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Abstract This paper presents a Pi-Sigma network to identify first-order Tagaki-Sugeno
(T-S) fuzzy inference system and proposes a simplified gradient-based neuro-fuzzy learning
algorithm. A comprehensive study on the weak and strong convergence for the learning
method is made, which indicates that the sequence of error function goes to a fixed value, and
the gradient of the error function goes to zero, respectively.
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1. Introduction

The combination of neural networks and fuzzy set theory is showing special promise and
is a growing hot topic in recent years. The Takagi-Sugeno (T-S) fuzzy model was proposed by
Takagi-Sugeno [1], which is characterized as a set of IF-THEN rules. Pi-Sigma Network (PSN)
[2] is a class of high-order feedforward network and is known to provide inherently more powerful
mapping abilities than traditional feedforward neural networks.

A hybrid Pi-Sigma network was introduced by Jin [3], which is capable of dealing with
the nonlinear systems more efficiently. Combination of the benefits of high-order network and
Takagi-Sugeno inference system makes Pi-Sigma network have a simple structure, less training
epoch and fast computational speed [4]. Despite numerous works dealing with T-S systems
analysis on identification and stability, fewer studies have been done concerning the convergence
of the learning process.

In this paper, a comprehensive study on convergence results for Pi-Sigma network based
on first-order T-S system is presented. In particular, the monotonicity of the error function in

the learning iteration is proven. Both the weak and strong convergence results are obtained,
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indicating that the gradient of the error function goes to zero and the weight sequence goes to a
fixed point, respectively.

The remainder of this paper is organized as follows. A brief introduction of first-order
Takagi-Sugeno system and Pi-Sigma neural network is proposed in the next section. Section 3
demonstrates our modified neuro-fuzzy learning algorithm based on gradient method. The main
convergence results are provided in Section 4. Section 5 presents a proof of the convergence

theorem. Some brief conclusions are drawn in Section 6.

2. First-order Takagi-Sugeno inference system and high-order network
2.1. First-order Takagi-Sugeno inference system

A general fuzzy system, which is a T-S model, is comprised of a set of IF-THEN fuzzy rules
having the following form:

R':1f x1 is Ay; and 2o is Ag; and...and 2, is A,,; then y; = f;(+), (1)
where R (i =1,2,...,n) denotes the i-th implication, n is the number of the fuzzy implications
of the fuzzy model, z1,...,z,, are the premise variables, f;(-) is the consequence of the i-th

implication, which is a nonlinear or linear function of the premises, and A;; is the fuzzy subset
whose membership function is continuous piecewise-polynomial function.

In the first-order Takagi-Sugeno system (T-S1), the output function f;(-) is a first order

polynomial of the input variables x1, ..., %, and the corresponding output y; is determined by
[5, 6]

Yi = Dpoi + P11+ PmiTm. (2)
Given an input x = (21,22, .., %), the final output of the fuzzy model is expressed by

y= Z hiyi, (3)
i=1
where h; is the overall truth value of the premises of the i-th implication calculated as
m
hi = Avi(21) Agi(22) .. Ami(m) = [ ] Aui(a).- (4)
1=1
We mention that there is another form of (3), that is [7],
n n
y:(zhiyi>/<zhi)- (5)
i=1 i=1

For simplicity of learning, a common strategy is to obtain the fuzzy consequence without com-
puting the center of gravity [8]. Therefore, we adopt the form of (3) throughout our discussions.
2.2. Pi-Sigma neural network

The conventional feed-forward neural network has summary nodes which is difficult to iden-

tify some complex problem. A hybrid Pi-Sigma neural network is shown in Figure 1. In this
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Figure 1 Topological structure of the first-order Takagi-Sugeno inference system

high-order network, > denotes the summing neurons, II denotes the product neurons. The output

of pi-sigma neural network is

n n m
y=> higi =Y ([ ra:(@))po: +prizi + - + pmiwm) = hPx, (6)
i=1 =1 1=1
where “-” denotes the usual inner product, p; = (poi,P1i,---Pmi)’, i = 1,2,...,n, h =

(h1,hay. .. hy), P = (pT,pd,....,p0)T, x = (1,21, 22,...,2,)T. From (6), it can be seen that
this Pi-Sigma network is one form of T-S type fuzzy system. For fuzzy system implemented by
this type network, the degree of membership function and parameters can be updated indirectly.
For more efficient identification of nonlinear systems, Gaussian membership function is commonly

used for the fuzzy judgment “x; is A;;” which is defined by
Aji(z)) = exp ( — (z — ali)z/crl%) = exp ( — (z — ali)zblzi), (7)

where a;; is the center of Aj;(z;), and oy; is the width of Aj;(x;), by; is the reciprocal of oy; (), =
1,2,...,n,0=1,2,...,m. What we need is to preset some initial weights, which will be updated

to their optimal values when some learning algorithm is implemented.

3. Modified gradient-based neuro-fuzzy learning algorithm
Let us introduce an operator “©” for the description of the learning method.

Definition 3.1 ([8]) Let u = (uy,uz,...,u,)’ € R", v = (v1,v2,...,v,)T € R™. Define the
operator “©” by

T
u OV = (u1v1,Uugvs, ..., Upvy)" € R™.

It is easy to verify the following properties of the operator “®”:
D) e v < ullflv],
2) (WOV)-(xOy) = MOVOX)-y.
3) (Uu+v)EOx=uGx+VvOox,
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where u,v,x,y € R", and “” and “|| ||"represent the usual inner product and Euclidean norm,

respectively.

Suppose that the training sample set is {x7, O }31:1 C R™ x R for Pi-Sigma network, where
x7 and O7 are the input and the corresponding ideal output of the j-th sample, respectively.
The fuzzy rules are provided by (1). We denote the weight vector connecting the input layer and
the X layer by p; = (poi, P1iy--->Pmi) L, (i = 1,2,...,n) (see Figure 1). Similarly, we denote the
centers and the reciprocals of the widths of the corresponding Gaussian membership functions
by

ai = (a1i7 a/2i7 A 7ami)Ta
1 1 1 .
b; = (b1i, by b)) = (—, —, ..., ), 1<i<n, (8)
01i 024 Omi

respectively, and take them as the weight vector connecting the input layer and membership

layer. For simplicity, all parameters are incorporated into a weight vector
T
W:(pf,pg,...,pz,af,...,af,bf,...,bz) . (9)

The error function is defined as
J J
1 . o
[ — 0 7)) — (W Px?
E(W) =5 )/ - 0') Zgj _Z +x7)) = 3 g, (WP, (10)
Jj=1 =1 j=1
where O7 is the desired output for the j-th training pattern x7, ¢/ is the corresponding fuzzy

reasoning result, J is the number of training patterns, and

%(t—Oj)2, teR, 1<j<J (11)

The purpose of the network learning is to find W* such that

W = (B, b, ..., k)T =h(x'), g;(t) =

E(W*) = min E(W). (12)
The gradient descent method is often used to solve this optimization problem.

Remark 3.1 ([8]) Due to this simple simplification, the differentiation with respect to the

denominator is avoided, and the cost of calculating the gradient of the error function is reduced.

Let us describe our modified gradient-based neuro-fuzzy learning algorithm. Noting (8) is

valid, then we have

hg = HAlq(xl Hexp — aig)*bi,) = exp (Z 7 - alq)lezq))' (13)
=1

=1

The gradient of the error function E(W) with respect to p; is given by

J
Z (W Px?)hix?. (14)
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To compute the partial gradlent ( ) ,wenote, V1<i<n, 1<qg<n

o 0D (; (= (& - alq)Qb?q)) dexp (lgl (— (] — me7)) |
(“)a? - B Oa; - Oa; 4= (15)
0, q#1,
and
dexp (X (~(f —a)i))

1

Oa; = (2h3($]1 - ali)b?b o th( - amZ)bQ )T

= QhZ ((Xj — ai) ®© bZ ® bz) . (16)

It follows from (10), (15), (16), that, for 1 < ¢ < n, the partial gradient of the error function
E(W) with respect to a; is

XJ: hJPx] 2": 8hj
aal = =
J
Z (WPxI)(p; - x7)h] ((x) —a;) ©b; @ b;). (17)

Similarly, for 1 <4 < n, the partlal gradient of the error function E(W) with respect to b; is

ah
Zg (h/Px7) ( Z(pq )8b2)
J
= —2Zg;(thxj)(pi X)W (¥ —a;) © (x) —a;) O b;). (18)

Combined with (14), (17) and (18), the gradient of the error function E(W) with respect to W

is constructed as follows

OE(W) _ ((8E(W))T (8E(W))T (8E(W))T (8E(W))T
oW op1 TN Opa "N Day TN Day, ’
Wy, (L) (19)

Preset an arbitrary initial value WY, the weights are updated in the following fashion based on

the modified neuro-fuzzy learning algorithm

WhH — Wk L AWF £ =0,1,2,..., (20)
where
AW! = ((ApH)T..... (ApE)T.(Aah)T. . (Aab)T, (ABHT, . (AbK)T)T,
and . OE(W) N OE(W) . OE(W) ,
Apf = —n op; Aaj = _7737211-’ Abj = —n ob;, l<i<mn, (21)
n > 0 is a constant learning rate. (20) is also given by
Wk+1:wk_n8E(W) k=0,1,2,.... (22)

oW’
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4. Convergence theorem

To analyze the convergence of the algorithm, we need the following assumption:

(A) There exists a constant Cy > 0 such that ||pF| < Cp, [|a¥|| < Co, ||b¥|| < Cp for all
i=1,2,....n, k=1,2,...

Let us specify some constants to be used in our convergence analysis as follows:

M zlrgrljagJ{lliH, 10711},
C1 =max{Cy + M, (Co + M)Co},
Cy =2JCyC1 (nCoCy + C1) max{Cy,C3}+
20202 (nCyCy 4 C1) + 2JCoC?(Cy + C1)(nCoCh + C1),
Cty =T (nCoCi + C1) max{%,4C§Cl274Cf},
Cy =4nJC; max{C3C?,CF, 1},
Cs =Co +C3 + Cy

where x7 is the j-th given training pattern, 07 is the corresponding desired output, n and J are

the numbers of the fuzzy rules and the training patterns, respectively.

Theorem If Assumption (A) is valid, the error function E(W) is defined in (10) and the learning
rate n is chosen such that 0 < n < C%, is satisfied, then starting from an arbitrary initial value
WY, the learning sequence {W¥} is generated by (22) and (19), and we have

(i) E(WktY) < BE(W*) k =0,1,2,...; there exists E* > 0 such that limy,_.o, E(WF) = E*;
(i) limp_o Ew(W¥*) = 0.

5. Proof of the convergence theorem

The proof is divided into two parts dealing with Statements (i) and (ii), respectively.

Proof of Statement (i) Forany 1 < j < J, 1 <i<mnand k =0,1,2,... we define the

following notations for convergence:
QT = pPIPhxI, Wk = phtld gk ehT = xi ol @fd = eI o bk, (23)

Noticing error function (10) is valid, and applying the Taylor mean value theorem with Lagrange

remainder, we have

E(Wk+1) o E(Wk)
J

(9i(25) — g;(257))
1

<
Il

[ (BT IR g s ) (8 @]

M&

<.
Il
-
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Ma

[gj (7) (B*I APF 1) 4 WRIPRF I 4 W AP) | 4
1

J
1" k+1J k,7\2
E , g; (8k,5)( - ®57)%,

<.
I

l\D\H

_ , L
where s; ; € R is a constant between ®f7 and &7

Employing (14), we have

J n
Zg] APk = 3 (@) 3 (1 (Aph) )

n J
= > (@)Y g (@f )t
— OE(WF) OE(W")

n k
-3 [0

Using the Taylor expansion, and noticing hl? = exp(—®'7 - ®'7), partly similar with the

proof of Lemma 2 in [16], we have

n n

WP = 3 ) = 3 () (el ) (-0l )

i=1 i=1

K2

n
:Z(pf .xj)h;c,j( —(@FTLT LT gk ®k7j))+
1 . .
2 Z )exp(t57) (@51 @bt @l k)2,

~5.0 1. 1,5 1,5 0\ j
where 57 lies between —®F 17 . eF 1T and —@k7 . @k,

Employing the property 2) of the operator“®” in the Definition 3.1, we deduce

>k xR (—(@F T @ — el o))

=Y ok x)n [f (2007 - (@ — @) 4 (@1 — @) (@1 — o) )|

i=1
n
- —22 P (@ - @) = 3 (P Xm0 — @
i=1
=2 Z x/ )1 (657 @ bE) - ((~2af) 0 b + € © AbY) ) -

iNp kg ak+l,j k.j
S (ph - xR @ ka2

kg2
|
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= 22:(p£c -xj)hf’j (5:” @bf) . (AaéC @bf“)—
i=1
2 (pf xRS (& O bf) - (677 © AbF) =Y (pf - xR @7 — )7
i=1 i=1
=2 (pf X))k (€57 O bf ©bf) - Aaf + 23 (pF - x))hP (67 © bl © Ab}) - Aaf—
=1 =1
2) (P xR (& 0 & @bf) - AbF =Y (pf - X)) 9 — @),
=1 =1
So we have

n

J
ZQ;(‘I’]SJ) Z(pf ,Xj)hfd ( _ (q);chLJ . (I)if?+1d _ q)iw . (I)iw))
j i=1

—QZgj ok Z EoxhEI (e o bE o bF) - Aak+

n
2293 (257) D (0F - x))hi (6 © bf © Ab) - Aaf—
i=1
J oon 4 ‘ ‘ ‘ ; |
23 gj(®57) > (pF X6 0 & o bf) - Abf = gi(967)8
Jj=1 i=1 =
" OE(Wk J o -
=2 % -Aaf +2) 0 g5(257) Y (pf X))k (6 © bl © Ab)) - Aaj+
i=1 i = —
" OE(WF) J o on o | |
D A =Y gh(@g) (bt 3 b2 — e, (25)
i=1 z = P

We can easily get ||‘I)0’J | =12 1hk’J(Pz )| < B lpf - x| < 2y eIl || = nMCo,
Hf;”” = ||x? —al| < M+ Cy. By definition of g;(¢) in (11), it is easy to find that gi(t) =t-07,
then we can get |g;-(<1>§’j)\ < (nMCy+ M) < nCyCy + Ch.

Together with Assumption (A), and the property 1) of the operator “®”, we get
22% (@67 Z xR o bE © ABY) - Aak
i=1
n
< 2JCFCH(nCoCh + C1) Y ||AbF||[|Aaf|
1=1

< JCFCT(nCoCr+ Ch) Y (Il Aal||® + [|[AbF|?), (26)
i=1

and

J
k,j iNg kg k41, k,j
= gi(@¢7) > (pF - xR (| T — @2
j=1 ‘
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k+1,5 k,j
||(I>i ! - (I)i J||2

Ma
M=

< CoCi(nCoCh + 01)

BN
I
=
o
Il
s

I(~Aaf) © bi ! + 67 © Abf?

M~
NE

= C()Cl(TLCocl + Cl)
1

<.
I
—

3 .
Il

< 2JCoCi(nCoCy + C1) Y (CFllAaf|® + CF | A1)
i=1

< Cu Y (I8af|” + ABP), 27

i=1

where Cy; = 2JCC1(nCyCy + C1) max{Cg,C?}. The combination of (29)—(31) leads to

zgj () Sk A (— (@FF19 B _ g b))

=1
n E Z
<3 OEWY 4, +Z D b+ O 7 (I8aE? + [ ABE?),
i=1

where Cog = Coy + JC’OQC'12 (nCyCy + Cy). Furthermore,

)_n

Zp ) exp(I7) (@5 @t — @l o2
j=l1i=1

C1(nCoCy + C1) X

gj ((I)O 5
Z(@’?HJ LRI _ ki ghiy2

11:=1

M-

<
Il

_ GoGi(nCoCi + C1) [(@FHT 4 @hdy . (@FH1T _ phiy)?

Mk.
hE

2 i £ !
Jj=11i=1
J n
< 200012(710001 + Ol Z Z Hq)ic-l-l,j _ (I)f’j |2
j=11i=1
< Cos ) (|Aaf | + [|ABF?), (28)

i=1

where Cy3 = 2JC,C%(Cy + C1)(nCoC1 + C1). Combining (28) and (32) leads to

i:g;(@g’j)(‘l’k’j]?kxj)
j=1
—Z aa P LE{;ZW) -Abk+02§nj(\|Aak\|2+||Ab§||2)
‘ i=1 v
- Z(HaEalvk [ 125 )+ n2i<HaEalvk [ 1251

where Co = Cag + Coags.
Notice [|247]] = €29 @ b < Cy, [bsl] < Co, &]] < Co+ M = Cy. By the Taylor mean



A modified learning algorithm for Pi-Sigma network based on first-order Takagi-Sugeno system 123

value theorem with Lagrange remainder and the properties of Euclidean norm, we get

[t =

IA I Il
M= 1M 1M)=

Il
N

IN

<

t+1,5 t,j 2
h’l+ J_ hlj
t+1,5 t,J
h +1,5 hQJ

k+1,j _ pt.j
hE+LI _ pti

—

=1

(— exp() (#1719 1+ 81) - (@11 — atd))’

<.

(2 (€7 017 = € 01f2)

\E

. . . . . 2
(|2c (€ =) @™ e © @ — o))

.
I
-

i 2
(120Gl llg; ™ — &7 11+ 207 by — b))

NE

1

.
Il

n

2
(031<||Aait|| +AB)) <208 S (1Aar | + A1),

1 i=1

M=

<.

where C3; = 2C; max{Cp,C;} and 3, lies between —<I>§+1’7 . <I>§+1’] and —®7

nation of Cauchy-Schwartz inequality and (33) gives

>

J n
1(257) (P APRX) = gi(@07) Y Wi (ApF) X

J n
=37 g (@) wh (Aph) X
j=1i=1
J n ,
<C1(nCoCh +C1) Y Y I[w|[[(Ap))" |
j=1i=1

n

_G (n0001 +Cy) z":

j=114i=1

n

> )1? + fi(aph)”

(719 1 = 3 ((exp (— 8519879 —exp (— 819 - 1))’

. @E’j. A combi-

%)

<J(nCoCy + C1)C5 Y (|lAa||® + [[AbF|?)+

i=1

nCoCh + C1) —
L) S () aphyT?
=1

gcg(z (I(apH)T | +Z |Aak|? +Z |ab?)

=1
OE(WH)||?

_ 2
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where C3 = J(nCoCh + C1) max{3,4C3C?,4C1}.
g7 (t) = 1 is easily deduced from the definition of g;(t) in (11), and we get

k+1,j k,j
g; (Skd)(q)oHJ - (I)OJ)Q

[N
'Mk

1

J

J
1 . )
=3 2 llog ™ — o)
j=1
J
1 k+1,jpk+los kjpkwill2
—§Z||h Ipktixi _ phipkxd||
=1
J n
1 BLJ (pht yi ki ik dy||2
*§Z|Zh 'XJ)*;}% (pi - x7)|
1 J
. pEtLd _ k+1 pEtLd _ k41 jy)12
—5ZIZ +Z PP
1< . .
< §ZZII (RS = BET)RE T ) 4 (BT = B ) P
1 . ‘ .
< 52 [1( ™ = R )@ )P 4 ([ = B ) (e ) 7]
j=11i=1
i(HaEW 1 2Za2 0+ )
P 8p1 6ai
OE
- e HG

where Cy = 4nJC? rnax{C’O C3,C% 1},
Using the Taylor expansion theorem, for £ =0,1,2,... we get

E(Wk“) — E(WF)

OE(WF) "L |OE(WF) OE(WF) 2
*”Z H opi H 7’; (H Da, H H b, H >+
OE(W¥F) " |OE(WF) OF( Wk
o (3| B+ 3 [P 3 B
3N (Z opi + - Da, + )
OE( Wk
(Ca+ Cy)n H H
aE(W"“)
J— J— 2 —_—
(n—Csn )H W ‘ ;
where Cs5 = Cy + C3+ C4, and s, ; € R lies between <I>k’j and <I>k+1’j. Write 3 = n — Csn?, then
k
W) < mew) - g 2E) (30)
Suppose the learning rate 7 satisfies
0<n<— (31)

Cs
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Then there holds
E(WF) < E(WF), £=0,1,2,.... (32)

From (32), we know the nonnegative sequence { E(W*)} is monotone, adding it is bounded
below, hence, there exists E* > 0 such that limy_.., F(W¥) = E*. The statement (i) is proved.

Proof of Statement (ii) Using (35), we have

v < 0o o << o3 [P
For E(W*+1) >0, we get .
D s
Set k — oo, then
S 7w < v <o
This immediately gives .
i |20 <o o

The Statement (ii) is proved. And this completes the proof of Theorem.

6. Conclusion

First-order Takagi-Sugeno (T-S) system has recently been a powerful practical engineering
tool for modeling and control of complex systems. Ref.[7] showed that Pi-Sigma network is
capable of dealing with the nonlinear systems more efficiently, and it is a good model for first-
order T-S system identification.

We note that the convergence property for Pi-Sigma neural network learning is an inter-
esting research topic which offers an effective guarantee in real application. To further enhance
the potential of Pi-Sigma network, a modified gradient-based algorithm based on first-order T-S
inference system has been proposed to reduce the computational cost of learning. Our contribu-
tion is to provide a rigorous convergence analysis for this learning method, and some convergence
results are given which indicate that the gradient of the error function goes to zero and the fuzzy

parameter sequence goes to a local minimum of the error function, respectively.
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