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Abstract In the present paper, we use the methods of differential subordination and convo-
lution to investigate some inclusion properties for certain classes of p-valent analytic functions
in the open unit disk, which are associated with the Srivastava-Khairnar-More operator. The
results presented here include several previous known results as their special cases.
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1. Introduction

Let A, denote the class of functions of the form

o0
f(z) zzp—i—Zakerzk“’, peN={1,2,...}, (1.1)
k=1

which are analytic and p-valent in the open unit disk
U={z:2€C and |2] <1}.

Let f,g € A,, where f is given by (1.1) and g is defined by
g(z) =27 + Z by p2" TP
k=1
Then the Hadmard product (or convolution) f x g of the functions f and g is defined by

(F#9)(2) = 2+ Y arapbrip?™? = (g% )(2).

k=1

Received April 1, 2013; Accepted July 9, 2013

Supported by the National Natural Science Foundation of China (Grant No.11271045), the Funds of Doctoral
Programme of China (Grant No. 20100003110004) and the Natural Science Foundation of Inner Mongolia Province
(Grant No.2010MS0117).

* Corresponding author

E-mail address: thth2009@tom.com (Huo TANG); denggt@bnu.edu.cn (Guantie DENG); lishms66@sina.com
(Shuhai LI)



188 Huo TANG, Guantie DENG and Shuhai LI

For two functions f and g, analytic in U, we say that the function f is subordinate to g in
U, if there exists a Schwarz function w, which is analytic in U with
w(0)=0 and |w(z)|<1, z€T,
such that
f(z2) =g9(w(z)), z€U.

We denote this subordination by f(z) < ¢g(z). Furthermore, if the function ¢ is univalent in U,

then we have the following equivalence (see [5, 8] for details, see also [17]):

f(2) < g(2) (2 € U) <= [(0) = g(0) and f(U) C g(U).

Let M be the class of functions ¢(z) which are analytic and univalent in U and for which
¢(U) is convex with ¢(0) = 1 and Re[¢(z)] > 0 for z € U.

By making use of the principle of subordination between analytic functions, Ma and Minda
[7] introduced the subclasses S;;(¢), KC,(¢) and Cp(¢, %) of the class A, for p € N and ¢,7 € M,
which are defined by

.oy _ C2f'(z) :
Sy (¢) = {f €A o7 (2) < ¢(z) in U},
_ 1 2f"(2) ,
Kp(o) = {f €A, : > + 27 () < ¢(z) in U},
and ,
Cplyt)) = {f € Ay: 3 g€8:(d) such that ‘;J;((ZZ)) <(2) in U}.
In its special case when
p=1 and 6() = v(z) = 1,

we have the familiar classes §*, K and C of starlike, convex and close-to-convex function in U,
respectively. Also, for special choices for the functions ¢ and 1 involved in these definitions, we
can obtain other classes investigated many times earlier. For example, the classes
1+ Az 1+ Az
- =S8(A,B) and K

introduced and studied by Janowski [6].

)=Kp(A,B), -1<B<A<LI1,

For parameters
a,beC and ce C\Z,, Z, ={0,-1,-2,...},
the Gauss hypergeometric function o Fj(a, b; ¢; 2) is defined by

> (a 2k
oFi(a,byc 2) = Z ( zi)(f:)kk"

k=0
where (v); denotes the Pochhammer symbol defined, in terms of Gamma function, by

T(v+ k) 1, k=0;v e C\ {0},

Wk = =50 vw+1)(vtk—1), keNyeC

(1.2)
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The hypergeometric series in (1.2) converges absolutely for all z € U, so that it represents an
analytic function in U. Dziok and Srivastava [2] (see [3,4]) considered the generalized hypergeo-
metric function ¢Fs (¢,s € NU{0}), which is a certain generalization of (1.2).

We now introduce a function f, ,(a,b,c)(z) defined by

fupla,b,e)(z) = (1 — )2 - oFi(a,b;¢; 2) + pzlz? - o Fi(a, b;¢;2)), 2€U; p>0. (1.3)
For p =1, we have f, 1(a,b,¢)(z) = fu.(a,b,c)(2), which was studied by Skukla and Skukla [13],
and for =0 and b = 1, we obtain

fO,p(avva)( ) ¢p a, c iﬂ k+p7

C

which was introduced by Saitoh [12].
Next, we introduce the following family of linear operators Iﬁ7p(a, bc): A, — A, defined
by

I plab,e) f(2) = fu(a.be)(2) % f(2), A>—p; p20; 2€U, (1.4)
where f2(a,b,¢)(z) is the function defined in terms of the Hadamard product (or convolution)
as follows: ,

z
fup(a,b,c)(2) * ﬁ\,p(a»b7 c)(z) = TR A>—p; p >0, (1.5)

where f, »(a,b, c)(z) is given by (1.3).

We also note that the operator Ij7p(a, b, c) generalizes several previously studied familiar
operators, and we will show some of the interesting particular cases as follows.
(i) Z;1(a,b,¢) = I} (a,b,c), where Z)(a, b, ¢) is the Srivastava-Khairnar-More operator [16];
(ii) Ig‘l(a b,c¢) = Ix(a,b, c), where the operator Z(a,b, c) was introduced by Noor [10];
(i) Zg,(a,1,¢) = I} (a, ), where I, (a, c) is the Cho-Kwon-Srivastava operator [1];
(iv) IO 1(a n+1,a) = Z,, where Z,, is the Noor integral operator [9].

Since

zP ()\ +p)k k+
mzz %l P> —p; 2 €0, (16)
k=0

by using (1.2), (1.3) and (1.6) in (1.5), we get

(4 p(k +p = D)@k 257N - A Dk gy
(Z (O i) * Faplebr0)() = kZ_OTZ ‘
Therefore, the function £} (a,b,c)(z) has the following explicit form
A - (A +p)i(c)k et
a,b,c)(z) = 2P (z e ). 1.7
Far@:b0E =2 ey - m@eme ¢ €Y a7
Combining (1.1), (1.4), together with (1.7), we have
(A
Iﬁ"p(a, bo)f(z) =2 + Z A+ p)i(e) ap1p2" P (2 €1).

u(k +p—1))(a)r(b)k
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In particular, we have

2f'(2)
pa

Ig‘,p(a,)\ +p,a)f(z) = f(z) and I&p(a,p, a)f(z) =

By using the operator I;L\’p(a, b,c) for A > —p, > 0 and ¢,¢ € M, we introduce the subclasses

of A, as below:
S;)L\,p(Cl’b? C)(d)) = {f € -Ap : I;\,p(a’ b, C).f(z) € S;(¢)} )
Kﬁ,p(a,b, c)(g) = {f €A,: I/i"p(a,b, c)f(z) € le(qb)} ,
and
C;\,p(a’ b, C)((,ZSJ/)) = {f € AP : I/i\,p(a7 b, C)f(Z) € Cp(¢a 11[})} :

It is easy to verify that

feK, (a,b,c)(¢) <

2/ ;)(Z) € 8}, (a,b,0)(9). (1.8)

As a special case, when p = 1, we obtain

S;i\,l(aa b, C)(¢) = S;i\ (CL7 b, C) ((b)a K:;);,l (a’ b, c>(¢> = Kﬁ (a7 b, C)<¢)a
and

C;\,l (a7 b7 C) (¢a 7/}) = C;;,\(av ba C) (¢7 1/1)7

which were introduced and investigated recently by Srivastava et al. [16].
For the sake of convenience, we write

1+ Az

14+ Bz

1+ Az

1+ Bz

S) (a,b,¢)(

H,p

) =8p,(a,b,6;A,B), —1<B<ALI,

H,p

A _ 1A .
K, p(a, b, e)( ) =K, (a,b,c;A,B) —1<B<A<LI,

and
1+ Az 1+ Az

1+ Bz 1+ Bz

A A .
Cp pla,b,e)( )=C,(a,b,c;A,B) —1<B<A<LL

In this paper, we investigate several inclusion properties of the classes Sli\’p(a, b, c)(d),
ICf;yp(a,b, ¢)(¢) and Cfl‘yp(a,b7 ¢)(¢, ) associated with the operator Iﬁ"p(a,b, ¢). Also, we point
out some new or known consequences of our main results.

2. Preliminary results

In order to establish our main results, we shall require the following lemmas.

Lemma 2.1 Let f (a,b,c)(2), f,(ai,b,c)(2), f7,(a,bi,c)(z) and f/;\m(a,b, ¢i)(z) be defined

P
by (1.7). Then, for \; > —p; ai,bi,g eR\Z, (Zg ={0,-1,-2,---}) (i=1,2) and pn > 0,
f;\;(m b,c)(z) = fﬁ‘}p(a, b,c)(2) * pp( A2 + p, A1 +p)(2), (2.1)
f;ip(al, b7 C)(Z) = f;/L\,p(aQ,ba C)(Z) * ¢p(a27a1)(z)7 (22)

f;i\,p(a’ bl’ C)(Z) = f;\,p(av b27 C)(Z) * ¢P(b27 bl)(z)v (23)
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and
fﬁ"p(a, b,c1)(z) = f;\’p(m b, c2)(2) * dp(ct, c2)(2), (2.4)
where -
(@) k e el
Proof From (1.7), we have
N2 (b o) (2) = = (A2 + p)(c)k Lkt
Fa@:5:E) = D (T 1 p - D) an O
_ i (A1 + () (A2 4Pk kD
2 (T alk+p— D)@x® Or + )
- ( ,b,C)( ) ¢P(/\2 +pa)‘1 +p)(2’)

and the assertion (2.1) is proved. The proof of (2.2)—(2.4) is similar to that of (2.1) and the

details involved may be omitted.

Lemma 2.2 ([11]) Let f € K and g € §*. Then, for every analytic function W in U,
(f * Wg)(U)

(f *9)(U)
where ¢o[W (U)] denotes the closed convex hull of W (U).

C co[W(U)],

Lemma 2.3 ([15]) Let 0 <a < (. If 3 > 2 or a + 3 > 3, then the function

_ - (@) k+1
P1(o, B)(2) =) —=2"T" zeU
2 )

belongs to the class K of convex functions.
3. Main results
Our first main result is contained in Theorem 3.1 as follows.

Theorem 3.1 Let —p < Ao < A1, 1 >0 and ¢ € M with

-1
Re(o(z)) > —— , peN; zeU. (3.1)
If\y >2—por A+ X >3—2p, then
Sutp(ab,e)(9) € Sp2(a,b,c)(9). (3.2)

Proof Let f € S (a,b,c)(¢). Then, by the definition of the class S3! (a, b, ¢)(¢), we have
220 (a,b,0) f ()]
pZit(a,b, ) f(2)

where ¢ is convex univalent with Re[¢(z)] > 0 and |w(z)| < 1 in U with w(0) = 0 = ¢(0) — 1.

Therefore,

=glw(z)], z€0U, (3.3)

Z[Zl_p(z;i\,lp(% b,c)f(2))) - s
Zl_p(Iﬁ\b(avb, ) f(2)) =plp(w(z)) —1]+1 < T

(3.4)



192 Huo TANG, Guantie DENG and Shuhai LI

Applying (1.4), (2.1), (3.3) and the properties of convolution, we get
b,

AT (@b, ) f(R))_ 2l(fp5(a.b.0) = £)(2))
pInp(a,b,0)f(z)  pl(fad(abye) * ()]
2(fh(a,bc) x ¢p(Aa + p, As +p) * f)(2)]
pl( u,p(a b,c)  dp(X2 +p, A1 +p) x f)(2)]
_ P2+ A1 +p)(2) * 2105 (a, b, ) f(2))
plop(A2 +p, A +p)(2) * Tip(a, b, ¢) f(2)]
~ Gp(A2 +p, A+ p)(2) * polw(2)] T (a, b, 0) f(2)
o pdpOe M D)) x Taplasb o) f(z)
It follows from (3.4) that zl’pI;‘}p(a, b,c)f(z) € 8*. Also, by Lemma 2.3, we see that 2' "¢, (Aa+
p,A\1 +p)(z) € K. Thus, an application of Lemma 1 to (3.5) yields
{[2"P9p (A2 +p, M1+ p)] * plw(2)]2'PT (a, b, ) f3(U)
{l7776p (A2 + p, M1+ )] % 21T (a,b,) F}(U)

because ¢ is convex univalent function.

(3.5)

coglw(U)], (3.6)

Thus, from the definition of subordination and (3.6), we have
22,2, (a,b, ) f(2))

pTi(a,b,0)f(2)
and so f € S/;\f’p(a, b,¢)(¢). The proof of Theorem 3.1 is completed. OJ

<¢(z) (z€0),

Theorem 3.2 Let 0 < as < a;, A > —p, p > 0 and ¢ € M with (3.1) holding. If a; > 2 or
a1 + ag > 3, then
Spplaz,b,0)(9) C S y(ar,b,¢)(¢)-

Proof Let f € Sﬁ"p(ag,b, ¢)(¢). Then zlfpl'l’)yp(ag,b, c)f(z) € §*. Using (2.2) and the same

techniques as in the proof of Theorem 3.1, we get

220, (ahb of()  zl(f,
P p(ars b f(z)  pl(f2y(a1,b,0) = f)(2)]
2[(f2 (a’27b c) * dplaz,ar) * f)(2)]
[( plaz;b,¢) = dp(az, a1) = f)(2)
_ ¢p(a2,a1)( ) % [T, (a2, b,0) f(2))
ploplaz, a1)(z) * I} (a2, b, ) f(2)]

 dplaz,a1)(2) * pplw(2)|T ,(az, b, ¢) f(2)

— plgplaz,an)(2) * I (a2, b, 0) f(2)]
 plaz,ar)(2) * 9w (2)]Z] (a2, b, ¢) f(2)
 dplaz,an)(2) * I (a2, b,0) f(2)
In view of Lemma 2.3, we have z'77¢,(as,a1)(z) € K, and by applying Lemma 2.2 to (3.7), we

conclude that f € S (a1,b,¢)(¢). O

By means of (2.3) and (2.4), and using the similar method of the proof of Theorem 3.2, we

(ah b, C) * f)(z)]/

*

(3.7)

get the following results.
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Theorem 3.3 (i) Let 0 < by < by, A > —p, >0 and ¢ € M with (3.1) holding. If by > 2 or
b1 + by > 3, then

S pla bz, ¢)(9) € S y(a, by, 0)(9).

(ii) Let 0 < ¢y <co, A > —p, >0 and ¢ € M with (3.1) holding. If c3 > 2 or ¢1 +cg > 3,
then

8y p(a,b,c2)(¢) C 82 (a,b,cr)().

Theorem 3.4 (i) Let —p < Ay < A1, u > 0 and ¢ € M with (3.1) holding. If Ay > 2 —p or
A1+ Ao > 3 — 2p, then
Kty (a,b,¢) () C K2, (a, b, ¢) (). (3.8)

(ii) Let 0 < ag <aj, A > —p, p >0 and ¢ € M with (3.1) holding. Ifay > 2 or a; +ag > 3,
then

Kﬁ,p(a’% b? C)(d)) - ]C;);,p(alv ba C)(¢)
Proof We first prove the part (i). Let f € K2 (a,b,¢)(¢). Then from (1.8) and (3.2), we have

P
f e KN (a,b.c)(6) = 7f € 8 (a,b,¢)(0)

— pr/ €S2, (a,b,¢)()

— f ek (a,b,c)(p).

H,p

Therefore, the assertion (3.8) of Theorem 3.4 holds true. Similarly, we can prove that the part
(ii) also holds true. OJ

Theorem 3.5 (i) Let 0 < be < by, A> —p, u >0 and ¢ € M with (3.1) holding. If by > 2 or
by + by > 3, then

Ko p(a,02,¢)(0) C Ky (a,b1,¢)(9).

(ii) Let 0 < c; <e¢g, A> —p, u>0and ¢ € M with (3.1) holding. If co > 2 or ¢ + ¢ > 3,
then
Ky p(a,b,¢2)(8) C Ky (a, b, c1)(9).

Proof Applying the same techniques as in the proof of Theorem 3.4, and using (1.8) in con-

junction with Theorem 3.3, we obtain the results asserted by Theorem 3.5. O

Corollary 3.1 Let p € N and

1+ A -1
+ z)>p , - 1<B<A<I1; z€U.

R
e(1+Bz P

If \;, a;, b;, and ¢; (i = 1,2) satisty the following conditions:
(1) —p <A <A1 and \y > min{2 — p,3 — 2p — A2},
(2) 0<as<apand a; > min{2,3 —as},
(3) 0 <by<by and by > min{2,3 — by},
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(4) 0<e¢p <ecgandce >min{2,3—c1},
then for u > 0,

S)\l (CLQ, bQ, C2; A,B) C SAZ

H,p H,p

(a23 an C2; A7 B) - S)\Z

H,p

(al, bg, C9; A, B)
C 832,(a1,b1, 25 A, B) C 8;2,(ay, by, c1; A, B) (3.9)

and
Kﬁ}p(a2vb2702;AaB) c ’C;}?p(a%anCQ;AvB) c Kﬁ?p(al,bQ,CQ;A,B)

C /Cﬁfp(al,bl,cQ;A,B) - IC22 (al,bl,cl;A,B). (310)

P

Proof Taking ¢(z) = iigi (-1 < B< A<1),wehave ¢ € M. Thus, by applying Theorems
3.1-3.3, we obtain (3.9), and using Theorems 3.4 and 3.5, we get (3.10). O

To prove next theorems, we will use the following lemma.

Lemma 3.1 Let p € N and ¢ € M with (3.1) holding. If f € K and q € S;(¢), then
(2771 f) x q € S;(0).

Proof If g € S;(¢), then, from the definition of the class S;(¢), we know that

2q'(2) = pp(w(2))q(2),

where w is a Schwarz function. Thus,

A7) xa(2)] _ (BPTH(R) 24 (2)

pl(zP=1f(2)) x q(2)]  pl(zP=1f(2)) x q(2)]

(=) +polw(2)a(z) _ f(2) % dlw()2 Pa(2) G
plzP=1f(2) x q(2)] f(z)#217Pq(z) '

By using similar method to those in the proof of Theorem 3.1, we deduce that (3.11) is subordi-
nate to ¢ in U, and hence (2P~ f) x q € S3(¢). O

Lemma 4 in [14] is a special case of the above Lemma 3.1.

Theorem 3.6 Letp € N, —p < Ay < A1, p > 0 and ¢,7p € M, and let ¢, satisfy (3.1). If
A >2—por A+ Xy >3—2p, then

Caly(a,b,c) (¢, 1) C Cp2,(a,b,c) (o, ).
Proof Let f € C) (a,b,c)(4,1). Then there exists a function ¢; € S, (¢) such that

[T, (a, b, ¢) f(2)]
pq1(2)

<¢Y(z), z€l,

which implies that
2L (a.b,0) f(2)) = par (2)¥[w(2)],

where w is a Schwarz function.

From Lemma 3.1, we easily find that

q2(2) = ¢p(A2 +p, A1 +p)(2) xq1(2) € Sy ().
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Then, by using the same method of the proof of Theorem 3.1, we have

2252, (a,b,0) f(2)) p(ha +p, M1 +)(2) * 2[Z)3,(a,b,0) f(2))
pa2(2) - pop(Aa +p, M1 +p)(2) * @1(2)
_ (A2 +p M +p)(2) * par (2)Y[w(2)]
pop(Az +p, A1 +p)(2) % q1(2)
_ 2P0 (Ma 4 p, M +p)(2) ¢ 2 P (2)Y[w(2)]
21 P, (A2 + p, A+ p)(2) * 21 7Py (2)
Therefore we have f € C32 (a,b,¢)(¢, ). O

Finally, by using arguments similar to those in the proof of Theorem 3.6, we easily derive

<p(2) (z€).

the following results. Here, we choose to omit the details involved.

Theorem 3.7 Let 0 < as < a1, A > —p, p > 0 and ¢, € M, and let ¢, satisfy (3.1). If
ay > 2 orai; +as > 3, then

Cﬁ,p(aﬂa b7 C)(¢, 1/)) C Cﬁ,p(ala b7 C)(¢, 1/1)
Theorem 3.8 (i) Let 0 < by < by, A > —p, u > 0 and ¢, € M, and let ¢, satisty (3.1). If
by > 2 or by + by > 3, then

Cpp(a,b2,0)(0,9) € ) (a,bi, 0)(9,9).

(ii) Let 0 < c1 <coy A>—p, p >0 and ¢,¢ € M, and let ¢,v satisfy (3.1). If co > 2 or
c1 + co > 3, then

C}i‘,p(a7 b, 02)(¢7 w) - C;)L\,p(av b, Cl)(¢7 w)

Upon setting
1+ Az
B) =) = 1o

in Theorems 3.6-3.8, we get the following result.

~1<B<A<1; z€U

Corollary 3.2 Under the conditions of Corollary 3.1, we have
C;\}p((ZQ, b2, C2; A, B) C Cﬁ\?p(ag, bg, C2; A, B) C C;}f’p(al, bQ, C9; A, B)
C C;\?p(ah b1, co; A, B) C Cﬁ?p(al, b1, c1;5 A, B)

Remark 3.1 (i) Puttingp = 1and A = A2 = A;—1 (A > 0) in Theorems 3.1 and 3.6, respectively,
we have the results obtained by Srivastava et al. [16, Theorems 1 and 4, respectively].

(ii) Takingp =1 and a = az = a3 —1 (@ > 1) in Theorems 3.2 and 3.7, respectively, we
get the results obtained by Srivastava et al. [16, Theorems 2 and 5, respectively].

(ili) Settingp=1,A=X =X —1(A>0)and a =az =a; —1 (a > 1) in the assertions
(i) and (ii) of Theorems 3.4, respectively, we obtain the results obtained by Srivastava et al. [16,

Corollary 3].
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