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Power Semigroups of a Class of Clifford Semigroups
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Abstract Let S = |J(Go : a € E) be a semilattice of groups (i.e., a Clifford semigroup)
and n a natural number. F is called an n-element chain of groups if it is an n-element chain.
Denote by C,, the set of all n-element chains of groups. In this paper we shall show that for
any natural number n, the class of semigroups C,, satisfies the strong isomorphism property.
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1. Introduction

The power semigroup, or global, of a semigroup S is the semigroup P(.S) of all nonempty

subsets of S with respect to the operation - defined by
A-B={ab:ae€ Abe B} forall A BeP(S5).

A class K of semigroups is said to be globally determined if any two members of K having
isomorphic globals must themselves be isomorphic.

Tamura [4] asked in 1967 whether the class of all semigroups is globally determined? The
question was negatively answered in the class of all semigroups by Mogiljanskaja [8] in 1973.
Crvenkovié, Dolinka and Vin¢ié¢ [9] proved that involution semigroups are not globally deter-
mined in 2001. But it is known that the following classes are globally determined: groups [5, 6];
rectangular groups [7]; completely O-simple semigroups [14]; finite semigroups [15]; lattices and
semilattices [11, 13], finite simple semigroups and semilattices of torsion groups in which semilat-
tices are finite [10]; completely regular periodic monoid with irreducible identity [12]. However,
for an important class, the class of Clifford semigroups, the problem has been left unsolved.

Recall that in [13], Kobayashi considered a stronger property: strong isomorphism property.
That is, let I be a class of semigroups. K satisfies the strong isomorphism property if for every
isomorphism ¢ from P(S) onto P(S’), ¢|s (the restriction ¢ to S) is an isomorphism from S
onto S’ for any S, S’ € K. In this statement S (resp., S’) is considered to be a subset of P(S)
(resp., P(S’)) by identifying an element = of S (resp., S’) with the singleton {x}. He proved

that the class of semilattices satisfies the strong isomorphism property.
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A few words on notation and terminology are in order. A/ denotes the set of natural numbers,
n denotes the set {1,2,...,n}, F(S) stands for the set of idempotents of a semigroup S and |A]
is the cardinal number (or cardinality) of a set A. For each e € E(S), the maximal subgroup
(H-class) of S containing e will be denoted by H.(S). A singleton member of P(S) will be
identified with the element it contains. Let a,b € S. a Hg b means a H b in S.

Let S = J(Go : @ € E) be a semilattice of groups (i.e., a Clifford semigroup) and n a
natural number. E is called an n-element chain of groups if it is an n-element chain. Denote by
C,, the set of all n-element chains of groups. It is clear that a 1-element chain of a group is a
group. We follow the usual practice of abbreviating {g}H where g € S and H € P(S) by gH.
Further, we make the notational convention that e, denotes the idempotent of G, a € E and
also e; denotes the idempotent of G,,, i € N. For X € P(S) and a € E put

Xo=XNG,, suppX ={a € E: X, #0}

and

max X = max(supp X), minX = min(supp X).

In this paper we shall show that for any natural number n, the class semigroups C,, satisfies
the strong isomorphism property.

This paper is divided into four sections. The first section is introduction and preliminary;
in the second section, we further characterize the closed subsemigroups of a Clifford semigroup
S that will be instrumental in the proof of our main results; in the third section, we will prove
that the class of semigroups C, satisfies the strong isomorphism property; and in the last section,
we will verify that the class of semigroups C,, satisfies the strong isomorphism property.

The following lemma, which implies that the class of groups also satisfies the strong isomor-

phism property, is taken from Gould and Iskra [10].

Lemma 1.1 Let S be a semigroup and e € E(S). Then H.(P(S)) = Hc(5).
We refer to the books [1-3] for all background information concerning semigroups and

universal algebra.

2. The closed subsemigroups of a Clifford semigroup

Zhao in [16] introduced the notion of the closed subsemigroup of a semigroup S. A sub-

semigroup C of a semigroup S is said to be closed if
sat, sbt € C = sabt € C

holds for all a,b € S, s,t € S*, where S* denotes the semigroup obtained from S by adjoining
an identity if necessary. It is easy to see that every subsemilattice of a semilattice is closed by
the definition of closed subsemigroup.

Let S be a semigroup and A a nonempty subset of S. A denotes the closed subsemigroup of
S generated by A, i.e., the smallest closed subsemigroup of S containing A. In [17], Zhao studied
the closed subsemigroups of a Clifford semigroup.
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In the remaining part of this section, unless otherwise stated, S always means the Clifford
semigroup | J(G, : @ € E) and we further characterize the closed subsemigroups of S that will

be instrumental in the proof of our main results.

Lemma 2.1 ([17, Theorem 2.3]) Let A € P(S). Then A= J Gq.

acsupp A

Corollary 2.2 Let A € P(S). Then SA = AS = U«/eW G, is a closed subsemigroup of S,
where W = {y€ E: (3a €suppA) v < a}.

Proof Let W = {v € E: (Ja € suppA) v < a}. Then it is easy to see that W is a
subsemilattice of F and so U'yEW G, is a closed subsemigroup of S by Lemma 2.1.

Next we will show that SA = U%W G.. In fact, on the one hand, for any v € W and
g € G, there exists o € supp A such that v < a. Fix an element a, in A,. We have

Gy = Gr€a = (Qwagl)aa € SA.

This implies that UweW G, € SA. On the other hand, for any s € S and a € A, we can
assume that s € G for some § € F and a € A, for some 4 € suppA. So we have that
sa € GgG, C Ggu C U,yew Gy, which implies that SA C UveW G~ . Therefore, we have proved
that SA =, cw G-

Similarly, we can show that AS = Uwew G.,. The proof is completed.

Lemma 2.3 Let A € P(S) and A% = A. Then the following statements are equivalent:
(1) an A =0,A for any a € supp A and aq, b, € Go;
(2) an Ao = by A, for any a € supp A and aq, by € Gy ;
(3) Ay =G, for any o € supp A.

Proof (1) = (2). Suppose that (1) holds, that is, agAq C aqA = by A for any a € supp A and
Ge, bo € Go. Then for any c, € A,, there exists d € A such that anco, = bod. Without loss of
generality, we can assume that d = dg € Ag, where 8 € supp A. Then

aaCq = bod = bodg = byendg,

and a = af < 3 by the above equation.

In addition, choose and fix some g, € A,, we have that e, A = g, A C A. It follows that
eadg € A and so eqdg € A, for eqdp € GoGg C Goap = Go. Thus ancq = ba(eads) € baAn and
S0 aqAq C by A, by the arbitrariness of c,.

Similarly, we can prove that by, Ay C aqAn. SO aqAs = by Ay and (2) holds.

(2) = (3). Suppose that (2) holds, that is, Ay, = eqAa = anA, for any a € supp A and
o, bo € Go. Choose and fix some ¢, € A,. We have that ¢, ' A, = A, and so

eq = c;lcOZ S c;lAOZ = Aq,.

Further, g» = ga€a € golda = A, for any g, € Go. Thus G, C A,. But it is clear that
A, =ANG, C Gy. Therefore, A, = G, and (3) holds.
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(3) = (1). Suppose that (3) holds. Then A is a closed subsemigroup of S by Lemma 2.1.
It is easy to prove that

A= |J Gs=baA

Besupp A,B<a
for any a € supp 4 and a,, by € G,. (1) holds.
By Lemmas 2.1 and 2.3, we have

Theorem 2.4 Let A € P(S). Then A is a closed subsemigroup of S if and only if A satisfies
the following two conditions:

(i) A2 = A,

(ii) eqA = goA for any a € supp A and ¢, € G-

Lemma 2.5 Let A, B € P(S) and A'H B in P(S). Then SA =SB and AS = BS.

Proof Since A H B, there exist C, D, U, V € P'(S) such that
A=CB, B=DA, A=BU, B=AV.
Thus
SA=SCBCSB, SB=SDACSA
and so SA = SB. Similarly, we can show that AS = BS.

Theorem 2.6 Let S’ = |J(Go : o' € E') be a Clifford semigroup and ¢ an isomorphism from
P(S) onto P(S’). Then o(S) (resp., ¢~ (S")) is a closed subsemigroup of S’ (resp., S).

Proof For any o/ € E' and ey, go € Gos, we have
ear Hp(sr) Jor = @ (ear) Hp(s) ¢ (gar)
= ¢ '(ea’)S = ¢ ' (9a)S (by Lemma 2.5)
- ea"P(S) = ga’@(s)'

In addition, it is obvious that ¢(S) = ¢(S?) = »(S)?2. Therefore, () is a closed subsemi-

group of S’ by Theorem 2.4.

1

Applying the above argument to the isomorphism ¢ =", we can obtain that

a1 (S) = gap ()

for any a € E, go € Go. Also (071(57))% = ¢ 1(8"?) = p=1(9"), therefore, p~1(S") is a closed
subsemigroup of S by Theorem 2.4.

3. Power semigroups of semigroups in C,

In this section, we will show that the class of semigroups Cs satisfies the strong isomorphism
property. Let
S=G,UGg (a<p), 8=Gx UGy (¢/ <)
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be both 2-element chains of groups and ¢ an isomorphism from P(S) onto P(S’). We shall show
that ¢|s (the restriction of ¢ to S) is an isomorphism from S onto S’. The following two lemmas

are needed.

Lemma 3.1 Let S =G,UGs (a < ) and S = Go UGp (¢ < ') be both 2-element chains
of groups and ¢ an isomorphism from P(S) onto P(S’). Then p(eg) = eg and ¢(Go) = Go -

Proof This follows from the fact that eg (resp., G4 ) is the identity (resp., zero) of P(S) and
eg (resp., Gy) is the identity (resp., zero) of P(S’).

Lemma 3.2 Let S =G,UGs (a < 3) and ' = Go UGg (o < ) be both 2-element chains
of groups and ¢ an isomorphism from P(S) onto P(S’). Then ¢(S) = 5.

Proof Suppose that A € P(S) such that p(A4) = S’. Then by Theorem 2.6 and Lemma 3.1, we
have A = p~1(S’) is a closed subsemigroup of S and 3 € supp A. Thus AS = S and so

S'¢(S) = p(A)p(S) = p(AS) = ¢(S).

It follows from Corollary 2.2 that either p(S) = G, or p(S) = 5.
But ¢(S) # Go by Lemma 3.1, so we have ¢(S) = 5". O

Theorem 3.3 The class semigroups Co satisfies the strong isomorphism property. Moreover,

¢la, (resp., ¢|la, ) is an isomorphism from G, onto G (resp., Gz onto Gy ).

Proof By Lemmas 1.1 and 3.1, we have ¢|g, is an isomorphism from Gg onto G:. To show
that ¢|g is an isomorphism from S onto S’, it suffices to prove that ¢|g,, is also an isomorphism
from G, onto G .

To see that this is so, let A € P(G,). Then AS = G, which implies by Lemmas 3.1 and
3.2 that

P(A)S" = p(A)p(S) = p(AS) = p(Ga) = Gar

and so p(A) € P(Gw).
Hence ¢|p(q,, ) is an isomorphism from P(G,) onto P(Gos) and so ¢|q, is also an isomor-

phism from G, onto G/. The proof is completed. O

4. Power semigroups of semigroups in C,

In this section, our goal is to show that the class of semigroups C,, (n > 3) satisfies the
strong isomorphism property:
In the following, unless otherwise stated,
s=UJa, s={a
i€n ien

/
4

are both n-Clifford semigroups, e; (resp., €}) denotes the idempotent of G; (resp., G%) and

e1<eg < - <ep, e <eh< o <el.
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Let ¢ be an isomorphism from P(S) onto P(S’). We shall show that ¢|s is an isomorphism

from S onto S’.

Lemma 4.1 Let S =/
denotes the idempotent of G; (resp., G) and e1 < eg < --- < ey, €] <ej < ---<el. Let ¢ be
an isomorphism from P(S) onto P(S’). Then v (e,) = e, and ¥(G1) = G.

G; and S' = UiEQ G/ are both n-Clifford semigroups, e; (resp., €})

i€n

Proof This follows from the fact that e, (resp., G1) is the identity (resp., zero) of P(S) and e},
(resp., G}) is the identity (resp., zero) of P(S’). O

Lemma 4.2 Let S =
denotes the idempotent of G; (resp., G}) and e; < eg < -+ < en, €] < ey <---<el. Let ¢ be
an isomorphism from P(S) onto P(S’). Then ¥(S) = S".

G; and S' = |J,.,, G are both n-Clifford semigroups, e; (resp., e;)

€N

Proof Suppose that A € P(S) such that )(A) = S’. Then by Theorem 2.6 and Lemma 4.1, we
have A = ¢~1(S5’) is a closed subsemigroup of S and supp A # {1}. Let r = max A, ¢t = min A
and k£ = max¢)(S), | = miny(S). Then 2 <r <nand 2<k <n.

Claim 1 We have r = k and w(UiEj G;) = Uiej G} forany j=1,2,...,7.

Indeed, for any j =1,2,...,7, we have
(Jena=JG = vJGhv) = vl ]G
i€ i€j i€ i€
— (| JG)s = JGi)
i€ i€j
2¢(UG1‘) € {U G,:m=1,2,...,n}
€] €m
and

(JGas=UJa = v JG)w(s) = JG)

icj i€j i€j €5
= maxw(U G;) < maxy(S) =k,
i€j
which shows that
{(wlJG):i=12....ntc{lJG:m=12. Kk}
€] tem
Thus r < k. Similarly, applying the above argument to the isomorphism 1 ~!, we can show that
k <r. Therefore, r = k and

{(wlJG:i=12...np={JG:m=12...r} (*)
i€j i€m
Since ¢ is an isomorphism, from the above equation (x), it is easy to see that 1(U;c; Gi) =
Uiej G} for any j =1,2,...,7. The claim is proved. B
Next, consider the following cases:
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Case 1 r =n. By Claim 1, we have ¢(S) = 5’.

Case2 r<n-—1,t>2.
We have

GaA = Gy = P(G2)S" = ¥(Ga)h(A) = 1(G2)

:>1/J(G2):UG§ for some r+1<j<n
i€j

and
G2S =G UGy = Y(Ga2)Y(S) = ¢(G1 UG2)
— B(G2)(S) = GL UG (by Claim 1)
— =2,
which shows that A = Gs. Also ¥(S) = G4 by Claim 1. Now we have
P(Ge) =S5, (S) =Gy and Y(G1 UGs) = G UG,

Claim 2 We have ¢(B) C G for any B € P(S) satistying supp B = {1,n}.
In fact, by the proof of Theorem 2.6, we have ;G2 = ey~ 1(S) = g19~1(S") = 91G> for
any g1 € Gy, which implies that for any C' € P(G),

CGe =e1Gy = G1G2 = G;.
So for any B € P(S) satisfying supp B = {1,n}, we have
GaB = Gy UGy — 1(Ga)tb(B) = $(Gr U Ga) —> S"b(B) = G, UGl
= supp¢(B) C {1, 2}

and
SB =S8 = (9)(B) = ¢(S) = Ga(B) = Gy = 1 & supp ¢(B).

Thus supp ¢(B) = {2} and so ¥(B) C G%, the Claim is proved.

Claim 3 We have 1~ !(e})B = B for any B € P(S) satisfying supp B = {1,n}.
In fact, by Claim 2, we have e4)(B) = ¥(B) and so ¥ ~!(e4)B = B.

Claim 4 supp¢~!(ey) = {1,n}.
Indeed,
Ghey = Gy = (G~ (eh) = ™1 (Gh) = Sp~'(eh) = S
—n € supp ' (eh)
and
S'ehy = GLUGH, = ¢ ()Y (eh) =9~ (G UGY)
- Ggw_l(eé) =G1 UGy

= 1 € suppy ' (eh).
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Also, by Claim 3, we have ¢~1(e})(G1 UG,) = G1 UG,,. It follows that supp~—1(e}) =
{1,n}. The Claim is proved.
Claim 5 ¢({e1, e,}) = €.

Indeed, for any a, € ¢¥~1(e5) N Gy, by Claims 3 and 4, we have

ap = Aptp € 1/}71(6/2)({61’ en}) = {61’ 6n}

and so a, = e,.
Similarly, we can prove that a; = e; for any a; € ¥~ (e5) N Gy. Thus ¢~1(eh) = {e1, en},
that is ¥ ({e1, en}) = €5. The Claim is proved.

Claim 6 |Gy| =1.

Suppose by way of contradiction that |G1| > 2. Choose and fix some b; € G; such that
b1 75 €1, then

U ea){en, b1} = {er, en}{en, b1} = {e1,b1,en} # {en, b1},

contradicting Claim 3.

Similarly, applying the entire argument above to the isomorhism ¢ ~!, we can claim that
v7i({e], el}) = eq, ie., W(e2) = {e}, e,} and |G}| = 1. Thus by Lemma 4.1, we have

Y(er) = e}. Also, since

({e2.en}) C ¥({ea,en}){el, €} =v({e2 entea) = P(e2) = {e1, €.},
we have
({ez, en}) ={ei} or {e,} or {ey, e}
But then {es,e,} = {e1} or {e,} or {e2}, a contradiction.

Case 3 r<n—1,1>2. Applying the proof of Case 2 to the isomorphism ¥ ~! also leads to a

contradiction.

Case4 t=I1l=1,r<n-1.

Let M ={m € n:m ¢ suppA}. Then M # () since n € M. Thus M contains a least
element. Denote by u the least element of M. By Claim 1, it is easy to see that 1 < w < r. Thus
A=G UGoU---UGyu_1 UG, U---UGjs, for some {j1,...,5s} C{u+1,...,7}

Let D=G1 UGy U---UGu—1 UGy41. Then we have

DA =D = (D)y(A) = (D) = $(D)S" = (D)
= (D) e{lJG:j=12...,n}

icj
In addition, by Claim 1, we have

(D) = UG; for some r+1<j<n.
i€j
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Also since DS = U'LEqul i, we have ¥(D)y(S) = ;41 Gi by Claim 1. Note that max ¢(S5) =
r and max (D) = j > r+ 1, we have

max(YP(D)Y(S)) =r =u+ 1.
Therefore, A=G, UGy U---UG,_2 UG, =D

Similarly, applying the entire argument above to the isomorhism ¢!, we can obtain ¢(S) =
GiUGLU---UG!._5,UG.. Now, we have
PG UG U UG, 2UG,) =8, %(S)=GuGLU---UG,_,UGqG"

and

LZJ(UGI-)ZUGQ forany j=1,2,...,r

icj icj
Claim 7 We have suppy(H) C {1,2,...,7 — 2,7} for any H € P(S) satisfying {r — 1, n} C
supp H.
In fact, by the proof of Theorem 2.6, we have e,_1A = g._1 A for any g,_1 € G,_1 and so
er—1Gy = gr—1G,, which implies that for any C € P(G,_1),

CGT = er—lGr = Gr—lGr = Gr—1~
So for any H € P(S) satistying {r — 1, n} C supp H, we have

HA= )G = y(H) v(|JGi)

iET PET

S'=|JG; (by Claim 1)
i€T
= suppy(H) C{1,2,...,r}

and
SH =S = ¢(S)y(H) =(5)
= (G{U---UG._ ,UGLY(H)=G,U---UG._,UG!
= r—1¢suppy(H).
Thus supp (H) C {1,2,...,7 — 2,r}, the Claim is proved.

Claim 8 We have ¢y~1(e.)H = H for any H € P(S) satisfying {r — 1,n} C supp H.
In fact, by Claim 7, we have e,¢)(H) = ¢(H) and so ¢~ 1(e.)H = H.

Claim 9 suppy~!(e)) = {r —1,n}.
Indeed,
Y(S)ey = ¥(S) =S¥~ (e;) = S = n € supp v~ (ey)

and

e, ={JGi= v (SN () =y (UG

i€ET 1ET
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= (G1U-- UG, UG)v (e) = Gi
i€r
= r—1¢csuppy'(el).
Also, by Claim 8, we have ¢ ~1(e!)(G,_1UG,) = G,_1UG,,. It follows that supp ¢ ~1(el) =
{r —1,n}. The Claim is proved.
Claim 10 ¢¥({e,_1,e,}) =el.
Indeed, for any a, € ¥~1(e.) N Gy, by Claims 8 and 9, we have

an = anen € Y (er)({er1, en}) = {er1, en}

and so a, = ¢e,,.

Similarly, we can prove that a,_; = e,_; for any a,_1 € ¥~ (el) N G,_1. Thus ¢p~1(el) =
{er—1,en}, that is ¥({e,—1, en}) = el.. The Claim is proved.

In a similar way, applying the entire argument above to the isomorhism !, we can claim
that ¢~ ({e}._1, e,}) = er, Le.,, ¥(e;) = {ej_1, e} Thus

Y({er en}) C ¢({€ra€n}){€;~—1a e;m} =v({er, enter) = v(er) = {6;_1, 6In}
and so
Y({er,en}) = {e; 1} or {e} or {e;_y, en}.

But if ¥({er,en}) = {e},} or {el._4, €}, }, then {e,,e,} = {en} or {e,}, a contradiction. Thus we

get the next Claim:

Claim 11 w({erven}) = {6;71}.
However, by Claims 10 and 11, we have

{elr—l} = {e/r} : {e;—l} = ¢({er—1a en}) 'w({er,en}) = w({er—lv €r, en})a

contradicting Claim 11. This contradiction concludes the proof. [J

By Lemma 4.2 and Claim 1 in Lemma 4.2, we have

Lemma 4.3 Let S =,
denotes the idempotent of G; (resp., G}) and e; < eg < --- < ey, €] < ey < --- <el. Let ¢ be
an isomorphism from P(S) onto P(S"). Then (U;c; Gi) = U;e; Gi for any j=1,2,...,n.

G; and S’ = Uieﬁ G/ are both n-Clifford semigroups, e; (resp., €})

Lemma 4.4 Let S =,
denotes the idempotent of G; (resp., G}) ande; < eg < --- < ep, €] <eh < ---<el. Let 1y bean
isomorphism from P(S) onto P(S"). Then ¢|p Gi)

to P(Ujen—1 G7)-

Proof Indeed, for any K € P(J G;), let j = max K. Then j <n — 1. Also, by Corollary

i€En—1 "1

G; and S’ = UiEﬁ G/ are both n-Clifford semigroups, e; (resp., €})

ien_, Gy) I8 an isomorphism from P(U,¢,—y

2.2 and Lemma 4.3, we have

KS = Gi = w(K)S" = (K)(S) = | J G

€] €]
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= maxy(K)=j<n-1
= ¢(K)eP( | G

i€n—1

The Lemma is proved. [J

Theorem 4.5 For any n € N, the class of semigroups C,, satisfies the strong isomorphism

property.

Proof We prove it by induction on n. First the result is true for n = 1 since the class of groups
satisfies the strong isomorphism property. For n = 2, Theorem 3.3 shows that the result is true.

Next, assume that n > 3 and the result is true for n—1. We shall show that the result is true
for n. In fact, by Lemma 4.4, we have 9|p @) is an isomorphism from P(lJ,.,,_, Gi) to

i€n—1 Gi to UieL—l G;.
Also, by Lemmas 1.1 and 4.1, ¥|¢, is an isomorphism from G,, to G},. Therefore, 1|g is an

1€En—1

P(Uien—1 G7)- By the hypothesis, 9|, | g, is an isomorphism from (J

isomorphism from S to S’. The proof is completed. [
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