pairwise stratifiable spaces by means of pairwise g-

functions and semi-continuous functions. We know that pairwise semi-stratifiable space is also a

useful generalization of pairwise stratifiable spaces. It is a natural question how to characterize

pairwise semi-stratifiable spaces in terms of a mixed condition of insertion and extension of semi-

continuous functions. In this paper, we give some characterizations of pairwise semi-stratifiable

spaces by means of pairwise g-functions and extension of semi-continuous functions. Finally, we

also discuss the pairwise semi-stratifiability of topological ordered C-spaces with semi-stratifiable

topology and obtain results which is a generalization of Theorem 1 in [9].
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For a bitopological space (X, τi, τj), τi, τj are topologies on X (i, j = 1, 2 and i 6= j), and

τc
i = {X − O : O ∈ τi}. We write clτi A for the closure of A in the topological space (X, τi).

Similarly, we write intτi A for the interior of A in (X, τi) (i = 1, 2). The set of positive integers

is denoted by N . We refer the readers to [10, 12] for undefined terms.

A real-valued function f defined on a topological space (X, τi) is τi-lower (τi-upper) semi-

continuous if for each x ∈ X and each real number r with f(x) > r (f(x) < r), there exists

a τi-open set U ⊂ X , and x ∈ X such that f(x′) > r (f(x′) < r) for every x′ ∈ U . We

write LSCτi(X) (USCτi(X)) for the set of all real-valued τi-lower (τi-upper) semi-continuous

functions on X into I = [0, 1]. Let f be a real-valued τi-lower (τi-upper) semi-continuous function

defined on a topological space (X, τi), then for any real number r, {x ∈ X : f(x) 6 r} ∈ τc
i

({x ∈ X : f(x) > r} ∈ τc
i ).

Let (X, τi, τj) be a bitopological space and A ⊂ X . We write χA for the characteristic

function on A, that is, a function χA : X → [0, 1] defined by

χA(x) =

{

1, if x ∈ A,

0, if x /∈ A.

Then χA ∈ USCτi(X) if A ∈ τc
i , and χA ∈ LSCτi(X) if A ∈ τi.

Definition 1.1 ([4]) A bitopological space (X, τi, τj) is called pairwise stratifiable if for each

A ∈ τc
i , one can assign a sequence {D(n, A)}n∈N of τj-open sets such that

(1) A ⊂ D(n, A) for each n ∈ N ;

(2) If A ⊂ E, then D(n, A) ⊂ D(n, E) for each n ∈ N , where {D(n, E)}n∈N is the sequence

assigned to the E ∈ τc
i ;

(3) A =
⋂

n∈N clτi D(n, A).

A bitopological space (X, τi, τj) is called pairwise semi-stratifiable if D satisfies the condition

(2) and

(1′) A =
⋂

n∈N D(n, A).

It immediately follows from the Definition 1.1 that a bitopological space (X, τi, τj) is pairwise

semi-stratifiable if and only if there exists an operator D : N × τc
i → τj such that D(n, A) ∈ τj

for each n ∈ N and each A ∈ τc
i , and satisfies the conditions (1′) and (2) in Definition 1.1.

We may assume that the operator D is monotonic with respect to n, that is, D(n + 1, A) ⊂

D(n, A) for each n ∈ N and each A ∈ τc
i .

The following lemma, included for convenience, is clearly just another way of stating the

definition.

Lemma 1.2 A topological space (X, τi, τj) is pairwise semi-stratifiable if and only if for each

V ∈ τi, one can assign a sequence {F (n, V )}n∈N of τj-closed sets such that

(1) V =
⋃

n∈N F (n, V );

(2) If V ⊂ G, then F (n, V ) ⊂ F (n, G) for each n ∈ N , where F (n, G) is the sequence of

τj-closed sets assigned to the G ∈ τi;

(3) F (n, V ) ⊂ F (n + 1, V ) for all V ∈ τi and n ∈ N .
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Definition 1.3 ([7]) A bitopological space (X, τi, τj) is called pairwise monotonically normal if

for each pair (H, K) of disjoint subsets of X such that H ∈ τc
i and K ∈ τc

j , one can assign a

D(K, H) ∈ τi and D(H, K) ∈ τj such that

(i) H ⊂ D(H, K) ⊂ clτiD(H, K) ⊂ X-K, K ⊂ D(K, H) ⊂ clτj D(K, H) ⊂ X-H , and

(ii) If the pair (H, K) and (H ′, K ′) satisfy H ⊂ H ′ and K ′ ⊂ K, then D(H, K) ⊂ D(H ′, K ′),

and D(K ′, H ′) ⊂ D(K, H).

The next result is useful in the proof of our main theorems.

Lemma 1.4 ([4]) A bitopological space (X, τi, τj) is pairwise stratifiable if and only if it is

pairwise monotonically normal and pairwise semi-stratifiable.

2. Characterizations of pairwise semi-stratifiable spaces

We give a characterization of pairwise semi-stratifiable spaces by the pairwise g-functions.

A pairwise g-function on a bitopological space X is a function gi : N × X → τj such that for

each x ∈ X and each n ∈ N , x ∈ gi(n, x) and gi(n + 1, x) ⊂ gi(n, x) (i, j = 1, 2 and i 6= j). In

this section, all topologies are T1.

Theorem 2.1 For a bitopological space (X, τi, τj), the following conditions are equivalent:

(1) X is pairwise semi-stratifiable;

(2) There exists a pairwise g-function gi : N × τc
i → τj (i, j = 1, 2 and i 6= j) which satisfies

that:

(i) If F ∈ τc
i , then F =

⋂

n∈N gi(n, F );

(ii) If F, H ∈ τc
i and F ⊂ H , then gi(n, F ) ⊂ gi(n, H) for each n ∈ N , where {gi(n, H)}n∈N

is the sequence assigned to the set H .

(3) There exists a pairwise g-function gi : N × X → τj such that if x ∈ gi(n, xn), then

{xn}τi-convergent to x.

Proof (1)⇒ (2). Let (X, τ1, τ2) be pairwise semi-stratifiable space and D an operator on X

which satisfies the conditions (1) and (2) in Definition 1.1. For each x ∈ X , let gi(n, x) =
⋂

k6n D(k, {x}). Then gi : N × X → τj is a g-function and gi(n, F ) =
⋃

{gi(n, y) : y ∈ F}. The

gi satisfies the required conditions.

(2)⇒ (1). Suppose (2) holds. For each F ∈ τc
i and each n ∈ N , define D(n, F ) =

⋃

{gi(n, t) :

t ∈ F}, then D(n, F ) ∈ τj . The function D defined in this way is a pairwise semi-stratifiable

operator in (X, τi, τj).

(1)⇒ (3). Assume gi : N × X → τj is defined as in (1)⇒ (2).

Let x, xn ∈ X and x ∈ gi(n, xn) for each n ∈ N . If {xn} is not τi-convergent to x, then

there exists a subsequence {xnm} of {xn} such that F = {xnm : m ∈ N} is a τi-closed subset of

X and x /∈ F . By Definition 1.1, F =
⋂

n∈N D(n, F ) and

⋂

n∈N

D(n, F ) =
⋂

n∈N

⋃

{gi(n, y) : y ∈ F} =
⋂

n∈N

gi(n, F ),
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and therefore, x /∈
⋃

{gi(n0, y) : y ∈ F} = g(n0, F ) for each n0 ∈ N . Thus x /∈ gi(k, F ) for

each k > n0. We can choose an nm ∈ N and nm > n0, x /∈ gi(nm, y) for each y ∈ F and

x /∈ gi(nm, xnm), which is a contradiction.

(3)⇒ (1). Suppose there exists pairwise g-function gi : N × X → τj that satisfies the

condition (3) in the theorem. Let F ⊂ X be τi-closed, and define

D(n, F ) = gi(n, F ) =
⋃

n∈N

{gi(n, t) : t ∈ F}.

Then D(n, F ) ∈ τj for each n ∈ N . Thus D is an operation on X which satisfies the conditions

(1′) and (2) in Definition 1.1. In fact, it is clear that (2) holds. For (1′), we need only prove that
⋂

n∈N D(n, F ) ⊂ F .

If
⋂

n∈N D(n, F )-F 6= ∅, there exists x ∈ X such that x /∈ F and x ∈ gi(n, xn) for some

xn ∈ F and each n ∈ N . By the condition (3) in the theorem, we have the sequence {xn} is

τi-convergent to x, and therefore x ∈ clτiF = F , which is a contradiction. �

Theorem 2.2 A bitopological space (X, τi, τj) is pairwise semi-stratifiable if and only if for

each partially ordered set (H, <) and a map H : N × H → τc
i such that

(1) H(n + 1, h) ⊂ H(n, h) for each h ∈ H and each n ∈ N ;

(2) For arbitrary h1, h2 ∈ H, if h1 6 h2, then H(n, h2) ⊂ H(n, h1) for each n ∈ N ,

there is a map G : N × H → τj , such that (1) and (2) hold for G, and there hold the following

(a)–(b)

(a) H(n, h) ⊂ G(n, h) for all h ∈ H and all n ∈ N ;

(b)
⋂

n∈N H(n, h) =
⋂

n∈N G(n, h) for all h ∈ H.

Proof Necessity. Let (X, τi, τj) be a semi-pairwise stratifiable space and operator F be defined

by Lemma 1.2. We show that the map G : N × H → τj defined by

G(n, h) = X − F (n, X − H(n, h)),

satisfies the conditions of the theorem. By the properties of F and H , one can easily verify that

the conditions (1) and (2) hold for G. Since H(n, h) ∈ τc
i for each h ∈ H and all n ∈ N , we

have X − H(n, h) ∈ τi. By the condition (1) in Lemma 1.2, the equality
⋃

n∈N F (n, V ) = V

holds for all V ∈ τi, and therefore, we have F (n, V ) ⊂ V for each n ∈ N . Then X − H(n, h) ⊃

F (n, X − H(n, h)), and so H(n, h) ⊂ G(n, h) for each h ∈ H and each n ∈ N .

So we need only to show that
⋂

n∈N H(n, h) ⊃
⋂

n∈N G(n, h) for each h ∈ H. If x /∈
⋂

n∈N H(n, h), then x /∈ H(m0, h) for some m0 ∈ N . Consequently, x ∈ F (n0, X − H(m0, h))

for some n0 ∈ N by X − H(m0, h) =
⋃

n∈N F (n, X − H(m0, h)). Let m = max{n0, m0}. Then

x ∈ F (n0, X − H(m0, h)) ⊂ F (m, X − H(m0, h)) ⊂ F (m, X − H(m, h)).

Thus x ∈ F (m, X − H(m, h)). But F (m, X − H(m, h)) ∩ G(m, h) = ∅, hence x /∈ G(m, h), so

x /∈
⋂

n∈N G(n, h), which proves the necessity.

Sufficiency. For each U ∈ τi, we consider the map H : N × τi → τc
i defined by H(n, U) =

X−U . One can easily verify that H satisfies the conditions (1) and (2) above. So there is a map
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G : N × τi → τj such that the conditions (1) and (2) hold for G. Moreover, H(n, U) ⊂ G(n, U)

for all n ∈ N and all U ∈ τi, and
⋂

n∈N H(n, U) =
⋂

n∈N G(n, U). Let F (n, U) = X − G(n, U).

Then the map F : N × τi → τc
j satisfies the conditions in Lemma 1.2. In fact, it is clear that the

condition (2) holds. Since H(n, U) ⊂ G(n, U), we have

F (n, U) = X − G(n, U) ⊂ X − H(n, U) = U

for each n ∈ N and

U = X − (X − U) = X −
⋂

n∈N

H(n, U) = X −
⋂

n∈N

G(n, U)

=
⋃

n∈N

(X − G(n, U)) =
⋃

n∈N

F (n, U).

Therefore the condition (1) holds. So X is a pairwise semi-stratfiable space. �

Theorem 2.3 A bitopological space (X, τi, τj) is pairwise semi-stratifiable if and only if for

each function f ∈ LSCτi(X), one assigns a function h(f) ∈ USCτj (X) such that

(1) 0 6 h(f) 6 f and 0 < h(f)(x) < f(x) whenever f(x) > 0.

(2) h(f) 6 h(f ′) whenever f 6 f ′.

Proof Suppose that (X, τi, τj) is pairwise semi-stratifiable. For each n ∈ N and f ∈ LSCτi(X),

let

H(n, f) = {x ∈ X : f(x) 6 1/2n−1}.

Then H(n, h) ∈ τc
i (X). So the equality defines a map

H : N × LSCτi(X) → τc
i

and it is easy to verify that H satisfies the conditions (1) and (2) in Theorem 2.2. Since (X, τi, τj)

is a pairwise semi-stratifiable space, there exists a map

G : N × LSCτi(X) → τj

such that conditions (1), (2), (a) and (b) hold in Theorem 2.2 for G. By the condition (b), we

have
⋂

n∈N

H(n, f) =
⋂

n∈N

G(n, f) = {x ∈ X : f(x) = 0}. (∗)

Now let α(n, f) = χG(n,f). Since G(n, f) ∈ τj , we have α(n, f) ∈ LSCτj (X). Let

h(f)(x) = 1 −
∞
∑

n=1

1

2n
α(n, f)(x), for all x ∈ X.

By Theorem 2.4 in [14], we have
∑∞

n=1
1
2n α(n, f) ∈ LSCτj (X). So h(f) ∈ USCτj (X).

We shall show that the map h defined above satisfies the necessary conditions (1) and (2) in

the theorem. Suppose that x ∈ X . If f(x) = 0, then x ∈ H(n, f) ⊂ G(n, f) and so α(n, f)(x) = 1

for all n ∈ N by (∗). Therefore,

h(f)(x) = 1 −
∞
∑

n=1

1

2n
α(n, f)(x) = 1 −

∞
∑

n=1

1

2n
= 0.
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If f(x) > 0, then x /∈
⋂

n∈N G(n, f) by (∗). Let k = min{n : x /∈ G(n, f)}. Then x ∈ G(n, f)

and so α(n, f)(x) = 0 for all n < k. But x /∈ G(k, f), and so x /∈ H(n, f) by H(n, f) ⊂ G(n, f).

This implies that f(x) > 1/2k−1. Hence, we have

∞
∑

n=1

1

2n
α(n, f)(x) =

k−1
∑

n=1

1

2n
α(n, f)(x) +

∞
∑

n=k

1

2n
α(n, f)(x)

= 1 −
1

2k−1
+

∞
∑

n=k

1

2n
α(n, f)(x).

Consequently,

1 −
1

2k−1
6

∞
∑

n=1

1

2n
α(n, f)(x) <

∞
∑

n=1

1

2n
= 1.

By the definition of h, we have 0 < h(f)(x) ≤ 1
2k−1 < f(x). Therefore, (1) holds.

It remains to show that h(f1) 6 h(f2) whenever f1 6 f2. Suppose that f1 6 f2. Then

G(n, f2) ⊂ G(n, f1), and so χα(n,f2) 6 χα(n,f1), and therefore, we have α(n, f2) 6 α(n, f1) for

each n ∈ N . By the definition of h, one easily sees that h(f1) 6 h(f2). Therefore, (2) holds.

Conversely, suppose there is a map h : LSCτi(X) → USCτj (X) that satisfies the conditions

(1) and (2) given in the theorem. For any fixed V ∈ τi, we consider the function fV = χV . Then

fV ∈ LSCτi(X) and so h(fV ) ∈ USCτj (X). For each n ∈ N , let

F (n, V ) = {x ∈ X : h(fV )(x) > 1/2n}.

Then the equality above defines a map F : N × τi → τc
j . We shall show that the map F satisfies

the conditions (1) through (3) in Lemma 1.2.

For each n ∈ N and x ∈ X , if x /∈ V , then fV (x) = 0. Also x /∈ F (n, V ) for all n ∈ N

by the condition 0 6 h(fV ) 6 fV in the theorem. Hence F (n, V ) ⊂ V for all n ∈ N and

so
⋃

n∈N F (n, V ) ⊂ V . Conversely, for each x ∈ V , we have fV (x) = χV (x) = 1 > 0, and

so h(fV )(x) > 0 by the condition (1) given in the theorem. Hence there is m ∈ N such that

h(fV )(x) > 1
2n , which implies that x ∈ F (m, V ). Therefore, V ⊂

⋃

n∈N F (n, V ). Hence the

condition (1) in Lemma 1.2 holds.

If U, V ∈ τi, and U ⊂ V , then fU ⊂ fV . Also h(fU ) 6 h(fV ) by the condition (2) given

in the theorem. Thus F (n, U) ⊂ F (n, V ) for all n ∈ N . Therefore, the condition (2) holds in

Lemma 1.2. Therefore, X is a pairwise semi-stratifiable space. �

Corollary 2.4 A bitopological space (X, τi, τj) is pairwise semi-stratifiable if and only if for

each pair (A, U) of subsets of X , A ∈ τc
j , U ∈ τi and A ⊂ U , there is an hA,U ∈ LSCτj (X) such

that A = h−1
A,U (0), X − U = h−1

A,U (1), and hA,U > hB,V whenever B ∈ τc
i , A ⊂ B and V ∈ τj ,

U ⊂ V .

Proof Necessity. Suppose that (X, τi, τj) is a pairwise semi-stratifiable space. Then, by Theorem

2.3, there is a map φ : LSCτi(X) → USCτj (X) that satisfies the conditions (1) and (2) in

Theorem 2.3. For each pair (A, U) of subsets of X , A ∈ τc
j , U ∈ τi and A ⊂ U . Let fA = 1−χA,

gU = φ(χU ). Since A ∈ τc
j and U ∈ τi, we have fA ∈ LSCτj (X) and χU ∈ LSCτi(X). Therefore
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fA ∈ LSCτj(X) and gU ∈ USCτj (X). Define hA,U : X → [0, 1] by hA,U = fA

1+h(gU ) for all x ∈ X .

Thus hA,U ∈ LSCτj (X) by Proposition 1.2 in [14]. It is easy to verify that hA,U ≥ hB,V whenever

A ⊂ B and U ⊂ V .

From the definition of hA,U , one can see that hA,U (x) = 0 if and only if x ∈ A, which implies

that A = h−1
A,U (0). Similarly, we can verify that X − U = f−1

A,U(1).

Sufficiency. For each U ∈ τi, let fU = 1 − h∅,U where ∅ is the empty set. Then fU ∈

USCτj (X), and fU > hV when U ⊂ V . It is easy to verify that fU (x) = 0 if and only if

x /∈ U . For each n ∈ N , let F (n, U) = {x ∈ X : fU (x) > 1
2n }, and hence F (n, U) ∈ τc

j by

fU ∈ USCτj (X). To prove that (X, τ1, τ2) is pairwise semi-stratifiable, it suffices to show that F

satisfies the conditions (1) through (3) in Lemma 1.2. It can be proved in the same manner as

in proof of the sufficiency in Theorem 2.3. �

Corollary 2.5 A bitopological space (X, τi, τj) is pairwise semi-stratifiable space if and only if

for each U ∈ τi, there is an fU : X → [0, 1] and fU ∈ USCτj(X) such that X − U = h−1
U (0), and

fU > hV whenever U ⊂ V .

Proof Suppose that (X, τi, τj) is a pairwise semi-stratifiable space, and let fU = 1−f∅,U , where

f∅,U is the function given in Corollary 2.4. Then fU ∈ USCτj (X), and fU 6 hV when U ⊂ V .

Since X − U = f−1
∅,U

(1) and fU = 1 − f∅,U , it can be checked that x ∈ X − U if and only if

x ∈ f−1
U (0), which implies that X − U = f−1

U (0).

The sufficiency can be proved in the same manner as the proof of the sufficiency in Corollary

2.4. �

3. Topological ordered C-spaces and pairwise semi-stratifiable spaces

A topological ordered space (X, τ, 6) is a set X endowed with a topology τ and a partial

order 6. A subset A of X is said to be an upper set of X if x 6 y and x ∈ A imply that

y ∈ A. Similarly, we say that a subset A of X is a lower set of X if y 6 x and x ∈ A imply that

y ∈ A. We let τ ♭ denote the collection of τ -open lower sets of X and τ ♯ denote the collection of

τ -open upper sets of X . It can be easily verified that the τ ♭ and τ ♯ are topologies on X , and

that (X, τ ♭, τ ♯) is a bitopological space (in the following often more briefly called bispace [5]).

For any subset A of X , i(A) (resp., d(A)) will denote the intersection of all upper (lower) sets

of X containing A. If A = i(A) (resp., d(A) = A), we say A is an upper (a lower) set. Following

Priestley [6], we shall call a topological ordered space (X, τ, 6) a C-space if d(F ) and i(F ) are

closed whenever F is a closed subset of X . Similarly, a topological ordered space (X, τ, 6) is

called an I-space if d(G) and i(G) are open whenever G is an open subset of X .

Theorem 3.1 Let (X, τ, 6) be a topological ordered C-space with a semi-stratifiable topology

τ . Then (X, τ ♭, τ ♮) is pairwise semi-stratifiable.

Proof Since (X, τ) is semi-stratifiable, for each closed set F of X there is a sequence (Fn)n∈N

of open sets such that:
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(i)
⋂

n∈N Fn = F and

(ii) For all pairs H, F of closed sets such that H ⊂ F , we have Hn ⊂ Fn whenever n ∈ N ,

where {Hn}n∈N is the sequence of open sets assigned to the H .

Let F be a closed lower set of X . Put Dτ♭(n, F ) = X − d(X − Fn). Note that Dτ♭(n, F ) ∈

τ ♮ for each n ∈ N . Furthermore F ⊂ Dτ♭(n, F ) ⊂ Fn for each n ∈ N . Therefore F ⊂
⋂

n∈N Dτ♭(n, F ) ⊂
⋂

n∈N Fn = F . Thus F =
⋂

n∈N Dτ♭(n, F ). Moreover if F and H are closed

lower sets such that F ⊂ H , then Dτ♭(n, F ) ⊂ Dτ♭(n, H) for every n ∈ N . Indeed, given

n ∈ N , we have Fn ⊂ Hn, thus X − Hn ⊂ X − Fn and d(X − Hn) ⊂ d(X − Fn). Consequently,

Dτ♭(n, F ) = X − d(X − Fn) ⊂ X − d(X − Hn) = Dτ♭(n, H) for each n ∈ N .

In the same way, let F be a closed upper set of X , we define Dτ♮(n, F ) = X− i(X−Fn). By

Definition 1.1, we conclude that the bitopological space (X, τ ♭, τ ♮) is pairwise semi-stratifiable.

�

Theorem 3.2 Let (X, τ, 6) be a topological ordered C-space with a monotonically normal

topology τ . Then (X, τ ♭, τ ♮) is pairwise monotonically normal.

Proof Since (X, τ) is monotonically normal, for each pair (H, K) of disjoint closed subset of X ,

there exists open set D1(H, K) of X such that (i) H ⊂ D1(H, K) ⊂ clτD1(H, K) ⊂ X −K and

(ii) if the pair (H, K) and (H ′, K ′) satisfy H ⊂ H ′ and K ′ ⊂ K, then D1(H, K) ⊂ D1(H
′, K ′).

Let (H, K) be a pair of disjoint subsets of X such that H is a closed lower set and K is a

closed upper set. Put

D(H, K) = X − i(X − D1(H, K)), D(K, H) = X − d(X − D1(K, H)).

Then D(H, K) is an open upper set and D(K, H) is an open lower set. Since H ⊂ D1(H, K),

we have X − H ⊃ X − D1(H, K) and X − H is an open upper set. Furthermore X − H =

i(X − H) ⊃ i(X − D1(H, K)) and H ⊂ X − i(X − D1(H, K)) = D(H, K) by the fact that X

is a C-space. Therefore, we have d(clτD(H, K)) ⊂ X − K and so clτ♭D1(H, K) ⊂ X − K. We

conclude that

H ⊂ D(H, K) ⊂ clτ♭D(H, K) = clτ♭(X − D1(H, K)) ⊂ X − K.

By symmetry of the situation we conclude that

K ⊂ D(K, H) ⊂ clτ♮D(K, H) ⊂ X − H.

Moreover if the pairs (H, K) and (H ′, K ′) satisfy H ⊂ H ′ and K ′ ⊂ K, then D1(H, K) ⊂

D1(H
′, K ′) and D1(K

′, H ′) ⊂ D1(K, H). We have

i(X − D1(H, K)) ⊃ i(X − D1(H
′, K ′))

and

d(X − D1(K
′, H ′)) ⊃ d(X − D1(H, K)).

Consequently,

D(H, K) = X − i(X − D1(H, K)) ⊂ X − i(X − D1(H
′, K ′)) = D(H ′, K ′)
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and

D(K ′, H ′) = X − d(X − D1(K
′, H ′)) ⊂ X − i(X − D1(K, H)) = D(K, H).

Therefore, the bitopological space (X, τ ♭, τ ♮) is pairwise monotonically normal. �

Corollary 3.3 ([9]) Let (X, τ, 6) be a topological ordered C-space with a stratifiable topology

τ . Then (X, τ ♭, τ ♮) is pairwise stratifiable.

Proof Since a space is stratifiable if and only if it is a monotonically normal and semi-stratifiable

space [8], X is a monotonically normal and semi-stratifiable space. From Proposition 1 in [7],

Theorems 3.1 and 3.2, we conclude that (X, τ ♭, τ ♮) is pairwise stratifiable. �
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[4] A. GUTIÉRREZ, S. ROMAGUERA. On pairwise stratifiable space. Rev. Roumaine Math. Pures Appl.,
1986, 31(2): 141–150. (in Spanish)

[5] J. C. KELLY. Bitopological spaces. Proc. London Math. Soc., 1963, 13(3): 71–89.
[6] H. A. PRIESTLEY. Ordered topological spaces and the representation of distributive lattices. Proc. London

Math. Soc., 1972, 24(3): 507–530.
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