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Abstract For a simple graph G, the energy F(G) is defined as the sum of the absolute values
of all eigenvalues of its adjacency matrix. Let %, denote the set of all connected unicyclic
graphs with order n, and %, = {G € %,|d(z) = r for any vertex x € V(C;)}, where r > 2 and
CY is the unique cycle in G. Every unicyclic graph in %, is said to be a cycle-r-regular graph.
In this paper, we completely characterize that C3 (2,2,2) o Sp_g is the unique graph having
minimal energy in %,’. Moreover, the graph with minimal energy is uniquely determined in
Y, forr =3,4.
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1. Introduction

Let G be a graph of order n and A(G) the adjacency matrix of G. The characteristic

polynomial of G is

o(G,x) = det(M — A(Q)) = Zn:ai)\"_i. (1.1)
=0

The roots A1, Aa, ..., A, of (G, A) = 0 are called the eigenvalues of G. Since A(G) is symmetric,
all the eigenvalues of G are real.
The energy of G, denoted by E(G), is defined as E(G) = Y. |\;|. It is known from [1]

that F(G) can be expressed as the Coulson integral foumula

1 [+ q [n/2] [n/2]
_ i 2i\2 i 20412
B(G) = 5= [m —n [( ZO: (—1) agiz®)? + ( ;O: (—1) agi 122+ ]d:c, (1.2)
where ag, ay, ..., a, are coefficients of characteristic polynomial ¢(G, z) of G.

The graphs under our consideration are finite, connected and simple. Let P,, C, and
S, denote the path, cycle and star with n vertices, respectively. Let %, denote the set of all
connected unicyclic graphs of order n.

Let %, = {G € %,|d(z) = r for any vertex € V(Cy)}, where r > 2 and C; is the unique

cycle in G. Every graph in %" is said to be a cycle-r-regular graph. Since %,? contains exactly
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one single element, we will suppose » > 3. Let G be a connected unicyclic graph and C, the
unique cycle of length ¢ (3 < ¢ < n) of G. Let the vertices of P,, be ordered successively as
T1,T2,...,%,. Then, the graph P is obtained from P, by attaching exactly two pendent edges
to each of the vertices xy, Ty1, ..., Ty, respectively; for example, PZ = Sy. P¥! is the graph
obtained from P* by joining just one pendent vertex to the vertex z; with k& > 2 (as shown in
Figure 1).

Let the vertices of Cy be ordered successively as yi,ya,...,ye. Let C%(s1,89,...,50) de-
note the graph obtained from Cy by attaching exactly s; pendent edges to the vertex y; for ¢ =
1,2,...,¢,wheres; > 0and Zle s; = n—{. Clearly, C£(0,0,...,0) 2 C,. Let CZ(SH
- Sp—t(s+1)+1) be the graph obtained

(8,8,...,8)0
Sn—t(s+1)4+1 (For convenience, simply denote it by Cf(sﬂ)
by fusing the center of the star S,,_y(s41)4+1 With one pendent vertex of C’f(erl)(s, 8,...,8), where
s > 1 (as shown in Figure 2).

Since 1980s, the energy F(G) of a graph G has been studied extensively. And many re-
searchers have obtained lots of beautiful results for, such as, acyclic graphs, unicyclic graphs,
bicyclic graphs, tricyclic graphs and bipartite graphs. Readers can refer to [3-11,13-20] and
book [12] for more details.

k+1n—-1 n k+1n—-1 n
Pk Pkl
:}n—lQ ‘ { T 7 ‘ { T 7< :}n—Sl
1 2 3 4 1 2 T-1

T T!

Figure 1 Graphs used in the proof of Theorem 3.4

. o

C19(2,2,2,2) 0 Sy 1 C3(2,2,2)0 5,3

Figure 2 Graphs used in the proof of Lemma 3.5

Recently, Wang et al.[19] characterized that C§(1,1,1) o S,_5 is the unique graph with
minimal energy among all graphs in %,2. In this paper, we will investigate the minimal energy
for graphs in %, and obtain that C3(2,2,2) 0 S,,_g is the unique graph with minimal energy in
%,*. Moreover, the graph with minimal energy is uniquely determined in %" for r = 3, 4.
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2. Some lemmas

Let G be a graph with characteristic polynomial ¢(G,\) = Y"1 ;a;A\"~*. Sachs Theorem
states [2] that for ¢ > 1,

a; = Z (=1)P($)2e(5) (2.1)

SeL;

where L; denotes the set of Sachs subgraphs of G with i vertices, that is, the subgraphs in which
every component is either a Ks or a cycle, p(S) is the number of components of S and ¢(S5) is
the number of cycles contained in S. Let b;(G) = |a;| (¢ =0,1,...,n). Clearly, bp(G) = 1 and
b2(G) equals the number of edges of G.

Let m(G; k) denote the number of matchings of size k in a graph G. For convenience, let
m(G;0) =1 and m(G; k) = 0 for all kK < 0. If G is a bipartite graph, then ber(G) = m(G; k) and
bok+1(G) = 0.

Lemma 2.1 ([2]) Let e = uv be an edge of a graph G with n > 2 vertices. Then the m(G;k)
for the k-matchings of G is determined by

m(G; k) = m(G —uv; k) + m(G —u —v; k — 1)
fork=1,2,...,|%], where m(G;0) = 1.

Lemma 2.2 ([7]) Let G be a unicyclic graph with unique cycle Cy. Then (—1)*ag, > 0 for all
k> 0; and (—1)*agg1 > 0 (resp., < 0) for all k > 0 if ¢ = 2r + 1 and r is odd (resp., even).
By Lemma 2.2, Eq. (1.1) can be reduced to

1 [+ 1 [n/2] 4 ln/2] ,
E(G) = 7/ —In [( 3 b+ (Y b2i+1x21+1)2} da. (2.2)
TJo T i=0 =0
It follows from Eq.(2.1) that E(G) is a monotonically increasing function in b;(G) for i =
0,1,...,n. That is, for any two unicyclic graphs G; and G5, we have
bl(Gl) > bl(Gg) forall i >0— E(Gl) > E(Gg) (23)

If b;(G1) > b;(G2) holds for all i > 0, then we denote G; = G2 or Gy = G1. If G = Gs
(orG2 = G7) and there is some iy satisfying b;,(G1) > b;,(G2), then we denote G; > Go

(or Go < G7). Therefore, we have the following relations:

G1 = Go = E(G1) > E(G2),

Gy = Gy = E(G1) > E(G2), (2.4)
where GG; and Gy are two unicyclic graphs.

Lemma 2.3 ([19]) Let G be a unicyclic graph of order n with unique cycle Cy. Let uv be an
edge in E(G). Then we have

(a) Ifuv € Cy, then b;(G) = b;(G —uv) + b;—2(G —u—v) —2b,_¢(G — Cy) if £ =0 (mod 4)
and b;(G) = b;(G — uwv) + bi—2(G —u — v) + 2b;_¢(G — Cy) if £ Z0 (mod 4);
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(b) Ifuv & Cy, then b;(G) = b;(G — uv) + b;—2(G — u — v); in particular, if uv is a pendent
edge with pendent vertex v, then b;(G) = b;(G — v) + b;_2(G — u — v).

Lemma 2.4 ([2,11]) Let G be an acyclic (or uncyclic) graph of order n, and G’ a proper
subgraph of G. Then, G = G'.

By simple calculation, it is not difficult to obtain the next result.

Lemma 2.5 Let P, be a path with n vertices. Then m(P,;k) = (";k) for 1 <k < [%].

From Lemmas 2.1 and 2.5, we can easily obtain the following lemma.

Lemma 2.6 Let C,, be a cycle with order n. Then m(Cy; k) = %("gle)

3. Main results

Denote by %,4(¢) the subset of %,* such that the unique cycle of any graph G € %,*(¢) has a
length £. Let V4 (G) denote the set of pendent vertices of G, and let dg(x,y) denote the distance
between z and y, and dg(z,Cp) = min{dg(z,y)|y € V(Cy) and © € V(Cy)}. Let Vo(G) denote
the subset of V4 (G) such that for any vertex x in V2(G) we have dg(z, Cy) = max{dg(y, Ce)|y €
Vi(G)}-

Theorem 3.1 Let G € %,}(¢). Then E(G) > E(C%, - Sn—30+1). Equality holds if and only if
G=CL, - Sn_s041-
Proof By Eq.(2.4), it suffices to prove that if G 2 Cge - Sp—3e41, then G >~ C’gf “Sn—3041-

We proceed by induction on n — 3¢.

When n — 3¢ = 0, we get G = C§, - Sy since G € %,(£). So the statement is true.

Now assume ¢t > 1 and the above result is true when n — 3¢ < t. Now let n — 3¢ = ¢.

Obviously, Va(G) # 0. Let x be any vertex in Va(G). Since n > 3¢ + 1 and G € %,}({), we have
dg(x,Cp) > 2. Take x as v and its unique neighbor as u. From Lemma 2.3, we have

bi(G) = bi(G — v) + bi—o(G — v — u) (3.1)

and
bi(C4y - Sn—ser1) = bi(CSy - Snse) + bi—2(C5(1,2,...,2)). (3.2)

Note that G —v € %, (1) and C%, - Sp,—30 € %1 (£). Then

G—v>=Ch - Sn_3 (3.3)

with equality if and only if G — v = C’ge - Sn—3¢ by the induction assumption.
Moreover, since C’ég(l, 2,...,2) is a proper subgraph of G — v — u, by Lemma 2.4 we have
G—v—ux=Ci(1,2,...,2). (3.4)

From Inegs. (3.3) and (3.4), for all ¢ > 0, it is obvious that

bZ(G - U) > bz(C§[ : Sn—Sé)a (35)
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bi(G — v —u) > bi(C4(1,2,...,2)). (3.6)
Inegs. (3.1) and (3.2) result in
bi(G) > b:(C3g - Sp—ser1)-
From Ineq. (3.4), there exists some iy such that
bio (G) > by (Chy - Sp_3041)-
The proof is thus completed. [J

Lemma 3.2 Let G be a unicyclic graph of %2}(¢). If £ > 11, then by, = m(G; k) and bg_1 =0
for 1 <k <5.

Proof If ¢ > 11, it means that the length of the cycle of G is not less than 11. Thus, a Sachs
subgraph of G with i vertices does not contain any cycle, for i < 10. So from Eq. (2.1), the result
holds.

From Lemmas 2.5 and 2.6, and by simple computing, we obtain the following two tables,
where the graph G in Table 1 is isomorphic to G = C:laz - Sy,

G b2(G) | b3(G) | ba(G) | b5(G) | b6(G) | b7(G) | bs(G) | bo(G) | b1o(G)
=5 15 0 75 2 150 0 120 0 32

= 18 0 157 0 344 0 468 0 288
=7 21 0 172 0 651 2 1320 0 1342
=38 24 0 228 0 1112 0 2944 0 4416
= 27 0 297 0 1728 | 0 5805 2 11610
=101 30 0 375 0 2550 | 0O 10365 | 0 18356

Table 1 G =CY, - Si.

ka(G)\G Gl = CilQ . Snfll GQ = C:l))l . 51(31 S TL)

ba(G) 11n —90 512 — 21

bs(G) 34n — 360 513 — D12 4 300

bs(G) 32n — 368 At — 1823 4 282 50

b1o(G) 8n — 96 S50° — 13574 4 1755)3 _ 26372 4 3858

Table 2 The coefficients of characteristic polynomial of two graphs

We next consider the minimal energy on graphs Cf(sﬂ) “Sp—t(s+1)+1- Before exhibiting the

first main result, we introduce the following Claim.
Claim 1 For0<k <5, bgk(cge -S1) > bgk(CfQ -+ S30-11)-

Proof It is trivial to show that b2k(C§e - 81) > bor(Cfy - S3p11), for 0 < k < 1. In view of
Eq. (2.1), we only need to consider the following four cases.
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Case 1l k=2.
From Table 2, we have that bs(C%, - S1) = 262 — 1—56 and by (Cfy - S3¢0-11) = 33¢ — 90.
Now let fi(z) = 322 — 2z — (33z — 90) 2> — 8z + 90. From the property of a

quadratic function, fi(x) is a monotonically increasing functlon on interval [10, +00). Moreover,
f1(10) = 25 > 0. Therefore, by(CL; - S1) > ba(Cty - Szo-11).

Case 2 k=3.

From Table 2, it is not difficult to get that bg(C%, - S1) = 263 — 2242 4 30¢ and bg(CY, -
Ss0 11) = 102¢ — 360. By examining the function fa(z) = 323 — 2% 4 30z — (1022 — 360) =
Sa3 — 4?2 — 722 + 360, f5 : [10,+00) — R, and its first derivatlve fi(z) = Za? — 452 — 72,
we see that fj(z) > 0 for any = with 10 < 2 < 400, hence f(z) is a monotonically increasing
function, and f2(10) = 1790. So bg(C%, - S1) > be(Ciy - S3e-11)-

Case 3 k=4.

From Table 2, we obtain that bg(C45,-Sy) = 2104 — 13543 4 99502 5197 and bs(Ct,- S30-11) =
96¢ — 368. Now we consider the function f3(z) = ZLa* — 18553 4 95,2 5195 _ (962 — 368) =
2Tt 135,34 95,2 9634 368. Moreover, its first derivatlve fi(x ) = 227363 405524 945, 963

4
implies that fi(z) > 0 for any = with 10 < 2 < +o0. Hence bg(C¥, - S1) > bg(C’12 Sse_11)-

Case 4 k =5.
Table 2 implies that b10(0313 Sp) = 8165 135€4+1755€3 2637£2+3858€ and byo(Ciy-S30-11) =
24¢ — 96. Seeing function f4(z) = %az‘r’ — 13544 4 1705,3 _ 26372 4 3858, _ (24z — 96) =

Slyd — 13554 4 1755,3 _ 2687,2 4 37385 4 96 and its first derivative fi(z) = %o — 1352° +

5285 4% — 2637 2% + 338y we get that fi(z) > 0 for any z with 10 < z < +oo. Therefore,

b1o(C, - Sl) > bio(Ciy - S3e-11)-
Theorem 3.3 For ¢ >5, E(C%, - S1) > E(CYy - S3r-11)-

Proof From Eq.(2.4), it suffices to prove that C’gé -Sp = Cty - S3p_11. When 5 < £ < 10, we
know, from Table 1, that the conclusion is true by simple comparison. Hence, we now only need
to consider the remainder part £ > 11.

Since Cf, - S3¢_11 is bipartite, bory1(G) = 0 for all kK > 0. Note that the number of i-
matchings of Cf, - S3p_11 equals 0 for i > 6. Thus, it suffices to prove bgk(C’?‘ig - S1) > bor(CF, -
S3e—11), for 0 < k < 5.

By Claim 1, we complete the proof. O

We now describe an important conclusion which will be used in the proof of the next main

result.

Claim 2 If¢ > 5, then m(T% k)+m(P} oUSy—3041;k—1) —m(T* Y k) +m(Pr 3USy, 30443 k—
1) > m(PL, U Sn_ses13k — 2).

Proof Let fi(£) = m(T% k) +m(P}yU Sy_3e41;k —1). Then

f1(0) =m(T% k) + m(P}yU S, _spi1:k —1)
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=m(P}" U Sn_ses1:k) +m(Pr ik —1) +m(PlyUS, s0i1;k — 1)
Y U Py U Sy seinik) + m(Pry U Sn_sesi b — 1)+ m(Plysk — 1)+

(
m(P;
m(Pe sUPsUS, 3413k — 1) +m(PL,US, 30413k —2)
m(P7Y U S aes1; k) + 2m(PRY U Sn_se1ik — 1) + m(Py U Sn_aeas b — 1)+
(
(

m(Pl 1k —1) +m(Pl3USy 3ey15k — 1) +2m(Pl s U S, 30413k — 2)+
m PE 4 U Sn 30413 k— 2) (37)

and
(Tﬁ L. k‘)—i—m(Pé 3U5n 3g+4,]€— 1)
=m(P} U Sy 3043 k) + m(Plosk — 1) + m(PLs U Sp_s0pa3k — 1)
=m(P U Sy sr11;k) +3m(PP 5k — 1) + m(Plyk — 1)+
m(P} 53U Sn_ 3013k — 1) +3m(P} 5k — 2). (3.8)

he—=1) =

Note that, since n > 3¢ + 1, we have

m(P7 U Sn_sei1;k — 1) >m(Pr U Pk —1) =m(Pr Yk — 1) +m(PP s k—2). (3.9)

Meanwhile,
m(P} 3k —1)=m(P}lyUPs;k—1) +m(P} 5k —2)
=m(Plg k— 1) +2m(Pl ok —2) + m(Pls; k — 2), (3.10)
m(PP ik —1) = m(Pr, U Pk — 1) +m(Prl k- 2)
=m(P} Yk — 1)+ 2m(Plhs k — 2) + m(Pr k —2), (3.11)
and

m(PY U Sy sei1;k— 1) > m(Prhs k — 1),
m(P} 3 U Sy ser13k —2) > m(Pls; k —2). (3.12)
Combining the above Egs. (3.7) through (3.12) with Lemma 2.4, we obtain
F1l) = fi(6 = 1) > m(Plg; k —2) +m(P_y U Sp—3ei15k — 2)
> m(P51_4 U Sn—?)f-‘,-l; k — 2)

Therefore, the result holds. [J
Theorem 3.4 For /¢ > 5, E(C’fz Sp_3041) > E(Cly - Sp_11).
Proof By Lemma 2.3, we conclude that
bi(Cly - Sn—11) = bi(T*) + bi—2(P3 U Sp—11) — 2b;—4(Sp—11),
while for £ =0 (mod4),
bi(C3g - Sn—ser1) = bi(T*) +bia(Ply U Sn—ses1) = 2bi—e(Sp—se41);
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and for ¢ # 0 (mod4),
bi (S Sn—ses1) = bi(T%) + bi—2(P}_y U Sn_se41) + 2bi—¢(Sn—3e41)-

Let f1(£) = bog(T%) + bag—2(P} 5 U Sy—3041). From (2.1) (Sachs Theorem), we also have fi(¢) =
m(T% k) + m(Ply U Sn_se41;k — 1).
When ¢ =0 (mod 4), we arrive at

m(P}_4 U Sn—3041;k — 2) — 2bag—o(Sn—3041)

l—4 ,
- -2 _ .
(ig)esn-20 amy
L—4 ,

> <12 >(n—3€)—2(n—3£)>0 k== 41
22 9
L L

s, +1

0 k# 5.5+

By Claim 2, we have
bo(C4y - Sn—ses1) = f1(0) — 2bap—(Sn—3041)
> f1(6— 1)+ m(P/_4 U Su_30413k — 2) — 2bau—¢(Sn—3e41)
> fill—1) > f1(4) = fi(4) — 2bag—a(Sn—11)
- ka(CilQ : Sn—ll)-
When ¢ # 0 (mod4), from Claim 2, we get
baw(CSe - Sn—zes1) = f1(€) + 2bag—¢(Sn—3041)
> fi (f — 1) + m(P4174 U Sn,g,prl; k— 2) + Qka,g(Sn,34+1)
> fill—1) > f1(4) = fi(4) — 2bag—a(Sn-11)
= bok(Cly - Sn-11)-
So we conclude that bio(C%, - Sy—304+1) > b1o(Cta - Sn—11)-
Thus the proof is completed. O
Lemma 3.5 Forn > 12, E(C{y - Sn_11) > E(C§ - Sn—s).
Proof Note that
H(C3 - S, _g) =" 8(z® — na® — 22° 4 (8n — 54)z* + 2(n — 9)2® — (14n — 118)2? +4(n — 9)),
H(Cty - Sp_11) = 2" 0210 — na® 4+ (11n — 90)28 — (3n — 336)z + (32n — 368)z% + (8n — 96)),

where the graphs Ci - S, 11 and Cj - S,,_g refer to Figure 2. Therefore, from Eq. (2.2), we have

1 [T 1 h(z
B(Chy 1) =BG} S = 1 [ 5o h;éxidx,

where hi(x) = (1 +nz? + (11n — 90)a* + (3n — 336)25 + (32n — 368)2® + (8n — 96)2'°)? and
hao(z) = (1 +nz? + (8n — 54)x* + (14n — 118)a% + 4(n — 9)2®)2 + (22 + 2(n — 9)2°)2. Then, by
a simple calculation, we can obtain the result.
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Combining Lemma 3.5 and Theorem 3.1 with Theorem 3.4, we get the main result of the

paper.
Theorem 3.6 Forn > 9, C§ - S,,_g has the minimal energy among all graphs in %,*.

Therefore, from [19, Theorem 11] and Theorem 3.6, we have an additional result as the next

corollary.

Corollary 3.7 Forn >9, C3(1,1,1)- S, _5 has the minimal energy among all graphs in %, for
r=3,4.
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