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Abstract In the case of Ω ∈ Lipγ(Sn−1) (0 < γ ≤ 1), we prove the boundedness of the

Marcinkiewicz integral operator µΩ on the variable exponent Herz-Morrey spaces. Also, we

prove the boundedness of the higher order commutators µm
Ω,b with b ∈ BMO(Rn) on both

variable exponent Herz spaces and Herz-Morrey spaces, and extend some known results.
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1. Introduction

Denote by Sn−1 the unit sphere in Rn (n ≥ 2) with the normalized Lebesgue measure dσ(x′).
Let Ω ∈ L1(Sn−1) be homogeneous of degree zero and satisfy the vanishing condition on Sn−1,
that is, ∫

Sn−1
Ω(x′)dσ(x′) = 0. (1)

The Marcinkiewicz integral µΩ in higher dimension is defined by

µΩ(f)(x) =
( ∫ ∞

0

|FΩ,t(f)(x)|2 dt

t3

) 1
2
,

where

FΩ,t(f)(x) =
∫

|x−y|≤t

Ω(x− y)
|x− y|n−1

f(y)dy.

Stein [1] first introduced the operator µΩ and proved that µΩ is of type (p, p) (1 < p ≤ 2)
and of weak type (1, 1) in the case of Ω ∈ Lipγ(Sn−1) (0 < γ ≤ 1). Benedek, Calderón and
Panzone [2] extended Stein’s results, and proved that if Ω ∈ C1(Sn−1), then µΩ is of type
(p, p) (1 < p < ∞). In 2000, Ding, Fan and Pan [6] improved the above results to the case
of Ω ∈ H1(Sn−1). H1(Sn−1) denotes the Hardy space on Sn−1, which is the linear space of
distributions f ∈ S ′(Sn−1) with the norm

‖f‖H1(Sn−1) = ‖P+f‖L1(Sn−1) < ∞,
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where

P+f(x′) = sup
0≤r<1

∣∣∣
∫

Sn−1
f(y′)Prx′(y′)dσ(y′)

∣∣∣,

and

Prx′(y′) =
1− r2

|rx′ − y′|n , 0 ≤ r < 1, x′, y′ ∈ Sn−1.

Let b ∈ L1
loc(Rn), m ∈ N. The higher order commutators of Marcinkiewicz integral operator

µm
Ω,b are defined by

µm
Ω,b(f)(x) =

( ∫ ∞

0

|Fm
Ω,b,t(f)(x)|2 dt

t3

) 1
2
,

where

Fm
Ω,b,t(f)(x) =

∫

|x−y|≤t

Ω(x− y)
|x− y|n−1

(b(x)− b(y))mf(y)dy.

Obviously, µ1
Ω,b = [b, µΩ], which is the well-known commutator generated by b and the

operator µΩ. Torchinsky and Wang [10] proved that if Ω ∈ Lipγ(Sn−1) (0 < γ ≤ 1), then [b, µΩ]
is bounded on Lp(ω) (1 < p < ∞), ω ∈ Ap. We refer to [3] for further details on Ap weight.
Ding, Lu and Yabuta [7] established the boundedness of the higher order commutators µm

Ω,b on
Lp(ω) (1 < p < ∞). Recently, many generalized results about µΩ and µm

Ω,b in various other
function spaces have been extensively studied [8–9, 18–21].

It is well-known that the main motivation for studying the spaces with variable exponent
comes from applications to the modeling for electrorheological fluids, image restoration and PDE
with non-standard growth conditions. Since the surveying paper [4] by Kováčik and Rákosńık
appeared in 1991, the Lebesgue spaces with variable exponent Lp(·)(Rn) have been extensively in-
vestigated. During the last two decades, boundedness of some important operators, for example,
the Calderón-Zygmund operators, fractional integrals and commutators on Lp(·)(Rn) have been
obtained [5, 11, 13]. Izuki [13, 14] introduced the variable exponent Herz spaces and Herz-Morrey
spaces, meanwhile, he obtained the boundedness properties of the fractional integral operator
and its commutators. In 2012, Wang, Fu and Liu [16] proved that µΩ and µm

Ω,b are bounded
on the Lebesgue spaces Lp(·)(Rn). Liu and Wang [17] extended the Lp(·)(Rn) boundedness of
µΩ and [b, µΩ] to the variable exponent Herz spaces K̇α,q

p(·)(R
n). Motivated by [13, 14,16, 17], the

main purpose of this paper is to establish the boundedness of µΩ and µm
Ω,b on K̇α,q

p(·)(R
n) and

MK̇α,λ
q,p(·)(R

n).

For brevity, |E| denotes the Lebesgue measure for a measurable set E ⊂ Rn, fE denotes
the mean value of f on E (fE = |E|−1

∫
E

f(x)dx). The exponent p′(·) means the conjugate of
p(·), that is, 1/p(·)+1/p′(·) = 1. C denotes a positive constant, which may have different values
even in the same line. Let us first recall some definitions and notations.

Definition 1.1 For 0 < γ ≤ 1, if there exists a constant L > 0 such that

|Ω(x′)− Ω(y′)| ≤ L|x′ − y′|γ , ∀x′, y′ ∈ Sn−1,

then we say that Ω ∈ Lipγ(Sn−1) (0 < γ ≤ 1).
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Definition 1.2 For f ∈ L1
loc(Rn), the BMO(Rn) is the space of functions f satisfying

‖f‖BMO = sup
B

1
|B|

∫

B

|f(x)− fB |dx < ∞,

where the supremum is taken over all balls B in Rn.

Definition 1.3 Let p(·) : E → [1,∞) be a measurable function,

(1) The Lebesgue space with variable exponent Lp(·)(E) is defined by

Lp(·)(E) =
{

f is measurable :
∫

E

(
|f(x)|

η
)p(x)dx < ∞ for some constant η > 0

}
.

(2) The space with variable exponent L
p(·)
loc (E) is defined by

L
p(·)
loc (E) = {f : f ∈ Lp(·)(K) for all compact subsets K ⊂ E}.

The Lebesgue space Lp(·)(E) is a Banach space with the Luxemburg norm

‖f‖Lp(·)(E) = inf
{

η > 0 :
∫

E

(
|f(x)|

η
)p(x)dx ≤ 1

}
.

We denote

p− = ess inf{p(x) : x ∈ E}, p+ = ess sup{p(x) : x ∈ E},

P(E) = {p(·) : p− > 1, p+ < ∞},

and

B(E) = {p(·) : p(·) ∈ P(E), M is bounded on Lp(·)(E)},

where M is the Hardy-Littlewood maximal operator defined by

Mf(x) = sup
r>0

r−n

∫

B(x,r)∩E

|f(y)|dy,

where B(x, r) = {y ∈ Rn : |x− y| < r}.

Proposition 1.1 ([12]) If p(·) ∈ P(E) satisfies

|p(x)− p(y)| ≤ −C

log(|x− y|) , |x− y| ≤ 1/2,

|p(x)− p(y)| ≤ C

log(e + |x|) , |y| ≥ |x|,

then one has p(·) ∈ B(E).

Let Bk = {x ∈ Rn : |x| 6 2k}, Rk = Bk\Bk−1 and χk = χRk
be the characteristic function

of the set Rk for k ∈ Z.

Definition 1.4 ([13]) For α ∈ R, 0 < q < ∞ and p(·) ∈ P(Rn). The homogeneous Herz space

K̇α,q
p(·)(R

n) is defined by

K̇α,q
p(·)(R

n) = {f ∈ L
p(·)
loc (Rn\{0}) : ‖f‖K̇α,q

p(·)(Rn) < ∞},
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where

‖f‖K̇α,q
p(·)(Rn) =

{ ∞∑

k=−∞
2αkq‖fχk‖q

Lp(·)(Rn)

} 1
q

.

Definition 1.5 ([14]) For α ∈ R, 0 < q < ∞, p(·) ∈ P(Rn) and 0 ≤ λ < ∞. The homogeneous

Herz-Morrey space MK̇α,λ
q,p(·)(R

n) is defined by

MK̇α,λ
q,p(·)(R

n) = {f ∈ L
p(·)
loc (Rn\{0}) : ‖f‖MK̇α,λ

q,p(·)(Rn) < ∞},

where

‖f‖MK̇α,λ
q,p(·)(Rn) = sup

L∈Z
2−Lλ

{ L∑

k=−∞
2kαq‖fχk‖q

Lp(·)(Rn)

} 1
q

.

It is obvious that MK̇α,0
q,p(·)(R

n) = K̇α,q
p(·)(R

n).

Our results in this paper can be stated as follows.

Theorem 1.1 Suppose that Ω ∈ Lipγ(Sn−1) (0 < γ ≤ 1), b ∈ BMO(Rn), p(·) ∈ B(Rn). If

0 < q < ∞, 0 ≤ λ < ∞, 0 < δ1, δ2 < 1 and −nδ1 + λ < α < nδ2, then the operator µΩ is

bounded on MK̇α,λ
q,p(·)(R

n).

Theorem 1.2 Suppose that Ω ∈ Lipγ(Sn−1) (0 < γ ≤ 1), b ∈ BMO(Rn), p(·) ∈ B(Rn). If

0 < q < ∞, 0 < δ1, δ2 < 1 and −nδ1 < α < nδ2, then the higher order commutators µm
Ω,b are

bounded on K̇α,q
p(·)(R

n).

Theorem 1.3 Suppose that Ω ∈ Lipγ(Sn−1) (0 < γ ≤ 1), b ∈ BMO(Rn), p(·) ∈ B(Rn). If

0 < q < ∞, 0 ≤ λ < ∞, 0 < δ1, δ2 < 1 and −nδ1 + λ < α < nδ2, then the higher order

commutators µm
Ω,b are bounded on MK̇α,λ

q,p(·)(R
n).

Remark 1.1 The previous main results improve the Lp(·)(Rn) boundedness of the operator µΩ

and the higher order commutators µm
Ω,b in [16] to the case of Herz spaces K̇α,q

p(·)(R
n) and Herz-

Morrey spaces MK̇α,λ
q,p(·)(R

n). If λ = 0,m = 1, our conclusions coincide with the corresponding
results in [17], so, in this paper we only consider the case λ > 0. Moreover, the same boundedness
also holds for the non-homogeneous case [13, 15].

Remark 1.2 In the case of Ω ∈ Lr(Sn−1) (1 ≤ r < ∞), we note that the boundedness
of the operator µΩ on Lp(·) (Rn) is still an unsolved problem. Also, the boundedness of the
commutators µm

Ω,b with b ∈ Lipγ(Rn) (0 < γ ≤ 1) on Herz spaces K̇α,q
p(·)(R

n) and Herz-Morrey
spaces MK̇α,λ

q,p(·)(R
n) have not been proven.

2. Proofs of the Theorems

To prove our main results, we need the following Lemmas.

Lemma 2.1 ([4]) Let p(·) ∈ P(Rn). If f ∈ Lp(·)(Rn) and g ∈ Lp′(·)(Rn), then
∫

Rn

|f(x)g(x)|dx ≤ rp‖f‖Lp(·)(Rn)‖g‖Lp′(·)(Rn),
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where rp = 1 + 1/p− − 1/p+.

Lemma 2.2 ([13]) Let p(·) ∈ B(Rn). Then for all balls B in Rn,

1
|B| ‖χB‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn) ≤ C.

Lemma 2.3 ([13]) Let p(·) ∈ B(Rn). Then there exist constants 0 < δ1, δ2 < 1 such that for

all balls B in Rn and all measurable subsets S ⊂ B,

‖χS‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

≤ C(
|S|
|B| )

δ1 ,
‖χS‖Lp′(·)(Rn)

‖χB‖Lp′(·)(Rn)

≤ C(
|S|
|B| )

δ2 .

Lemma 2.4 ([16]) Let Ω ∈ Lipγ(Sn−1) (0 < γ ≤ 1), b ∈ BMO(Rn), p(·) ∈ B(Rn). We have

(1) ‖µΩ(f)‖Lp(·)(Rn) ≤ C‖f‖Lp(·)(Rn);

(2) ‖µm
Ω,b(f)‖Lp(·)(Rn) ≤ C‖b‖m

BMO‖f‖Lp(·)(Rn).

Lemma 2.5 ([15]) Let b ∈ BMO(Rn), k > j (k, j ∈ N). We have

(1) C−1‖b‖m
BMO ≤ supB⊂Rn

1
‖χB‖Lp(·)(Rn)

‖(b− bB)mχB‖Lp(·)(Rn) ≤ C‖b‖m
BMO;

(2) ‖(b− bBj )
mχBk

‖Lp(·)(Rn) ≤ C(k − j)m‖b‖m
BMO‖χBk

‖Lp(·)(Rn).

Proof of Theorem 1.1 Let f ∈ MK̇α,λ
q,p(·)(R

n). Write

f(x) =
∞∑

j=−∞
f(x)χj(x) =

∞∑

j=−∞
fj(x).

Then, we have

‖µΩ(f)‖q

MK̇α,λ
q,p(·)(Rn)

= sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq‖µΩ(f)χk‖q

Lp(·)(Rn)

≤C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

( k−2∑

j=−∞
‖µΩ(fj)χk‖Lp(·)(Rn)

)q

+

C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

( k+1∑

j=k−1

‖µΩ(fj)χk‖Lp(·)(Rn)

)q

+

C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

( ∞∑

j=k+2

‖µΩ(fj)χk‖Lp(·)(Rn)

)q

=U1 + U2 + U3.

For U2, we apply Lemma 2.4 (1) and obtain

U2 ≤ C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq‖fk‖q

Lp(·)(Rn)
≤ C‖f‖q

MK̇α,λ
q,p(·)(Rn)

.

For U1, observe that if x ∈ Rk, y ∈ Rj and j ≤ k − 2, then |x− y| ∼ |x| ∼ 2k and

| 1
|x− y|2 −

1
|x|2 | ≤ C

|y|
|x− y|3 .
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Since Ω ∈ Lipγ(Sn−1) ⊂ L∞(Sn−1), by Minkowski’s inequality and Lemma 2.1, we have

|µΩ(fj)(x)| ≤C
( ∫ |x|

0

∣∣
∫

|x−y|≤t

Ω(x− y)
|x− y|n−1

fj(y)dy
∣∣2 dt

t3

) 1
2
+

C
( ∫ ∞

|x|

∣∣
∫

|x−y|≤t

Ω(x− y)
|x− y|n−1

fj(y)dy
∣∣2 dt

t3

) 1
2

≤C‖Ω‖L∞(Sn−1)

∫

Rj

|fj(y)|
|x− y|n−1

( ∫

|x−y|≤t,|x|≥t

dt

t3

) 1
2
dy+

C‖Ω‖L∞(Sn−1)

∫

Rj

|fj(y)|
|x− y|n−1

( ∫ ∞

|x|

dt

t3

) 1
2
dy

≤ C

∫

Rj

|fj(y)|
|x− y|n−1

· |y| 12
|x− y| 32 dy + C

∫

Rj

|fj(y)|
|x− y|n−1

· 1
|x|dy

≤ C2
j−k
2 2−kn‖fj‖Lp(·)(Rn)‖χj‖Lp′(·)(Rn) + C2−kn‖fj‖Lp(·)(Rn)‖χj‖Lp′(·)(Rn)

≤ C2−kn‖fj‖Lp(·)(Rn)‖χBj‖Lp′(·)(Rn).

By Lemmas 2.2 and 2.3, we have

‖µΩ(fj)(x)χk‖Lp(·)(Rn) ≤ C2−kn‖fj‖Lp(·)(Rn)‖χBj
‖Lp′(·)(Rn)‖χBk

‖Lp(·)(Rn)

≤ C‖fj‖Lp(·)(Rn)

‖χBj‖Lp′(·)(Rn)

‖χBk
‖Lp′(·)(Rn)

≤ C2(j−k)nδ2‖fj‖Lp(·)(Rn).

Thus we get

U1 ≤ C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

( k−2∑

j=−∞
2(j−k)nδ2‖fj‖Lp(·)(Rn)

)q

.

If 1 < q < ∞, since α− nδ2 < 0, Hölder’s inequality implies that

U1 ≤ C sup
L∈Z

2−Lλq
L∑

k=−∞

( k−2∑

j=−∞
2jα2(k−j)(α−nδ2)‖fj‖Lp(·)(Rn)

)q

≤ C sup
L∈Z

2−Lλq
L∑

k=−∞

( k−2∑

j=−∞
2jαq‖fj‖q

Lp(·)(Rn)
2(k−j)(α−nδ2)q/2

)( k−2∑

j=−∞
2(k−j)(α−nδ2)q

′/2
) q

q′

≤ C sup
L∈Z

2−Lλq
L∑

k=−∞

( k−2∑

j=−∞
2jαq‖fj‖q

Lp(·)(Rn)
2(k−j)(α−nδ2)q/2

)

≤ C sup
L∈Z

2−Lλq
L−2∑

j=−∞
2jαq‖fj‖q

Lp(·)(Rn)

L∑

k=j+2

2(k−j)(α−nδ2)q/2

≤ C‖f‖q

MK̇α,λ
q,p(·)(Rn)

.

If 0 < q ≤ 1, using the well-known inequality

(
∞∑

i=1

ai)q ≤
∞∑

i=1

aq
i , ai > 0, i = 1, 2, . . . , (2)
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we obtain

U1 ≤ C sup
L∈Z

2−Lλq
L∑

k=−∞

k−2∑

j=−∞
2jαq2(k−j)(α−nδ2)q‖fj‖q

Lp(·)(Rn)

≤ C sup
L∈Z

2−Lλq
L−2∑

j=−∞
2jαq‖fj‖q

Lp(·)(Rn)

L∑

k=j+2

2(k−j)(α−nδ2)q

≤ C‖f‖q

MK̇α,λ
q,p(·)(Rn)

.

For U3, observe that if x ∈ Rk, y ∈ Rj and j ≥ k + 2, then |x− y| ∼ |y| ∼ 2j and

1
|x− y|2 −

1
|y|2 | ≤ C

|x|
|x− y|3 .

By Minkowski’s inequality and Lemma 2.1, we have

|µΩ(fj)(x)| ≤C
( ∫ |y|

0

∣∣
∫

|x−y|≤t

Ω(x− y)
|x− y|n−1

fj(y)dy
∣∣2 dt

t3

) 1
2
+

C
( ∫ ∞

|y|

∣∣
∫

|x−y|≤t

Ω(x− y)
|x− y|n−1

fj(y)dy
∣∣2 dt

t3

) 1
2

≤C‖Ω‖L∞(Sn−1)

∫

Rj

|fj(y)|
|x− y|n−1

( ∫

|x−y|≤t,|y|≥t

dt

t3

) 1
2
dy+

C‖Ω‖L∞(Sn−1)

∫

Rj

|fj(y)|
|x− y|n−1

( ∫ ∞

|y|

dt

t3

) 1
2
dy

≤C

∫

Rj

|fj(y)|
|x− y|n−1

· |x| 12
|x− y| 32 dy + C

∫

Rj

|fj(y)|
|x− y|n−1

· 1
|y|dy

≤C2
k−j
2 2−jn‖fj‖Lp(·)(Rn)‖χj‖Lp′(·)(Rn) + C2−jn‖fj‖Lp(·)(Rn)‖χj‖Lp′(·)(Rn)

≤C2−jn‖fj‖Lp(·)(Rn)‖χBj
‖Lp′(·)(Rn).

By Lemmas 2.2 and 2.3, we have

‖µΩ(fj)(x)χk‖Lp(·)(Rn) ≤ C2−jn‖fj‖Lp(·)(Rn)‖χBj‖Lp′(·)(Rn)‖χBk
‖Lp(·)(Rn)

≤ C‖fj‖Lp(·)(Rn)

‖χBk
‖Lp(·)(Rn)

‖χBj‖Lp(·)(Rn)

≤ C2(k−j)nδ1‖fj‖Lp(·)(Rn).

Thus we get

U3 ≤ C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

( ∞∑

j=k+2

2(k−j)nδ1‖fj‖Lp(·)(Rn)

)q

.

If 1 < q < ∞, we have

U3 ≤C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

( L∑

j=k+2

2(k−j)nδ1‖fj‖Lp(·)(Rn)

)q

+

C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

( ∞∑

j=L+1

2(k−j)nδ1‖fj‖Lp(·)(Rn)

)q
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=U31 + U32.

For U31, since α + nδ1 > 0, by Hölder’s inequality, we obtain

U31 = C sup
L∈Z

2−Lλq
L∑

k=−∞

( L∑

j=k+2

2jα2(k−j)(α+nδ1)‖fj‖Lp(·)(Rn)

)q

≤ C sup
L∈Z

2−Lλq
L∑

k=−∞

( L∑

j=k+2

2jαq‖fj‖q
Lp(·)(Rn)

2(k−j)(α+nδ1)q/2
)( L∑

j=k+2

2(k−j)(α+nδ1)q
′/2

) q
q′

≤ C sup
L∈Z

2−Lλq
L∑

k=−∞

( L∑

j=k+2

2jαq‖fj‖q
Lp(·)(Rn)

2(k−j)(α+nδ1)q/2
)

≤ C sup
L∈Z

2−Lλq
L∑

j=−∞
2jαq‖fj‖q

Lp(·)(Rn)

j−2∑

k=−∞
2(k−j)(α+nδ1)q/2

≤ C‖f‖q

MK̇α,λ
q,p(·)(Rn)

.

For U32, we note that α + nδ1 − λ > 0 and derive

U32 = C sup
L∈Z

2−Lλq
L∑

k=−∞

( ∞∑

j=L+1

2jα‖fj‖Lp(·)(Rn)2
(k−j)(α+nδ1+λ)/22(k−j)(α+nδ1−λ)/2

)q

≤ C sup
L∈Z

2−Lλq
L∑

k=−∞

( ∞∑

j=L+1

2jαq‖fj‖q
Lp(·)(Rn)

2(k−j)(α+nδ1+λ)q/2
)( ∞∑

j=L+1

2(k−j)(α+nδ1−λ)q′/2
) q

q′

≤ C sup
L∈Z

2−Lλq
L∑

k=−∞

∞∑

j=L+1

2(k−j)(α+nδ1+λ)q/22jλq2−jλq
( j∑

`=−∞
2`αq‖f`‖q

Lp(·)(Rn)

)

≤ C‖f‖q

MK̇α,λ
q,p(·)(Rn)

sup
L∈Z

2−Lλq
L∑

k=−∞
2kλq

∞∑

j=L+1

2(k−j)(α+nδ1−λ)q/2

≤ C‖f‖q

MK̇α,λ
q,p(·)(Rn)

.

Consequently, we get

U3 ≤ U31 + U32 ≤ C‖f‖q

MK̇α,λ
q,p(·)(Rn)

.

If 0 < q ≤ 1, since −nδ1 + λ < α < nδ2, by inequality (2) and using the method in Izuki
[14, P. 353], we have

U3 ≤C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

∞∑

j=k+2

2(k−j)nδ1q‖fj‖q
Lp(·)(Rn)

≤C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

L∑

j=k+2

2(k−j)nδ1q‖fj‖q
Lp(·)(Rn)

+

C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

∞∑

j=L+1

2(k−j)nδ1q‖fj‖q
Lp(·)(Rn)
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≤C sup
L∈Z

2−Lλq
L∑

j=−∞
2jαq‖fj‖q

Lp(·)(Rn)

j−2∑

k=−∞
2(k−j)(α+nδ1)q+

C sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

∞∑

j=L+1

2(k−j)nδ1q2−jαq2jλq2−jλq
( j∑

`=−∞
2`αq‖f`‖q

Lp(·)(Rn)

)

≤C‖f‖q

MK̇α,λ
q,p(·)(Rn)

+ C‖f‖q

MK̇α,λ
q,p(·)(Rn)

sup
L∈Z

2−Lλq
L∑

k=−∞
2kαq

∞∑

j=L+1

2(k−j)nδ1q2−jαq2jλq

≤C‖f‖q

MK̇α,λ
q,p(·)(Rn)

+ C‖f‖q

MK̇α,λ
q,p(·)(Rn)

sup
L∈Z

2−Lλq
L∑

k=−∞
2(α+nδ1)kq

∞∑

j=L

2(λ−α−nδ1)jq

≤C‖f‖q

MK̇α,λ
q,p(·)(Rn)

+ C‖f‖q

MK̇α,λ
q,p(·)(Rn)

sup
L∈Z

2−Lλq2(α+nδ1)Lq2(λ−α−nδ1)Lq

≤C‖f‖q

MK̇α,λ
q,p(·)(Rn)

.

Combining the estimates for U1, U2 and U3 completes the proof of Theorem 1.1. ¤

Proof of Theorem 1.2 Let f ∈ K̇α,q
p(·)(R

n). Write

f(x) =
∞∑

j=−∞
f(x)χj(x) =

∞∑

j=−∞
fj(x).

Then, we have

‖µm
Ω,b(f)‖q

K̇α,q
p(·)(Rn)

=
∞∑

k=−∞
2αkq‖µm

Ω,b(f)χk‖q
Lp(·)(Rn)

≤C

∞∑

k=−∞
2αkq

( k−2∑

j=−∞
‖µm

Ω,b(fj)χk‖Lp(·)(Rn)

)q

+

C
∞∑

k=−∞
2αkq

( k+1∑

j=k−1

‖µm
Ω,b(fj)χk‖Lp(·)(Rn)

)q

+

C
∞∑

k=−∞
2αkq

( ∞∑

j=k+2

‖µm
Ω,b(fj)χk‖Lp(·)(Rn)

)q

=V1 + V2 + V3.

For V2, by Lemma 2.4 (2), we obtain

V2 ≤ C
∞∑

k=−∞
2kαq‖fk‖q

Lp(·)(Rn)
≤ C‖f‖q

K̇α,q
p(·)(Rn)

.

For V1, observe that if x ∈ Rk, y ∈ Rj and j ≤ k − 2, then

|µm
Ω,b(fj)(x)| ≤C

( ∫ |x|

0

∣∣
∫

|x−y|≤t

Ω(x− y)
|x− y|n−1

[b(x)− b(y)]mfj(y)dy
∣∣2 dt

t3

) 1
2
+

C
( ∫ ∞

|x|

∣∣
∫

|x−y|≤t

Ω(x− y)
|x− y|n−1

[b(x)− b(y)]mfj(y)dy
∣∣2 dt

t3

) 1
2
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≤C‖Ω‖L∞(Sn−1)

∫

Rj

|b(x)− b(y)|m|fj(y)|
|x− y|n−1

( ∫

|x−y|≤t,|x|≥t

dt

t3

) 1
2
dy+

C‖Ω‖L∞(Sn−1)

∫

Rj

|b(x)− b(y)|m|fj(y)|
|x− y|n−1

( ∫ ∞

|x|

dt

t3

) 1
2
dy

≤C

∫

Rj

|b(x)− b(y)|m|fj(y)|
|x− y|n−1

· |y| 12
|x− y| 32 dy + C

∫

Rj

|b(x)− b(y)|m|fj(y)|
|x− y|n−1

· 1
|x|dy

≤C2
j−k
2 2−kn

∫

Rj

|b(x)− b(y)|m|fj(y)|dy + C2−kn

∫

Rj

|b(x)− b(y)|m|fj(y)|dy

≤C2−kn

∫

Rj

|b(x)− b(y)|m|fj(y)|dy

≤C2−kn
m∑

i=0

Ci
m|b(x)− bBj

|m−i

∫

Rj

|bBj
− b(y)|i|fj(y)|dy

≤C2−kn‖fj‖Lp(·)(Rn)

m∑

i=0

Ci
m|b(x)− bBj

|m−i‖(bBj
− b)iχj‖Lp′(·)(Rn).

An application of Lemmas 2.2, 2.3 and 2.5 gives

‖µm
Ω,b(fj)χk‖Lp(·)(Rn)

≤ C2−kn‖fj‖Lp(·)(Rn)

m∑

i=0

Ci
m‖(b(x)− bBj )

m−iχk‖Lp(·)(Rn)‖(bBj − b)iχj‖Lp′(·)(Rn)

≤ C2−kn‖fj‖Lp(·)(Rn)

m∑

i=0

Ci
m(k − j)m−i‖b‖m−i

BMO‖χBk
‖Lp(·)(Rn)‖b‖i

BMO‖χBj‖Lp′(·)(Rn)

≤ C(k − j + 1)m2−kn‖b‖m
BMO‖fj‖Lp(·)(Rn)‖χBk

‖Lp(·)(Rn)‖χBj
‖Lp′(·)(Rn)

≤ C(k − j + 1)m‖b‖m
BMO‖fj‖Lp(·)(Rn)

‖χBj
‖Lp′(·)(Rn)

‖χBk
‖Lp′(·)(Rn)

≤ C(k − j + 1)m2(j−k)nδ2‖b‖m
BMO‖fj‖Lp(·)(Rn).

Thus we get

V1 ≤ C‖b‖mq
BMO

∞∑

k=−∞

( k−2∑

j=−∞
2αj‖fj‖Lp(·)(Rn)(k − j + 1)m2(k−j)(α−nδ2)

)q

.

If 1 < q < ∞, since α− nδ2 < 0, Hölder’s inequality implies that

V1 ≤C‖b‖mq
BMO

∞∑

k=−∞

( k−2∑

j=−∞
2αjq‖fj‖q

Lp(·)(Rn)
2(k−j)(α−nδ2)q/2

)
×

( k−2∑

j=−∞
(k − j + 1)mq′2(k−j)(α−nδ2)q

′/2
)q/q′

≤C‖b‖mq
BMO

∞∑

j=−∞
2αjq‖fj‖q

Lp(·)(Rn)

∞∑

k=j+2

2(k−j)(α−nδ2)q/2

≤C‖b‖mq
BMO‖f‖q

K̇α,q
p(·)(Rn)

.
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If 0 < q ≤ 1, by inequality (2), we have

V1 ≤ C‖b‖mq
BMO

∞∑

k=−∞

k−2∑

j=−∞
2αjq‖fj‖q

Lp(·)(Rn)
(k − j + 1)mq2(k−j)(α−nδ2)q

≤ C‖b‖mq
BMO

∞∑

j=−∞
2αjq‖fj‖q

Lp(·)(Rn)

∞∑

k=j+2

(k − j + 1)mq2(k−j)(α−nδ2)q

≤ C‖b‖mq
BMO‖f‖q

K̇α,q
p(·)(Rn)

.

For V3, if x ∈ Rk, y ∈ Rj and j ≥ k + 2, with the same arguments as for V1, we can obtain
that

|µm
Ω,b(fj)(x)| ≤C

( ∫ |y|

0

∣∣
∫

|x−y|≤t

Ω(x− y)
|x− y|n−1

[b(x)− b(y)]mfj(y)dy
∣∣2 dt

t3

) 1
2
+

C
( ∫ ∞

|y|

∣∣
∫

|x−y|≤t

Ω(x− y)
|x− y|n−1

[b(x)− b(y)]mfj(y)dy
∣∣2 dt

t3

) 1
2

≤C

∫

Rj

|b(x)− b(y)|m|fj(y)|
|x− y|n−1

· |x| 12
|x− y| 32 dy + C

∫

Rj

|b(x)− b(y)|m|fj(y)|
|x− y|n−1

· 1
|y|dy

≤C2
k−j
2 2−jn

∫

Rj

|b(x)− b(y)|m|fj(y)|dy + C2−jn

∫

Rj

|b(x)− b(y)|m|fj(y)|dy

≤C2−jn

∫

Rj

|b(x)− b(y)|m|fj(y)|dy

≤C2−jn
m∑

i=0

Ci
m|b(x)− bBk

|m−i

∫

Rj

|bBk
− b(y)|i|fj(y)|dy

≤C2−jn‖fj‖Lp(·)(Rn)

m∑

i=0

Ci
m|b(x)− bBk

|m−i‖(bBk
− b)iχj‖Lp′(·)(Rn).

By Lemmas 2.2, 2.3 and 2.5, we obtain

‖µm
Ω,b(fj)χk‖Lp(·)(Rn)

≤ C2−jn‖fj‖Lp(·)(Rn)

m∑

i=0

Ci
m‖(b(x)− bBk

)m−iχk‖Lp(·)(Rn)‖(bBk
− b)iχj‖Lp′(·)(Rn)

≤ C2−jn‖fj‖Lp(·)(Rn)

m∑

i=0

Ci
m(j − k)i‖b‖m−i

BMO‖χBk
‖Lp(·)(Rn)‖b‖i

BMO‖χBj‖Lp′(·)(Rn)

≤ C(j − k + 1)m2−jn‖b‖m
BMO‖fj‖Lp(·)(Rn)‖χBk

‖Lp(·)(Rn)‖χBj‖Lp′(·)(Rn)

≤ C(j − k + 1)m‖b‖m
BMO‖fj‖Lp(·)(Rn)

‖χBk
‖Lp(·)(Rn)

‖χBj‖Lp(·)(Rn)

≤ C(j − k + 1)m2(k−j)nδ1‖b‖m
BMO‖fj‖Lp(·)(Rn).

Thus we get

V3 ≤ C‖b‖mq
BMO

∞∑

k=−∞

( ∞∑

j=k+2

2αj‖fj‖Lp(·)(Rn)(j − k + 1)m2(k−j)(α+nδ1)
)q

.
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Similarly to the estimate for V1, in both cases 1 < q < ∞ and 0 < q ≤ 1, we have

V3 ≤ C‖b‖mq
BMO‖f‖q

K̇α,q
p(·)(Rn)

.

Combining the estimates for V1, V2 and V3, consequently we have proved Theorem 1.2. Since
the proof of Theorem 1.3 is similar to those of Theorems 1.1 and 1.2, we omit the details here. ¤
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