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Abstract In the present paper, we investigate the majorization property for certain new
class of multivalent meromorphic analytic functions defined by Salagean operator. Moreover,
we point out some new and interesting applications of our main result to the other classes of
multivalent meromorphic functions.
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1. Introduction

Let ¥, ,, denote the class of functions of the form
f(z):Z_p—i—Zakzk, n>p,peN={12..1 (1.1)
k=n

which are analytic and p-valent in the punctured unit disk A* = {z € C: 0 < |z| < 1} = A\{0},
where A is the open unit disk A = {z € C: |z| < 1}. Also, let £, = X.
For functions f; € ¥, ,, given by

fi2) =24+ a2, j=12, (1.2)
k=n
we define the Hadamard product (or convolution) of f; and f by

(fi* f2)(2) =277 + Z apaar22” = (f2% f1)(z), 2 €A™

k=n
Let f(z) and g(z) be analytic in A. We say that the function f(z) is subordinate to g(z) if
there exists a Schwarz function w(z), analytic in A with w(0) =0 and |w(z)| < 1 (2 € A), such
that f(z) = g(w(2)),z € A (see [1]). We denote this subordination by

f(z) <g(z), z€A.
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Indeed it is known that (see for details [2, 3]; see also [4]):

f(2) <9(2) (z€ &) & f(0) = g(0) and f(A) C g(A).
Let f(z) and g(z) be analytic in A. We say that f(z) is majorized by g(z) in A (see [5])

and write
f)<yglz), z€eA (1.3)

if there exists a function ¢(z), analytic in A, such that

()| <1 and f(2) = ¢(2)9(2), z€A. (1.4)

It may be noted here that (1.3) is closely related to the concept of qusi-subordination between
analytic functions.
Let £(9 denote the gth-order ordinary differential operator for a function f € Y p,n, that is,

p+qg—1) _ bl k! _
f(q) = (_1)q(1)!)2 (p+a) + kz Wakzk 1, (1‘5)

(p— —q)!
where p > ¢; p € N; ¢ € Ng = NU {0}, z € A*.
The operator defined by (1.5) has been studied earlier by several researchers [6, 7].

We introduce the generalized Salagean operator D™ f(9)(z) as follows

-1 kl _
Dmf(q)(z) = (-1)7t™ (p+Q( )1(§3+q —(pta) 4 Z q apzF1 (1.6)
where n > p, p > q; p € N; m,q € Ny = NU{0}, z € A*.

In view of (1.6), it is clear that Df(©)(2) = f(z), D' fO(2) = 2f'(2) and D™ f(0)(2) =
D™ f(z) is a known Sélagean operator [8].

Using the operator D™ f(9)(z), we now introduce the following subclass of Ypon

Definition 1.1 A function f(z) € %, is said to be in the class %%
meromorphic functions of complex order v # 0 in A* if and only if

J (@) (4 ) ) J (@) (4 ) ) >
Ve { D)~ 0 o o D - oo < g )

z€A*; ABeC,A#B,|B|<1;5>1,l,g€Ny;a>0,veC"=C-{0}.

2l A, By a,v] of p-valent

By specializing the parameter p,q,n, j,l, A, B, a,y, we obtain the following classes of mul-

tivalently meromorphic functions,

(1) S5 (A, B;0,9] = 53 [A, B;]

p,q,n p,q,m
_ DJf(Q)(Z) 14+ As .
_{f(z)ez”’" 1+ {le(q)(z) (-1 (p+aq)y~ l} 1—|—Bz}
1,0 . [ 2f'(z) 1+ Az

(2

= {7
e

(4) Sp8 a1 =28, ~T30,4] = SUSw(p, , ,7)

(2)) 1+AZ};

f!
(3) B25.,[A4,B;0,1] = K[p, A, B] = ERREES

2)€Xpn:l4+p+



318 Shuhai LI and Lina MA

s | 1l L EE)
= {1 e B R{14 S (555 H0) a2y S 4l > )
(a>0,0<p<1,7veC");

(5) Spoall —28,~1a,9] = UK, (p, @, 8,7)
s | 1GEFEY) L R
_{f()ezp,nm{1+7( o P ol R +9)l} > 8}

(@>0,0<B<1,v€eCH.

Meromorphically multivalent functions have been extensively studied (for example) by many
researchers such as Aouf [9, 10], Cho et al. [11], Liu and Srivastava [12], Mogra [13, 14], Srivastava
et al. [15], Owa et al. [16], Raina and Srivastava [17], Kumar et al. [18] and El-Ashwah et al. [19].

Majorization problems for the normalized classes of starlike functions have been investigated
by MacGregor [5] and Altinas et al. [20]. Recently, Goyal et al. [21] studied majorization prop-
erties for meromorphic classes. Further, Goyal and Goswami [22], Prajapat, Aouf [23], Goyal
et al. [24], Goswami and Wang [25], Pranay Goswami and Aouf [26], Goswami et al. [27] and Li
et al. [28] studied majorization properties for different classes. In the present paper, we inves-
tigate a majorization problem for the class Eg,’fq’n[A, B;a,]. Further, we point out some new
and interesting applications of our main result to the other classes of multivalent meromorphic
functions.

In order to obtain our main theorem, we need the following lemma:
Lemma 1.2 ([29]) Let ¢(z) be analytic in A satisfying |¢o(z)| < 1 for z € A. Then

/() < L1

T z € A. (1.8)

2. Majorization problem for the class ¥/ [A, B;a,~]
We begin by proving the following result.

Theorem 2.1 Let the function f € ¥, , and suppose that g € Eg‘;’lqm[A, B;a,y]. If DI f(@)(z)

is majorized by D'g(9)(z) in A* and

A-B , .
[|H$ﬂ+@+wﬁﬂﬂéﬁw+wrﬁ

then
DI D (2)] < DD ()], 2] < o, (2.1)

where 1o = ro(p, q, @, 7, J,1, A, B) is the smallest positive root of the equation

A-B ) ,
[ o a7 1B = [+ 7+ 248
A-B . )
|:||1—O|l||’y| + (p+q)]_l\B\ +2}7‘+ (p—i—q)J_l =0 (22)

z2€ A A BeC,A#B,|B|<1;5>1p,j €N;l,g€Np;0<a#1,7v€C0<6 <.
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Proof Suppose that g € 4L [A B;a,v]. Then, making use of the fact that

pamn
1+ A4 ; ; 1+ A
w—a|w—1\<ﬁ@w(l—ae"¢)+ae"¢<IIB; peR

and letting
17 DIglD(z) 1 -1
=1+ {252 - (-1 -t}
@ =1+ A\ D) (=1 (p+q)
in (1.7), we obtain

{ 1 {ng(q)(z)

1+ 1+ Az
v LDlg@(z)

1+ Bz’

~ (=14 (- ae ) +ae <

or, equivalently,

. ig
1 (Digl9(z) 1 i 1+[A1__aBiz‘¢ ]2
14 =2 27 (1) J ae 2.3
+ A e —CY e < (23)

which holds true for all z € A*.
We find from (2.3) that

. —io
1 ¢ DIgl@ _ . 14 [A=aBe T1y(2
14 L2 gyt gpt) - D e 00 (2.4
v UDig(@)(z) 1+ Bw(z)
where w(z) = c12 + 222 + -+, w € P, P denotes the well-known class of the bounded analytic
functions in A and satisfies the conditions
w(0) =0 and |w(2)| <lz|, z€A.
From (2.4), we get
Digz) Dy [ 4 (1 (0 + @) Bu(e) .
Dlg@(z) 1+ Bw(z) ' (25)
By virtue of (2.5), we get
1+ |B ;
|D'g(@ ()] < — 5 + 1Bl _ D?g9(z)|
(p+a)" = li=5=% + (=177 p+ ¢) ' Bl|z|
1+|B ,
< *|Bllz] D7 gl (2)]. (2.6)

T+ a0y = G+ (0 + 0Bz

Next, since D7 £(9)(2) is majorized by D'¢(?(z) in the punctured unit disk A*, from (1.4),
we have
D7 f@(z) = ¢(2)D'g'?(2).
Differentiating the above equality with respect to z and multiplying by z, we get
DI D (2) = 26/ (2)D'g 9 (2) + (2) D99 (2). (2.7)

Thus, by Lemma 1.2, the Schwarz function ¢(z) satisfies the inequality in (1.8) and using (2.6)
in (2.7), we get

1 () (1+]Bllz)l |

DIt @ ()] < z
DO < le)] + G+ P (BBE ¢ (1 i B
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D gl (2)], (2.8)
which upon setting
DIfl9(z) = p(2)D'g(2), |z] =7 and |p(z)|=p, 0<p<1

leads us to the inequality

DIt @ ()] < Y(p,r) DI+ (2)],
R [(1—T2)[(p+q)j‘l—(w+(p+q)j‘lB|)r]}| 7
where
U(p,r) =—r(1+|Blr)p* + (1 —r*)|(p+q) " — (W + (p+a) ~!|Bl)r| o+
r(1+|BJr) (2.9)

takes its maximum value at p = 1, with ro = 79(p, ¢, ,7,J,1, A, B), where r¢ is the smallest
positive root of Eq.(2.2). Furthermore, if 0 < ¢ < ro(p,q,,7,7,1, A, B), then the function
U(p,d) defined by

. A-B i
¥(p.5) == 601+ BI5)6* + (1= ) [(p+ 0y = (L= 4 o 1) o] o
(14 |B|0)d (2.10)
is an increasing function on the interval 0 < p <1, so that
o A—-B .-
¥(p.0) < 0(1.0) = (-8 [p+o — (T e B (2

OSPS 1;0§5§T0(p,q,oz,’y,j,l,A,B).

Hence, upon setting p = 1, in (2.10), we conclude that (2.1) of Theorem 2.1 holds true for
|z| < ro =rolp,q,a,7,74,1, A, B), which completes the proof of Theorem 2.1. [J

Setting a = 0 in Theorem 2.1, we get the following result.

Corollary 2.2 Let the function f € ¥, ,, and suppose that g € Yl (A, B;A]. If DI f(@(2) is

p,q,n

majorized by D'g\?(2) in A* and (p + q)?~' > [|[A — Bl|y| + (p + q)" Y| B|]d, then
[DIFLF@(2)] < DT ()], 2] < o,
where ro = ro(p,q,7,j,1, A, B) is the smallest positive root of the equation
1A= Bl + (p+ ¢ |Bllr* = [(p+q) ' + 2| Bllr*~
A= Bllyl+ (@ +a’ Bl +2lr + (p+q) ' =0
2€ANABeC,A#4B,|B|<1;5>1;p,jeN;l,g€Ny;yeC50<6 <ro.
Putting ¢ =0, 7 = 1,1 =0 and v =1 in Corollary 2.2, we obtain the following result.

Corollary 2.3 Let the function f € ¥, ,, and suppose that g € S*[p, A, B]. If D f(z) is majorized
by g(z) in A* and [|A — B| + p|B|]é < p, then

[D?f(2)] < |Dg(2)], |z] <o,
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where ro = ro(p, A, B) is the smallest positive root of the equation
1A= Bl +plBlIr® — [p+2|Bllr? — |4 — Bl + p|B| +2)r +p =0,
2€ AN A BeC,A#B,|B|<LipeN;0<§ <rg.
Also, putting g = 0,7 = 2,1l =1 and v = 1 in Corollary 2.2, we obtain the following result.

Corollary 2.4 Let the function f € X,, and suppose that g € Kp, A, B]. If D*f(z) is
majorized by Dg(z) in A* and [|A — B| + p|B|]d < p, then

(D f(2)] < [D?g(2)], 2| < o,
where 1o = ro(p, A, B) is the smallest positive root of the equation
1A~ Bl +plBllr* = [p+2|Bllr* — [|A = B| + p| B| + 2]r + p = 0,
2€ A A BeC,A4B,|B|<L;ipeN;0<4§ <.
The following two results can also be obtained from Theorem 2.1:

Corollary 2.5 Let the function f € ¥,, and suppose that g € XUS,(p,,B,7). If Df(z) is

magjorized by ¢g(z) in A* and
2(1-B8)hl

0 <
TR L

then
ID?f(2)] < [Dg(2)], |2] < ro,
where ro = ro(p, a, 8,7) is the smallest positive root of the equation

2(1 =Bl 2 [20 =B
[ |1 -« o)’ =+ 2r _[ 1 -«

z€A%peN;0<azL,0<B<LyeCl0<d <.

+p+2}7‘+p=0,

Corollary 2.6 Let the function f € ¥, ,, and suppose that g € SUK,(p, o, B3,7). If D*f(z) is
majorized by Dg(z) in A* and
2(1 - B)|

0 <
o +p]o <p,

then
|D3f(z)| < |D29(z)|7 |Z| <o,

where 1o = ro(p, o, 8,7) is the smallest positive root of the equation

[2(1 - B)l 2(1 = )l
|1 -« |1 -«

z€APeN;0<a#1;0<8<l;7eC50<6<rp.

+pr3—[p+2]r2—[ +p+2}r+p:0,
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