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Abstract Strong limit theorems are established for weighted sums of widely orthant depen-
dent (WOD) random variables. As corollaries, the strong limit theorems for weighted sums
of extended negatively orthant dependent (ENOD) random variables are also obtained, which
extend and improve the related known works in the literature.
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1. Introduction

Let {2,S, P} be a probability space. In the following, all random variables are assumed
to be defined on {Q, S, P}. Let {X,X,,,n > 1} be a sequence of i.i.d. random variables with
EX =0 and {k,,n > 1} be a sequence of positive integers with k,, < Mn (where M is a positive
constant not depending on n) and let {b,;,1 <i < k,,n > 1} be an array of real numbers. The
strong limit theorems of weighted sums Sy, = ngl bni X; were studied by many authors. For

instance, Thrum [1] obtained the following result

Theorem A IfY." b2, =1, and E|X|P < oo for some p > 2, then S, /n'/? — 0 a.s. n — occ.

i=1"ni

Li et al. [2] improved the above result into

Theorem B If E|X|P < oo for some p > 2, sup,, ; |[bnk| < o0 and Zf;l b2, =0(n°) (0<6<
2/p), then Sy, /n*/? — 0 a.s. n — oo.

Sung [3] improved Theorem B into

Theorem C Let p > 1,{by;,1 <i <n} be an array of constants such that
(i) maxi<i<n |bus| = O(1/n'/?),
(i) { S b = O(1/n™/P=1H) for some T > 0 and v >0, ifl1<p<2,
i
S b2, =0(1/n7) for some y > 0, ifp>2.

If E|X|P < oo, then S, — 0 a.s. n — oc.
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Bai and Cheng [4] proved that

Theorem D Suppose that 1 < «, 8 < o0, 1 <p< 2, and 1/p=1/a+1/5. Let {b,;,1 <i <
n,n > 1} be an array of real constants such that
1 n
A, =: limsup(— b ) < 0.
ma(, 3 b

If E|X|? < oo, then S,,/n'/? — 0 as. n— occ.

Wang et al. [5] introduced the following dependence structure.

Definition 1.1 Random variables Y1,Y5, ... are said to be widely upper orthant dependent
(WUOD) if for each n > 1, there exists some finite positive number gy (n) such that, for all

Yy € (—00,00),1=1,2,...,m,

P(Y1>y1,.. Yo > yn) < gu(n) [[ POY: > wi); (1.1)
=1

they are said to be widely lower orthant dependent (WLOD) if for each n > 1, there exists some
finite positive number gr,(n) such that, for all y; € (—oc0,00),i=1,2,...,n,

n

P(Yi <y, Yo <ya) <gr(n) [[ PG <) (1.2)
i=1

and they are said to be widely orthant dependent (WOD) if they are both WUOD and WLOD.
WUOD, WLOD and WOD random variables are called by a joint name widely dependent
random variables. Wang et al. [5] pointed out that the widely dependent random variables contain
common negatively dependent random variables, some positively dependent random variables
and some others by some interesting examples. In the case gy(n) = gr(n) = M for all n > 1 and
some finite positive constant M > 1, inequality (1.1) and (1.2) describe extended negatively upper
and lower orthant dependent (ENOUD/ENLOD), respectively. Random variables Y7,Y5, ... are
said to be extended negatively orthant dependent (ENOD) if they are both ENUOD and ENLOD.
The concept of general negative dependence was proposed by Liu [6]. More especially, if M =1
in both (1.1) and (1.2), then the random variables Y7,Y3, ... are called negatively upper orthant
dependent (NUOD) and negatively lower orthant dependent (NLOD), respectively, and they are
called negatively orthant dependent (NOD) if they are both NUOD and NLOD (see, Block et
al. [7], Ebrahimi and Ghosh [8], Wu [9]). Negative association (NA, see, Jing and Liang [10]) is
the special case of NOD. A great number of articles for negatively dependent random variables
have appeared in literature. For further research on ENOD random variables, we refer to Liu
[6], Liu [11], Chen et al. [12], Chen et al. [13], Qiu et al. [14], Yang and Wang [15], and so on. For
further research on widely dependent random variables, we refer to Wang et al. [5], Wang and

Cheng [16], Liu et al. [17], He et al. [18], and so on.
Jing and Liang [10] extended and improved Theorems C and D to the NA setting, and Wu
[9] extended Theorem D to the NOD setting. In this paper, the main purpose is to establish
strong limit theorems for weighted sums of WOD random variables. As corollaries, the limit
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theorems for weighted sums of ENOD random variables are obtained, which extend and improve

Theorem C-Theorem D and extend the corresponding results of Jing and Liang [10], Wu [9].

Definition 1.2 A sequence of random variables {X,,,n > 1} is said to be stochastically domi-

nated by a nonnegative random variable X, if there exists a positive constant D such that
P(|X,| >x) <DP(X >x) forallz >0 and n > 1.

In this case, we write {X,,,n > 1} < X.

In order to prove our main result, we need the following lemmas.

Lemma 1.3 ([5]) (1) Let {X,,,n > 1} be WLOD (WUOD). If{ f,,, n > 1} are nondecreasing, then
{fn(Xn),n > 1} arestill WLOD(WUOD); If{ f,,,n > 1} are nonincreasing, then {f,,(X,),n > 1}
are still WUOD (WLOD).

(2) If {X,,n > 1} are nonnegative WUOD, then for each n > 1,

n n
E(I] X)) <gv(n) [] EX;.
j=1 j=1
In particular, if {X,,n > 1} are WUOD, then for each n > 1 and any s > 0,

Eexp(sZXj) < gu(n) H Eexp(sX;).

i=j j=1
By (2) of Lemma 1.3, we have
Lemma 1.4 Let {X,,,n > 1} be WUOD such that
X3 < b 1<k <n.

Then for each n > 1 and any s > 0,

n n 2 n
s
Eexp(s ,;,1 Xi) < gu(n)exp{s ,;,1 EXy + 5 ,;,1 esr EXEY.

Throughout this paper, {k,,n > 1} will be a sequence of positive integers with k,, < Mn,
where M is a positive constant not depending on n. C will represent positive constant which

may change from one place to another, I(A) represent the indicator function of the set A.

2. Main results and proofs

Theorem 2.1 Let p > 2,{X,,n > 1} be a sequence of WOD random variables with EX,, =
0,n>1,{X,,n>1} < X, and EX? < co. Let {an;,1 <1 < k,,n > 1} be an array of constants

such that maxi<i<, |ni| = O(n='/?). Let ¢, = Zf;l a?,. If

Z max{gy(n),gr(n)}n"% < co for some 6 >0, (2.1)
n=1
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Z max{gy(n),gr(n)}exp (—u/c,) < oo for any u > 0. (2.2)

Then .
Zam-XZ- — 0 a.s. n — oo. (2.3)

i=1
Proof From the proof of Theorem 3.1 of Li et al. [2], without loss of generality, we assume that

k, = n for every n > 1. Since a,; = a+ a_., we assume that

ni’

0<an <n VP, V1<i<nn>1. (2.4)

We note that EX? < oo is equivalent to > oo | P(X > én!/P) < oo for any § > 0, hence we get
that S°°° | P(|X,,| > 0n'/P) < co. Thus it is possible to construct a sequence {b,,n > 1} of real
numbers such that 0 < b, < 1,b, | 0, and

ZP(|Xn\ > b,nt/P) < 0.

n=1
We choose some small p > 0 (to be specialized later), and define d; = by, d,, = max{n=", b,,
dp—1(%2)1/P} for n > 2. Then 0 < d,, < 1, d, | 0, and

> P(IXn| > dpn'/?) < 0. (2.5)

n=1
For V1 <i <n,n > 1, define
X(ll) =—n" lan; X; < —n7°) 4+ an; XiI(|an; Xi| < ™)+ n"PI(an X; >n~"),
X2 = (i Xi + 1 ") (a0 Xi < —d) + (aniXi — 0 ") (a0 Xi > dy),
x® _ ani X; — X( ) _ x @

TH = ZX,S?, [=1,2,3.
i=1
In order to prove (2.3), it suffices to show that Tfll) —0as. n—ooforl=1,23.
For T}P, in order to show that Ty(ll) — 0 a.s. n — oo, by the Borel-Cantelli Lemma, it
suffices to show that
P(TM| > €) < 00, YVe>0. (2.6)

]2

3
Il
_

First, we show that

TV > €) <00, Ve>0. (2.7)

HME?

By Lemma 1.3, it is clear that for every n > 1, {X(1 i=1,...,n} is still a sequence of WOD

ny

random variables. Since |X7(” | <n7”, by Lemma 1.4 and the Markov inequality, we have that

P(T'Y > ¢€) < exp(—une) E exp(u, TV)

< gu(n)exp ( — Un€ + Up, ZEX,(L? " eunn” ZE Xlez) ), Y, > 0. (2.8)
i=1
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By (1.1) and (1.2), we get gy(n) > 1 and g (n) > 1 for all n > 1, thus, by (2.2), we obtain

lim ¢, =0. (2.9)

n—oo

In view of EX,, =0 (n > 1), EX? < 00, p > 2, (2.4), and (2.9), choose p small enough such that
1—2/p—pp >0, we get that

ExW| < Elani Xi|I(|ani Xi| > n?) + n P P(|an; X;| > n "
n
=1

i=1

<2 0PV Ela, X;|?

i=1

n
< On”P~ Y (max an;)P~? E az,
1<i<n 7
1=

< CpPP=V=IH2/Pe 0, n — 0. (2.10)

We note that EXP < oo and p > 2 imply that EX? < co. So
n n
S BEX)? <Y e BX? < Ce,. (2.11)
i=1 i=1

Let u,, € (0,n”], from (2.8), (2.10) and (2.11), for sufficiently large n, we have that
P(T) > €) < gu(n) eXP(*%Un + Culey). (2.12)

Let u,, = min{e/(4C¢c,),n?}. If €¢/(4Cc,) > n*, for sufficiently large n, from (2.12), we get that
P(TY > €) < gu(n) exp(—en®/4). If€/(4Cc,) < nP, then P(TS > €) < gu(n) exp(—e2/(16Ccy,)).
Thus, from (2.1) and (2.2), (2.7) holds. In a similar way, we have Y -, P(—T,Sl) > €) < 00.
Therefore, (2.6) holds, we have proved that T =0 as. n— oo.

For TT([O’), choose positive integer N such that (1 — 2/p — pp)N > 6. For any fixed € > 0,
and for sufficiently large n such that n=? < d, < ¢/N, from the definition of XT(L?;), we get that:
if an;X; <m~ P, then ij) <05 if an; X; > n~", then Xr(f;) <d, < ¢/N. So we have that

P(T® > ¢) < P (there are at least N values of 7 such that a,; X; > n~")
S Z P(anilXil > n_p) U aaniNXiN > n_p)
1<ii<-<in<n

Z gu(N)P(ani, Xiy >n7P) - PlapiyXiy >n" ")

1<ii<<in<n

< gU(n)<Xn:P(amX¢ > nfp)>N <gu(n) (nppzn:afnﬂXi\p)N

i=1 =1

IA

n N
PP p—2 2
Sgu(n)(n max a; ) am)

< gu(p)n~(=2/r=PIN ()N, (2.13)
Therefore, we get > -, P(Tflg) > €) < oo by (2.1) and (2.13). In a similar way, we have
52 P(-T¥ > €) < 00. Thus S, P(IT?| > €) < oo, which implies T*) — 0 a.s. n — cc.

n=1
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For T\?, by (2.5) and the Borel-Cantelli Lemma, we have P(|X,| > d,n'/? i0.) = 0.
Thus 3 event Qy C Q such that P(Qp) =1 and for ¥V w € Qq, 3 positive interger N(w) satisfying
| X%| < dik'/P¥ k > N(w). So, from (2.4) and the definition of d,,, we have that I(|a,,X| >
dn) < I(|Xy| > dyn/P) = 0 for V w € Qg k € (N(w),n]. Then we have by the definition of X2
that

N(w) N(w)
TP = |3 X2 < Y laniXil I (janiXil > dn)
i=1 i=1

N(w)
<n~P Z |Xi| — 0, n— o0, we Q. (2.14)
i=1

Therefore, (2.3) holds. O

Corollary 2.2 Let p,{X,,n > 1} and {an;,1 <i < k,,n > 1} be as in Theorem 2.1. If (2.1)
holds and

Zafn- =o((logn)™"), (2.15)
then (2.3) holds.

Proof Since (2.15) and (2.1) imply (2.2), the result follows from Theorem 2.1. [J

Corollary 2.3 Letp > 2,{X,,n > 1} be a sequence of ENOD random variables with EX,, =
0,n>1,{Xp,n>1} < X, and EX? < 00, {an;, 1 <i < kp,n > 1} be as in Theorem 2.1. If

Zexp (—u/cy) < 00, Yu >0, (2.16)

n=1

then (2.3) holds.

Proof Since gy (n) = gr(n) = M for all n > 1 and some finite positive constant M > 1, (2.1) is
satisfied automatically for # > 1 and (2.16) implies (2.2). Hence the result follows from Theorem
2.1. 0

Corollary 2.4 Let p,{X,,n > 1} and {an;,1 <i < k,,n > 1} be as in Corollary 2.3. If (2.15)
holds, then (2.3) holds.

Theorem 2.5 Let 0 < p < 2,{X,,,n > 1} be a sequence of WOD random variables with
{Xn,n > 1} < X, and EX? < oo. Let {ani,1 <1i < kp,n > 1} be an array of constants such
that max;<i<, |ani| = O(n~'/P). If p > 1, moreover, we assume that EX, = 0,n > 1. If (2.1)

holds and
kn

Z lani|P = O(n=?) for some & > 0, (2.17)

i=1

then (2.3) holds.

Proof The proof is similar to that of Theorem 2.1. Define kmam',dn,X,(fi) (1=1,2,3) as in



Strong limit theorems for weighted sums of widely orthant dependent random variables 111

Theorem 2.1. If 1 < p < 2, in view of £ X,, = 0, we have that

STEXD| <> {BlaniXil(janiXi] > n™?) + 07" P(lan Xi| > n~*)}
=1

=1

< onP(P—1) ZE|amXi|p < CnPP—1)-6

i=1
Choose p small enough such that pp — 6 < 0, then >, Eszli) —0,n—o0. If0<p<1,

n

=1

n n
< EBlan XilI(lan Xs| <n7P) + 077> PllaniX;| > n~")

i=1 i=1

S 2np(p—1) ZE‘aniXi‘p
i=1
< CnfP=D=% 0, n— oo, Vp>0.

On the other hand, by the definition of Xrg) and (2.17), we have

n? 3" B(X)? <0 B {2 X2 (JaniXil < n7P) +n 21 (Jan Xi| > n )}
=1 =1
< On=9rl-p) 0, n— oco.

Then, take u,, = n”, from (2.8), for sufficiently large n, we obtain
P(T{V > €) < gu(n) exp(—nPe/2).

Therefore, (2.7) remains true. Similarly Y~ P(7T7(ll) > €) < 0o. Hence TV =0 as. n— oo.

Similarly to (2.13) and (2.14), we have T — 0 a.s. n — o00,l=2,3. O

Corollary 2.6 Let 0 < p < 2,{X,,,n > 1} be a sequence of ENOD random variables with
{Xn,n>1} < X, and EXP < co. Let {an;,1 <i < kp,n>1} be as in Theorem 2.5. If p > 1,
moreover, we assume that EX,, = 0,n > 1. If (2.17) holds, then (2.3) holds.

Remark 2.7 When p > 2, the condition (2.15) is weaker than the condition in Theorem C.
When 1 < p <2, from Lemma 1.4 of Sung [3], the condition (2.17) is equivalent to the condition
in Theorem C. Therefore Corollaries 2.4 and 2.6 not only extend the Theorem C from i.i.d. to
ENOD random variables, but also extend the corresponding results of Jing and Liang [10] from
NA to ENOD random variables.

Theorem 2.8 Let 0 <p<2,1/p=1/a+1/8 for 0 < o,3 < 00, and let {X,,,n > 1} be a
sequence of WOD random variables with {X,,,n > 1} < X, and EX,, = 0,n > 1, EX” < oo.
Let {bn;,1 <i<n,n>1} be an array of constants such that

> bl = O(n). (2.18)
=1
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If (2.1) holds, then
n~t/P Z bpiX; — 0 a.s. n— oo. (2.19)
i=1
Proof We shall apply Corollary 2.2 and Theorem 2.5 to prove Theorem 2.8. Define a,; =
bni/n'/P for 1 < i < mn and n > 1. Since maxi<i<n |bni| < nl/a(%zzlzl |bps|*) M@, assumption
(2.18) implies that

| = —-1/p
11;1%Xn|am\ O(n ).

By (2.18) and the Holder’s inequality and the C,-inequality, respectively, we have that

zn: b = (Zn: |bm\“)7/a(zn: 1)1_7” <Cn, Y0<7y<a (2.20)
=1 =1 =1

S a3 (bl < (Z |bm-\°‘> <on'/e, Wy >a. (2.21)
=1 i=1 i=1

For the case 8 > 2, we show that the condition (2.15) of Corollary 2.2 holds. If 0 < o < 2,
by (2.21), we have that

n

3 Janil? < Cn®/on=2/P = on=2/5. (2.22)
=1
If @ > 2, by (2.20), we have that
n
> an? < Cntr. (2.23)
=1

From (2.22), (2.23) and 0 < p < 2, we obtain (2.15).
For the case 0 < 8 < 2, we prove that condition (2.17) of Theorem 2.5 holds. If § < «, by
(2.20), we have that

n

> anil? < Cnn =P = cn 7P, (2.24)
i=1

If 8 > «, by (2.21), we have
Z lani|® < CnPlon=BP = cn~1, (2.25)
i=1

Hence, from (2.24) and (2.25), (2.17) holds. Thus, (2.19) holds by Corollary 2.2 and Theorem
2.5. 0

Corollary 2.9 Let 0 <p < 2,1/p=1/a+1/3 for 0 < o, < oo, and let {X,,,n > 1} be a
sequence of ENOD random variables with {X,,,n > 1} < X, and EX,, = 0,n > 1, EX" < oo.
Let {bpi,1 <i<n,n>1} be as in Theorem 2.8. Then (2.19) holds.

Remark 2.10 Corollary 2.9 extends Theorem D (see also Corollary 3 of Sung [3]) on i.i.d. case
to ENOD random variables, and extends the corresponding results of Jing and Liang [10] and
Wu [9].
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