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Abstract In the case of Q € Lip, (S™™1) (0 < v < 1), we prove the boundedness of the
Marcinkiewicz integral operator po on the variable exponent Herz-Morrey spaces. Also, we
prove the boundedness of the higher order commutators pg', with b € BMO(R™) on both
variable exponent Herz spaces and Herz-Morrey spaces, and extend some known results.
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1. Introduction

Denote by S*~! the unit sphere in R™ (n > 2) with the normalized Lebesgue measure do(z').
Let Q € LY(S"!) be homogeneous of degree zero and satisfy the vanishing condition on S"~1,
that is,

/S Q)do(@) = 0. (1)

The Marcinkiewicz integral pq in higher dimension is defined by
°° dty 2
pa(He) = ([ 1FaeN@P)"

where

Fo(Hi) = [ A =Y) 1)y,

lo—y|<t [T —y|"!

Stein [1] first introduced the operator ug and proved that ug is of type (p,p) (1 < p < 2)
and of weak type (1,1) in the case of Q € Lip,(S"') (0 < v < 1). Benedek, Calderén and
Panzone [2] extended Stein’s results, and proved that if Q € C1(S"71), then ugq is of type
(p,p) (1 < p < o0). In 2000, Ding, Fan and Pan [6] improved the above results to the case
of Q € HY(S"1). H!(S""!) denotes the Hardy space on S"~!, which is the linear space of
distributions f € .#/(S"~!) with the norm

”fHHl(S”*l) = ||P+f||L1(Sn—1) < 00,
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where
P*f(a") = sup ’ fY)Pror (y')do(y)|,
0<r<1! Jgn-1
and
P/(y’):l_ir2 0<r<l1,a,y es!
rr |/)"J’I‘/ _ y/|n7 f— b ) *

Let b € L .(R™), m € N. The higher order commutators of Marcinkiewicz integral operator

ey p, are defined by

D) = ([ I n@rFE)”
where
B @) = [ S b - o) )
le—y|<t |T yl
Obviously, ,u%m = [b, uq], which is the well-known commutator generated by b and the

operator fiq. Torchinsky and Wang [10] proved that if Q € Lip.(S"~") (0 < < 1), then [b, uq]
is bounded on LP(w) (1 < p < o0), w € A,. We refer to [3] for further details on A, weight.
Ding, Lu and Yabuta [7] established the boundedness of the higher order commutators ygy;, on
LP(w) (1 < p < o0). Recently, many generalized results about ug and g, in various other
function spaces have been extensively studied [8-9, 18-21].

It is well-known that the main motivation for studying the spaces with variable exponent
comes from applications to the modeling for electrorheological fluids, image restoration and PDE
with non-standard growth conditions. Since the surveying paper [4] by Kovacik and Rékosnik
appeared in 1991, the Lebesgue spaces with variable exponent LP(") (R™) have been extensively in-
vestigated. During the last two decades, boundedness of some important operators, for example,
the Calderén-Zygmund operators, fractional integrals and commutators on LP()(R™) have been
obtained [5, 11, 13]. Izuki [13, 14] introduced the variable exponent Herz spaces and Herz-Morrey
spaces, meanwhile, he obtained the boundedness properties of the fractional integral operator
and its commutators. In 2012, Wang, Fu and Liu [16] proved that uq and ey, are bounded
on the Lebesgue spaces LP()(R"). Liu and Wang [17] extended the LP()(R™) boundedness of
o and [b, po] to the variable exponent Herz spaces Kg‘(’_)(R”). Motivated by [13,14,16,17], the
main purpose of this paper is to establish the boundedness of ug and ug', on K;‘(’g (R™) and
M )

For brevity, |E| denotes the Lebesgue measure for a measurable set E C R"™, fg denotes
the mean value of f on E (fp = |E|™" [}, f(x)dz). The exponent p/(-) means the conjugate of
p(+), that is, 1/p(-) +1/p’(-) = 1. C denotes a positive constant, which may have different values

even in the same line. Let us first recall some definitions and notations.
Definition 1.1 For 0 < v <1, if there exists a constant L > 0 such that
(z") — Q)| < Llz' — /|7, Va',y €S,

then we say that Q € Lip,(S*™") (0 <y < 1).
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Definition 1.2 For f € L _(R"), the BMO(R") is the space of functions f satisfying

loc

1
I#lio = sup = [ 1£(2) = falde < .
B |B| /B
where the supremum is taken over all balls B in R™.

Definition 1.3 Let p(-) : E — [1,00) be a measurable function,
(1) The Lebesgue space with variable exponent LP\")(E) is defined by

LPO(E) = {f is measurable : / (M)p(‘”)dx < oo for some constant 1 > O}.

E 7
(2) The space with variable exponent L) (E) is defined by

loc

LPY(E) = {f: f € LP)(K) for all compact subsets K C E}.

loc

The Lebesgue space Lp(')(E) is a Banach space with the Luxemburg norm

. flz .
1l o>y = mf{n >0: /E(Hn)l)” Jdz < 1}.
We denote
p— =ess inf{p(z) : x € E}, p;y =esssup{p(z):z € E},
P(E) ={p(-): p- > 1, py < oo},
and

B(E) = {p() : p(:) € P(E), M is bounded on LP)(E)},
where M is the Hardy-Littlewood maximal operator defined by
M) =swr [ sl
>0 B(z,r)NE

where B(z,7) ={y e R" : |z —y| < r}.
Proposition 1.1 ([12]) If p(-) € P (E) satisfies

Ip(x) — p(y)] lz —yl <1/2,

< ¢
~ log(lz —yl)

Ip(z) — p(y) ly| > ||,

< gl + Ja)
then one has p(-) € B(E).

Let By = {x € R": || < 2K}, Ry = By\Bx_1 and x; = xg, be the characteristic function
of the set Ry for k € 7Z.

Definition 1.4 ([13]) For a € R, 0 < ¢ < o0 and p(-) € Z(R™). The homogeneous Herz space

Kg(’g (R™) is defined by

Ryt (R = {f € LI (RN(0}) ¢ 1| gea oy < 003,
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where
1
anK;(g(Rn):{ Z 278 Xkl oy}

Definition 1.5 ([14]) Fora € R, 0 < ¢ < 00, p(-) € Z(R™) and 0 < X\ < co. The homogeneous

Herz-Morrey space MKQ’)E_)(R”) is defined by

MEg R = {f € LI @®NOD £ F |y gny < o0},
o q,p(+)

where

Q=

L
—LX k
P ey ey = 5902730 24 el oy

k=—oc0

It is obvious that MKa 0( y([RY) = K;‘(%(R”)

Our results in thls paper can be stated as follows.
Theorem 1.1 Suppose that Q € Lip, (S*™') (0 < v < 1), b € BMO(R"), p(-) € B(R"). If

0<g<oo,0< A<o0,0<d1, 00 <1 and —nd; + A < a < ndy, then the operator uq is

bounded on MK®  (R™).
a,p(*)

Theorem 1.2 Suppose that Q € Lip, (S*~') (0 < v < 1), b € BMO(R"), p(-) € B(R"). If
0<qg<o0,0<dq, 0 <1and —nd, < a < nds, then the higher order commutators Koy p, are
bounded on Ky (R™).

Theorem 1.3 Suppose that Q € Lip, (S*™') (0 < v < 1), b € BMO(R"), p(-) € B(R"). If
0<g<oo,0<A<o0,0<dy, 0 <1and—nd; + A < a < ndg, then the higher order
commutators gy, are bounded on MK;;?(.)(R”).

Remark 1.1 The previous main results improve the Lp(‘)(]R”) boundedness of the operator pq
and the higher order commutators pgyp in [16] to the case of Herz spaces K;“(’_% (R™) and Herz-
Morrey spaces M K (- )(R”). If A = 0,m = 1, our conclusions coincide with the corresponding
results in [17], so, in thls paper we only consider the case A > 0. Moreover, the same boundedness

also holds for the non-homogeneous case [13,15].

Remark 1.2 In the case of Q € L"(S"1) (1 < r < 00), we note that the boundedness
of the operator puqo on LP() (R™) is still an unsolved problem. Also, the boundedness of the
commutators ug, with b € Lip, (R") (0 < v < 1) on Herz spaces Kg(’g (R™) and Herz-Morrey
spaces M Kg"p)z_)(R”) have not been proven.
2. Proofs of the Theorems

To prove our main results, we need the following Lemmas.

Lemma 2.1 ([4]) Let p(-) € Z(R"). If f € LPO)(R") and g € LP'()(R"), then

/R F@)9(@)1dz < ryllfll 1o @ 9] o o
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wherer, =1+1/p_ —1/p4.

Lemma 2.2 ([13]) Let p(-) € B(R™). Then for all balls B in R,
1
E”XB”LP(‘)(R")HXB”LP’(‘)(R") <C

Lemma 2.3 ([13]) Let p(-) € #(R™). Then there exist constants 0 < 01, d2 < 1 such that for
all balls B in R™ and all measurable subsets S C B,
x|l Lre) @n 1815, Ixsllzro @y
IxBleer@ny = 1Bl
Lemma 2.4 ([16]) Let Q € Lip. (S"7!) (0 <~ < 1), b€ BMO(R"), p(-) € Z(R"). We have
(1) Nua(Hllro @y < Cllfllro @nys
() ey (NDlleer @ny < CllbIEMOlf ey @)
Lemma 2.5 ([15]) Let b € BMO(R"™), k > j (k,j € N). We have
(1) C7HblBro < suppegn m“(b —bB)"XB| re) @) < ClIblByvos

(2) 1(b="05,)"xBlLre)@ny < C(k = 3)™ 10l Byo IX B | Lee) (mr)-

181
| B

< C(

)’
”XBHLP’(-)(R") B

Proof of Theorem 1.1 Let f € MK™" (R™). Write

a.p(-)
f@)=> flx@ =Y fi@)
j=—o0 j=—o00
Then, we have
L
le (I o ny =SUD 2 kz 2 (el T ey
L k—2 .
<Csup2~ "2 )~ Qkaq< > HMQ(fj)XkHLM(Rn)) +
Lez k=—o00 j=—o00
L k+1 .
Csup 2~ 1M Z Qkaq( Z ||,LLQ(fj)Xk”LP('>(]R")) +
Lez k=—o0 j—k—1
j
L oo q
Csup2~"2 3~ 2kaq< > ||MQ(fj)Xk||Lp<->(R“))
Lez k=—oo0 j=k+2
=U; + U + Us.

For Us, we apply Lemma 2.4 (1) and obtain

L
Us < Csup2 0 37 el gy < Ol nn oy

LeZ N

For Uy, observe that if € Ry,y € Rj and j < k — 2, then |z — y| ~ |z| ~ 2% and

1 1 ly|
PR

|z —y[3
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Since Q € Lip, (S"~") € L>(S"™1), by Minkowski’s inequality and Lemma 2.1, we have

=] - 2dt
1@ <c( / / y)d
lna(fi)(z)] oyl <t \a:—y|" 1 | )
odty 3
f )d
~/|a: /L y|<t |1‘— |n ! ] ‘ )
1fi (W)l / dty
= P R dy+
H HL ) R; |x_y|n71( le—y|<t, \m|>tt )

/5 (y)] / dty 2
Q|| Lo (gn—1 — — ] d

cof MBOL b, o f 0L 1L,
R;

r =y e =y w =yl ]
<CQ 2 b HfJ”LP()(R")”XJHLP() R")+C2 kn”fJHLP()(R")”XJHLP()(]R"
< C27%| fill Loty (mmy

XB; ||Lp’<«>(Rn)-

By Lemmas 2.2 and 2.3, we have

H.uﬂ(fj)(x)xkHLP(')(]R") < C27kn|‘fj||Li”(')(R")||XBj ”LP’(-)(R”)

x5, ”LP/(')(R")

IXBy |l Lre) )
< CMillerown 200 o
< C2(j_k)n62 ||fj HLP(')(R")'

Thus we get

q
Uy, < Csup?2” L)q Z zkaq( Z 90— k>n62”f]||LP() ]R") .

Lez k=—o0 j=—00

If 1 < g < o0, since a — ndy < 0, Holder’s inequality implies that

L k—2

[]1 S Osup 2—L>\q Z ( Z 2]a2(k—])(a_n52)HfjHLp(.)(Rn))
LEZ o j:_oo
k—2 5
< C'sup 2~ LM Z ( Z 2]aq||f]HLP()(]R" o(k— j)(afnzSg)q/Q)( Z o(k—j)(a—nd2)q’ /2)
LEZ e N =
L .
< Csup 27t Z ( Z 2Jaq||fJHLP()(Rn 2(h— j)(afmsz)qm)
LEZ M Py
L—-2 L _
< Csup2 P N7 DY [T g, Y 20T
LEZ Pt Wi
< OIS s oy

If 0 < ¢ < 1, using the well-known inequality

(Zai)QSZaﬁ a; >0,i=1,2,..., (2)
=1 i=1
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we obtain
L k-2
U, < Csup 2t Z Z 2]aq2(k—])(a—n52)qufj||‘ip(l)(Rn)
Lez k=—oc0 j=—00
L—2 L _
< Csup2tM Z 2Jaq||f]||Lp(')(]Rn) Z b emmee)e
LEZ oo k=j+2
<OM o oy

For Us, observe that if x € R,y € R; and j > k + 2, then |z — y| ~ |y| ~ 27 and
1 1 ||
<

o=y [y T e -y
By Minkowski’s inequality and Lemma 2.1, we have

lua(f;) (@ |<c/ /ﬁ y|<t|x7 |n)1fJ d|2dt)é

2dty z
)d
/y /|a: y|<t “T _y‘n 1f] | )

fi(y)| dty s
§C||Q||L°°(Sn*1)/R |$_jy|n—1( | > dy+

z—y|<t, |y\>t t3

1fiW)l / dty s
C||Q| oo (gn—1 / J d
122w enry R; |517*y|"71( ly| tg) Y

) 3 - 1
SC/ Ify(y)I_l, || de+c/ Lﬁﬂ'_l~fdy
Ry 1T —yI"t |z —yl2 R, [T =Yl |yl

<C2F 27 5 s oy X5 v o gy F+ 277 il oo ey 15 v ey

<C277| £ oo ey 1X B | £ (e -

By Lemmas 2.2 and 2.3, we have

e (f3) @)Xkl Lo ny < C277 ([ fill Loe) ()

X Bl Lo ) (R™)

XB; || o) ey IX B | Lo ()

< CHfJHLP() R™) HXB ||L:D( (R

< C2EI 0 £ o (am)-

Thus we get
> , q
Us < Csup2~ "M Z Qkaq( Z 2(k_J)nél||fjHLp<-)(R")) .
Lez k=—oo =kt2
If 1 < ¢ < o0, we have
L
. q
Us <Csup2~ " Z 2kea (3 2D £ oy )+
Lez k=—oo0 j=k+2

oo

. q
Csup2 L)q Z 2k04(1( Z Q(k—])nél||fj||Lp(.)(Rn))

Lez k——oo0 j=L+1
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=Us31 + Uss.

For Usy, since o + nd; > 0, by Holder’s inequality, we obtain

q
U31 Cbup 2 LXq ( 2]0(2(]6 J a+n51) ||f ||L1’( ) (Rn )
Lez k_z—:oo 7 zk—:i-Q ’ (

< C'sup 2L Z ( Z 2% 5120 <k—j)<a+n51)q/2)( Z o(k=j)(atnd1)g’ /2)

Lez k=—oc0 j=k+2 j=k+2

U

SCSUp2_L/\q Z ( Z 2Jaq||f]||LP()(Rn 2(k g (a+n61)q/2)

Lez k=—oc0 j=k+2
j—2
< C'sup 2~ 1A Z Qaaq”fjHLp(_)(Rn) Z 9(k—j)(atnd1)q/2
LEZ oo oo
< C”‘f”MKO‘ >\ (R“)

For Uss, we note that o +nd; — A > 0 and derive

Usy = Csup 2~ 1 Z ( Z 2 £, o (ny 205D 0440 29 =5) (o4~ >/2>q
LezZ k——oo  j=L+1

<Osp2 P Y (30 DL g S (55 g2
Lez k=—o0 j=L+1 j=L+1
L e’} J
—LAq (k—j3)(a+nd1+X)a/29jAq9—jAq tag q
<Capz 3 Y 2 va/2giaya( S grea e o)
k=—o0 j=L+1 f=—00
L
L)\q kAq (k—j)(a+ndi—N)q/2
< Ol o (g SUR2T > 2 Z 2( -
r() k=—o00 j=L+1
< CIfII

MEG R’
Consequently, we get

Us < Usy +Usp < C||fHMKa A @)’

If 0 < g <1, since —nd; + A < a < ndy, by inequality (2) and using the method in Izuki
[14, P. 353], we have

L
Us <C'sup 2~ E2 okaq o(k—j)ndrq) £ "
,; > 1731
=—00 j=k+2
L
LAq kag (k—j)nd1q
<C'sup 2™ kZ 2kt 30 2 1A% o gy
=—00 j=k+2

Csup 2™ faa Z 2kad Z 20~ j)néqufJHLp()Rn
Lez k=—o00 Jj=L+1 )
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j—2

<Copr ™ Y D110,y S 28T

LEZ Pl N

oo J
Cilgz)2—L>\q Z okaq Z 2(k—j)n61q2—jaq2j>\q2—j>\q( Z 2€aqu£Hqu(.)(Rn)>
k=—oc0 j=L+1 l=—c0
L o)
Sup2_L)‘q Z okaq Z 9(k=j)ndig9—jag9jrg
Lez k=—o0 j=L+1

<CIIfIIy + I

MK * 5 (R™) MK * NGON

sup2 L)q Z 2(a+n61)kq22()\ a—nd1)jq
k=—o0 j=L

sup 2—L)\q2(a+n61)Lq2(/\—a nd1)Lq

<CIIfIIy + 11

Ka >\ (R” Ka )\ (]R")

<CIIfIIy + 11

MK * 5 (R™) MK * NEON

q
<O oy
Combining the estimates for Uy, Us and Us completes the proof of Theorem 1.1. [

Proof of Theorem 1.2 Let f € K;“(’_% (R™). Write

Zf )y (@ Zf]

j=—o0 j=—o0

Then, we have

18 S M (Dl e

k=—oc0
<c Y oh( S Ikl )+
k=—o0 j=—o0
00 k+1 .
o Dl (I S 7 E/) DA ey I
k=—o0 j=k—1
o] oo .
C 3 2 (N i )Xkl oo e )
k=—o0 j=k+2
=Vi+ Va2 + Vi,

For V4, by Lemma 2.4 (2), we obtain

ka
Vo <C Z 2 quk“%p(»(Rn) < OHfHZ(;(,“)(R")'

k=—o0

For Vi, observe that if x € R,y € R; and j < k — 2, then

ol o o
@l <o( [ . m[b(x) L)
) M ) — m 2dt %
C(/Iw | le—y|<t |z — y|n—1 [b(z) — b(y)]™ fi(y dy| )
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gcllﬂluw(gn_l)/& |b(x) = b(y)|™ | f; ()] </| dt)%der

|l‘ - y|n—1 z—y|<t, |:v\>t t3

b —b m 7 dt 2
Clellmorn f, PEHEON( [ ay

<c [ @) =bWI™LWI lyl> [b(z) = b fi(w)] 1

- -dy+C — Ty
wo ol P n oyl E
<c2'# 27 [ oa) = b))y + €27 [ Jbla) = b))y
<cghn / 1b(z) — b)I™|f; ()l
Rj
<co knz 2) = ba, " [ o, = bl 115 0)

"J

§C2_kn||fj||LP<'>(R“)ZCTin|b(m) = bg, " [(bB; = b)'X;ll Lo oy
i=0

An application of Lemmas 2.2, 2.3 and 2.5 gives
||M8,b(fj)XkHLP('>(R“)

< C27 £l Lo @y Y Crnll(0(x) = b)) ™ Xkl Lo 2
1=0

|(bs; — b)inHLP/(‘)(]R")

< C27 £l 1or ey Y Coa (b = D)™ B0 X3 | o> @y 1t X8, | oo ey
i=0

<Ck—j+ 1)m27kn‘|b”ngOHfj”LP(‘)(]R")HXBk e @y IXB; (| Lo ) ()

i X8, || o) e
< Ck = j+ D)™ bl Evo 1 f5 ] oo ) oo B

|XBk||LPI(‘)(R")
< Ck— 5+ 1)™2079m% bl g o 1| £l Loc ey -

Thus we get
0o k—2 . . q
V<Ol D (D0 297 filleereny k= + D2t e )
k=—oc0 j=—o00

If 1 < ¢ < o0, since a — nds < 0, Holder’s inequality implies that

0o k—2

Vi <Clbligne Y ( > 2ajq||fjH%p(l)(R")Q(k?*j)(afnég)q/2>X
k=—o0 j:—oo
S a/qd’
(3 =g+ ottt 2)
j=—o0
<CllblEa0 Z 2aqufJ||Lp<>Rn) Z 2k=lamndz)a/2
J=—oo k=j+2

<CIBO N ey
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If 0 < ¢ < 1, by inequality (2), we have

Vi < Clblgo D Z 2999|5114 oy (e — 5 + 12—z
k=—o00 j=—00
< Cbllgio D 2 Fil e ey D (k= + )ma2th)emnda
j=—o00 k=j+2

< C”b“BMO”f”Ka (&)

For Vs, if v € Ry, y € R; and j > k + 2, with the same arguments as for V;, we can obtain
that

|yl dty 2
st <C( [T et s sonf )

o / | /Hl<t|x_y_|n)1[b<x>—b< "1y dyfdt)
<c/ —b LWLl dw/ "Wl 1

-yt \x—y| \" ' ]

<272 ]"/R Ib(w)—b(y)lmlfj(y)\dy+02‘J”A [b(z) = b(y)[™[£;(y)|dy

3 J

<C2in / Ib(z) — ()™ £ )]y

J

<C2 "y Chlbla) ~ b " [ b, ~ b 10y

1=0 J
. m . . .
<C277| fill otr gy D _Conlb(@) = b ™ (b, = 0) X5l o ) ey
1=0

By Lemmas 2.2, 2.3 and 2.5, we obtain
126y o (f5) Xk Lee) (mm)

< 27| filloer ey D Conll(0(2) = b5,)™ Xl oo @y (b, = D)X | Lo o)
i=0

< C2_jn|\fj||Lp<~>(Rn)ZCﬁq(j — k) 011586 X Bi Lo ey 1Bl B0 X8 1 o ey
i—0

< CG —k+1)"277blBvo L5l Lo @) X Bl Lo @my 1 X B, 2> @)

x5 ”LP() R™

< CG =k + 1™ Bl By 15l oo ) o

||XB ”LP() (R™)

< C(j = k+ 1)m2% Dm0 By o 1 £l Lo @ny-

Thus we get

oo

o
m i . m ~_iVatn q
Vs < Clbligiio D ( > 29| fill o ey (5 — K+ 1) @F 51>) :
k=—oc0 j=k+2
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Similarly to the estimate for V7, in both cases 1 < ¢ < 0o and 0 < ¢ < 1, we have

Vs < CHbHBMOHf”Ka (@)’

Combining the estimates for Vi, V5 and V3, consequently we have proved Theorem 1.2. Since

the proof of Theorem 1.3 is similar to those of Theorems 1.1 and 1.2, we omit the details here. [
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