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Abstract In this paper, by using Mawhin’s continuation theorem and some analysis methods,
the existence of a set with 2kT-periodic solutions for a kind of prescribed mean curvature
equation with a deviating argument is studied, and then a homoclinic solution is obtained as
a limit of a certain subsequence of the above set.
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1. Introduction

In this paper, we investigate the existence of homoclinic solutions for a class of prescribed
mean curvature equation with a deviating argument
u'(t)
e + (u'(1))?
where g,h € CY(R,R), p,7 € C(R, R), 7 is T-period, ¢ > 0 and T > 0 are given constants.
As is well known, a solution u(t) of Eq.(1.1) is named homoclinic (to 0) if u(t) — 0 and

)+ e (t) + g(u(t)) + h(u(t — 7(t))) = p(t), (1.1)

u'(t) — 0 as [t| = +oo. In addition, if u # 0, then w is called a nontrivial homoclinic solution.

Prescribed mean curvature equation and its modified forms which derived from differential
geometry and physics have widely researched in many papers, and there exist many papers
about the periodic solutions for prescribed mean curvature equation and its modified forms. For
example, by using an approach based on the Leray-Schauder degree, Benevieri in [1] studied
the periodic solutions for nonlinear equations with mean curvature-like operators. And in [2]
Benevieri extended the results obtained in [1] to the N-dimensional case.

Recently, Feng in [3] studied the periodic solutions for prescribed mean curvature Liénard
equation with a deviating argument as follows:

!/
(=20t flule))l (@) + gt ult (1)) = elt),
1+ (u'(2))?
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where g € C(R?,R), f,e and 7 are T-periodic. By using the continuation theorem established
by Mawhin, the author obtained some sufficient conditions for the existence of periodic solution.

Obersnel in [4] studied the existence, regularity and stability properties of periodic solutions
of a capillarity equation in the presence of lower and upper solutions

u/

— (=) = f(t,u).

() = 0

This equation, together with its N-dimensional counterpart
Vu

) = f(t,u),

—div(——
JTF Ve
plays an important role in various physical and geometrical questions: for example, capillarity-
type problems in fluid mechanics, flux-limited diffusion phenomena and prescribed mean curva-
ture problems [5—7]. There are also a class of prescribed mean curvature equations appearing in
differential geometry and physics. Such problems have attracted the attention of Bonheure [8],
Lépez [9], Pan [10] and Obersnel and Omari [11].
In this paper, like in the work of Rabinowitz in [12], Lzydorek and Janczewska in [13], Tan
and Li in [14] and Lu in [15], the existence of a homoclinic solution for Eq.(1.1) is obtained as a
limit of a certain sequence of 2kT-periodic solutions for the following equation:
u'(t)

——— Y+ (t) + gu®)) + h(ult — 7)) = pi(t), 1.2
() O + )+ bt = @) = pett) (12
where k € N, p : R — R" is a 2kT-periodic function such that
p(t), t e [—kT,kT — &),
t) = 1.3
Pi(?) {p(kTso)er(kT);(W(tkTquo), t € [kT — o, kT, (13)

go € (0,T) is a constant independent of k. The existence of 2kT-periodic solutions to Eq.(1.3)
is obtained by using Mawhin’s continuation theorem [16]. The rest of this paper is organized as
follows. In Section 2, we provide some necessary background definitions and lemmas. In Section

3, we give the results we obtain.

2. Preliminary

In order to use Mawhin’s continuation theorem [16], we first recall it.

Let X and Y be two Banach spaces with norms || - || x, || - ||y, respectively. A linear operator
L:D(L) C X =Y issaid to be a Fredholm operator of index zero provided that

(a) Im L is a closed subset of YV,

(b) dimKer L = codimIm L < oo.

Let X and Y be two Banach spaces with norms |- || x, || - ||y, respectively, & C X be an open
and bounded set, and L : D(L) C X — Y be a Fredholm operator of index zero. Continuous
operator N : Q C X — Y is said to be L-compact in Q provided that

(¢) K,(I —Q)N(RQ) is a relative compact set of X,

(d) QN(€) is a bounded set of Y,
where we denote X; = Ker L, Yo = Im L, then we have the decompositions X = X; P Xo,
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Y=Y1PYs Let P: X — X1, Q:Y — Y] be continuous linear projectors (meaning P? = P
and Q* = Q), and K, = L |f<el>rme(L)'

Lemma 2.1 ([16]) Let X and Y be two Banach spaces with norms || - || x, || - ||y, respectively,
Q) be an open and bounded set of X, and L : D(L) C X — Y be a Fredholm operator of index
zero. The operator N : Q C X — Y is said to be L-compact in Q. In addition, if the following
conditions hold:

(H1) Lv # ANv,V(v,\) € 09 x (0,1);

(H2) QNv #0,Vv € Ker L N 9

(H3) deg{JQN,QNKerL,0} # 0, where J : Im Q — Ker L is a homeomorphism,
then Lv=Nv has at least one solution in D(L) N Q.

Lemma 2.2 ([17]) Let 0 < a < T be constant, 7 € C(R,R) be T-periodic function, and
maxe(o.7] |7(t)| < a. Then, Vu € C*(R, R) which is T-periodic function, we have

/0 lult — (1)) — u(t)|2dt < 2a2/0 ' (1) 2t

Lemma 2.3 Ifu : R — R is continuously differentiable on R, a > 0,;u > 1 and p > 1 are
constants, then for every t € R, the following inequality holds:

Ju(t)] < (20) 75 (/tm |U(S)|“ds)’% +a(20)77 (/

—a t—a

t+a 1
|u/(s)\Pds) v

This lemma is a special case of Lemma 2.2 in [14].

Lemma 2.4 ([14]) Let uj € C2. be 2kT-periodic function for each k € N with
luklo < Ao, [uklo < Ax, |ulo < As,

where Ay, Ay and A, are constants independent of k € N. Then there exists a function ug €
CY(R, R) such that for each interval [c,d] C R, there is a subsequence {ur, } of {up}cn with
ug; (t) = uo(t) and uj, (t) — ug(t) uniformly on [c, d).

Considering the following system

2/ (4) = — y(t)
(t) = p(y(t)) V-2 (2.1)
y'(t) = —cp(y(t)) — g(z(t)) — h(z(t —7(t))) + p(t)

2t Obviously, if (x(t),y(t))T is a solution of (2.1), then x(¢) must be a

1+(a(1))2
solution of (1.1), and finding homoclinic solutions of (1.1) is equivalent to finding a solution x(t)
of (2.1) such that (z(t),2'(t)) — (0,0) as | t | = 4oc. Similarly, finding a 2kT—periodic solution
to (1.2) is equivalent to finding a 2kT—periodic solution to the system

where y(t) =

2 () — _ _y@®
() = () = A, .
y'(t) = —cp(y(t) — g(z(t)) — h(z(t — 7(1))) + pr(t)-

Let Xj = Yy = {v = (2(t),y(t)) " € C(R, R?),v(t) = v(t+2kT)}, where the normal defined

by || v [|= max{|x|o, |ylo}, where [x]o = max;c(o 261) [2(t)], |ylo = maxiecjo,2r7) |y(t)]. It is obvious
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that X, and Yj are Banach spaces.

Now we define the operator
L:D(L)C Xy — Y, Lv=v" = (2'(1),y' (1)) ",
where D(L) = {v|v = (x(t),y(t))T € CY(R, R?), v(t) = v(t + 2kT)}.
Let Zy = {vjv = (2(t),y(t)) " € CY(R,R x (—=1,1)),v(t) = v(t + 2kT)}. Define a nonlinear
operator N : Q C (X, N Z) C Xp — Y3
Nov = L — — —h — T
v= (= ok cp(y(t)) — g(x(t)) — h(z(t — (1)) + pr(t)) -
Then problem (2.2) can be written as Lv = Nv in Q.
We know Ker L = {vjv € X, v' = (2/(t),y'(t))T = (0,0)T}, then 2/(t) = 0,y'(t) = 0,
obviously z € R, y € R, thus Ker L = R?, and it is also easy to prove that InL = {z €

Yi, OZkT z(s)ds = 0}, so L is a Fredholm operator of index zero.
Let P: X} — KerL, Pv = ﬁ 02kT v(s)ds, @ : Yy = Im@Q, Qz = ﬁ O%T z(s)ds. If set

KP = L|I§irpﬂD(L)’ then
2kT
(Kp2)(t) = / Gilt, 5)z(s)ds,
0

where

s—2kT .
G(t,S):{ Sir o 0St<s

i, 8 <t <2kT.

For all Q such that Q C (X; N Zk) C Xi, we have K,(I — Q)N(Q) is a relative compact set
of X, QN(Q) is a bounded set of Y, so the operator N is L-compact in €.

3. Main results

For the sake of convenience, we list the following conditions.

[A1] There exist constants mg,m; with mg > mq > 0 such that zg(x) < —mgz?, |zh(z)| <
my2? and ¢'(z) < 0, Vx € R.

[A2] There exists a constant [ > 0 such that |h(z1) — h(ze)| < ljz1 — 22|, and A/(z) < 0,
Vx € R.

[As] p € C(R,R) is a bounded function with p(t) # 0 and B := ([y Ip(t)|2dt)z +
5(1)/2 sup,er [p(t)| < +00, where g is determined by (1.3).

Remark 3.1 From (1.3), we see that|pg(t)| < sup,cp |p(t)]. If assumption [As] holds, then for
cach k € N, ([ |px(t)|2dt)? < B.
In order to study the existence of 2kT-periodic solutions to system (2.2), we firstly study

some properties of all possible 2kT-periodic solutions to the following system:

7(0) = Ae(w(D) = A1,
Y (1) = “Acp(y(t)) = Agla(t) = Mhla(t = () + Xpu(®), A€ (0,1]
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where (zp,yx)" € Z, C X), . For each k € N, let X represent the set of all the 2kT-periodic
solutions to the above system, and let o = max;c(o, 77 |7(t)].

Theorem 3.1 Assume conditions [A;]-[A3] hold, ¢ > \/2al and \/2Tc(jnj;c_vm7?‘;(_cf\l/§al) < 2.

For each k € N, if (z,y)T € X, then there are positive constants py, p1 pz and p3 which are
independent of k and A, such that

[Zlo < po,lylo < p1 < 1,[2"[o < p2, [0 < p3.
Proof For each k € N, if (z,y)" € 3, then

2 () = _ y(t)
(t) = Ap(y(t)) /\m, (3.1)
y'(t) = —cx'(t) — Ag(z(t)) — Ah(z(t — 7(t))) + Apr(t), A € (0,1].

Multiplying the first equation of (3.1) by 3/(¢) and integrating from —kT to kT, we have

kT kT kT
[ vosaa= [ o= [ xe)ds o

kT —kT —kT
It follows from the second equation of (3.1) that
kT kT kT
c/_kT(x (#))2dt = —)\/_kT h(a(t — 7(8)a (H)dt + )\/_kTpk(t)x (£)dt
kT kT
= f)\/ [R(z(t —7(¢))) — h(z(t))]2'(t)dt + )\/ pr(t)z’ (t)dt
— kT —kT

kT

kT
S/ Ih(x(t—f(t)))—h(ﬂf(t))llx’(t)ldH/ Tlpk(t)l\m’(t)ldt- (3-2)

—kT —k
Combining (3.2) with (A3) gives

kT

kT kT
C/ (@'(t)) dtSl[kT\x(t—T(t))—x(t)llx (t)ldt+/ Tlpk(t)llaf (t)|dt.

—kT —k
Applying Holder’s inequality and Lemma 2.2 to the above inequality, we obtain
kT

et i [ ety —eora))' ([ wopa)’ts

kT 1 kT 3
() mora)’ ([ wopa)
—kT —kT
<V2al || & |3+ 1| 2 ll2 pe 2,

which implies that

[E [P = dy. (3.3)

B .
c—+2al ' 0
Multiplying the second equation of (3.1) by z(t) and integrating from —kT to kT, we have

kT , B kT , - kT y2(t)
/_kTy (t)x(t)dt /_kTy(t)x (t)dt = —A o, s 20 dt

— (- /kT 2(#)g(@(t))dt — /kT 2(Oh(alt - T(t)))dt—i—/

—kT —kT —kT

kT

e(Ope(t)dt),
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ie.,

Oy [ e
I OO

kT kT
- / 2(Oh((t — 7(t))dt — / 2(Ope(t)dt

—kT —kT

< [ laOlintate - @) - Aate)de+

o o

/ () (x(t) dt + / () llpr (D)l (3.4)
—kT —kT

Combining (3.4) with (A1) and (Az), we get

kT

kT
Y113 + mol|[I3 Sl/ Ifﬂ(t)llx(t—T(t))—w(t)ldt+m1|\$||§+[kT |=(8)]lpx () |dE.

—kT

Applying Holder’s inequality and Lemma 2.2 to the above inequality, we obtain
Iyll3 + (mo — ma)|l2|3 < V2ad|2'||o]lz]l2 + |pell2]2]l2,

which implies that
(mo —ma)z|3 < V2ad||2'||2]|z]l2 + [[pxll2l]l2, (3.5)

and
Iyll3 < V2L|2|[2]|z]l2 + l|px |2l 2- (3.6)

So from (3.3), (3.5) and (Aj3), we can conclude that
cB
z||o < =d. 3.7
Il < (mo —my)(c — V2al) ' (8.7)

Thus by using Lemma 2.3 for all t € [—-kT, kT, we get

t+T 1 N t+T %
el < H( [ kas) < ren ([ Wras)
t+kT 1 t+kT 1
< (QT)*%(/HCT |:17(s)|2ds>2 +T(2T)*%(/H€T |x’(s)|2d5>2
kT 1 kT 1
_ (zT)—%(/_kT FORDE +T(2T)—%(/_kT ' ()]ds) . (3.8)
From (3.3), (3.7) and (3.8), we obtain
oo =, _max[o(8)] < (27) Hds + \/fdo = o (3.9)
From (3.3), (3.6) and (3.7) it follows
lyll2 < cb = dy. (3.10)

Jmo —mi(c — v2al)

Multiplying the second equation of (3.1) by y'(¢) and integrating from —kT to kT, we have

kT kT kT kT
[ wora=- [ sweeeoi- [ wonet- oy [ won

—kT —kT —kT —kT
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kT 2 kT
-/ g (a(t) LD [ W@t - 7o) - o)

—kT 1—9y2%(t) —kT
kT y2 (t) kT
/ Vmam————m+/ A ()i ().
—kT 1—92(t) —kT
From (A1) and (Ag), we know that
kT

kT kT
/ (v (1)2dt <1 / W (Bl (t — (1)) — x(t)]t + / 1y (6)llpw (1) dt.

—kT —kT —kT
Applying Holder’s inequality and Lemma 2.2 to the above inequality gives

15113 < V2alll2’ 211y 12 + lpe 2]y |2

From (3.3) and (As), we can conclude that
, cB
< —— :==ds. 3.11
Il < —0 =y (311
In the similar way to (3.9), we get

-1 T B +TcB -
ylo= max |y(®)] < (2T) % dy + 4/ =ds = —— cBymo —m1
te[—kT,kT] 2 2T (mo — ma)(c — \/ial)

c+Tey/mo—my
\/2T(m07m1)(07\/§o¢l)

Since < %, we have

iyl < cB +TcBy/mg —mq
0= V2T (mg — m1)(c — v2al)

Let f, = max|g|<,, | f(2)| and h, = max|;|<,, |P(7)]. From (3.1), we have

=p < L. (3.12)

)l < AL o _» (3.13)

>~ = p2,
V0 17

and

[v' (D)o < clo(y@)] + lg(z()| + |hx(t = 7(O)] + [pr(t)] < cps + gp + hp + B :=ps.  (3.14)
From (3.9), (3.12), (3.13) and (3.14), we know pg, p1, p2, p3 are the constants independent of k

and \. Hence the conclusion of Theorem 3.1 holds.

Theorem 3.2 Assume that the conditions of Theorem 3.1 are satisfied. Then for each k € N,
system (2.2) has at least one 2kT-periodic solution (xy(t),yx(t))” in ¥ C Xy such that
lzlo < po, [yelo < p1 < 1, [2klo < p2, [yrlo < ps,
where pg, p1, p2, p3 are the constants defined in Theorem 3.1.
Proof In order to use Lemma 2.1, for each k € N, we consider the following system:
/ _ _ y(t)

z'(t) = Ap(y(t)) = )‘mv

y'(t) = =Aep(y(t)) — Ag(x(t)) — Ah(z(t — 7(2))) + Ape(t), A € (0,1)
' ()

L+ (Fa/(1)2
(3.15). Since (0,1) C (0,1], we have Q; C ¥, where ¥ is defined in Theorem 3.1. If (z,y)T € Qy,

(3.15)

where y(t) = Let Q1 C X} represent the set of all the 2kT-periodic of system
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by using Theorem 3.1, we get
lzlo < po, [ylo < p1 <1
Let 9 = {v = (2,9)7 € KerL,QNv = 0}. 1 (2,4)7 € s, then (2,5)7 = (a1,)7 € R?

(constant vector), we see that

kT as o
o e dt =0,
kT

— a2 — _ —
T cm g(a1) — h(ar) + pe(t)dt = 0,
ie.,
as = 0,
& (3.16)
{ [ —a(a1) — h(ay) + pr(t)dt = 0.
Multiplying the second equation of (3.16) by ay, we have
kT
2kTmoa? < 2kTma? + / arpr(t)dt < 2kTmyia? + V2kT|ay| B,
—kT
thus
B B

|a1| S Vv 2]<;T(m0 —ml) S \/ﬁ(mo 77’)11) = ﬁ

Now, if we set Q = {v = (z,9)” € Xg,|zlo < po + B, |ylo < p* < 1}, where p; < p* < 1, then
QD Q1 UQs. So condition [H;] and condition [Hz] of Lemma 2.1 are satisfied. What remains is

verifying condition [Hs] of Lemma 2.2. In order to do this, let

H(v,p): (QN KerL) x [0,1] — R : H(v, ) = p(z, )" + (1 — p)JQN (v),
where J : Im@Q — Ker L is a linear isomorphism, J(z,y) = (y,7)?. From assumption [A], we
have v H (v, p) # 0,V(v, n) € 9Q N Ker L x [0, 1]. Hence

deg{JQN,QNKerL,0} = deg{H (v,0),2NKerL,0} = deg{H (v,1),Q2NKer L,0} # 0.
So condition Hy of Lemma 2.1 is satisfied. Therefore, by using Lemma 2.1, we see that Eq.(2.2)
has a 2kT-periodic solution (zx,yr)? € Q. Obviously, (xx,yx)? is a 2kT-periodic solution to
Eq.(3.1) for the case of A = 1, so (2, yx)? € ¥. Thus, by using Theorem 3.1, we get
lzklo < po, [yklo < p1 < 1, |23 lo < p2, [yklo < p3.

Hence the conclusion of Theorem 3.2 holds. O

Theorem 3.3 Suppose that the conditions in Theorem 3.1 hold, then Eq.(1.1) has a nontrivial

homoclinic solution.

Proof From Theorem 3.2, we see that for each k € N, there exists a 2kT-periodic solution
(1, yx) " to Eq.(2.2) with

lzklo < pos lyklo < p1 < 1, |z%lo < p2, lyklo < ps, (3.17)

where pg, p1, p2, p3 are constants independent of k € N. And x(¢) is a solution of (1.2), so

(—0

1+ (2, (1)) )' +exp(t) + g(@n(t)) + hlzi(t = (t)) = pr(t), (3.18)
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which together with yi(t) = % implies that yi(¢) is continuously differentiable for
t € R. Also, from (3.17), we have |yx|o < p1 < 1. It follows that x}.(t) = ¢(yx(t)) = \/% is
continuously differentiable for ¢ € R, i.e.,
/ t)

104 = yi.( -

0= T o
By using (3.17) again, we have

o < —2 (3.19)

= 7/@ = P4
Clearly, p4 is a constant independent of £ € N. By using Lemma 2.4, we see that there is a
function 29 € C*(R, R) such that for each interval [a,b] C R, there is a subsequence {zy,} of
{zr}pen with zy, (t) — 2o(t) and zj_(f) — 2((t) uniformly on [a,b]. Below, we will show that
xo(t) is just a homoclinic solution to Eq.(1.1).
For all a,b € R with a < b, there must be a positive integer j, such that for j >
Jo, [=k; T, k;T — 0] D [a — a, b+ . So for j > jo, from (1.3) and (3.18) we see that
ap, (1)

m)’ + ez, (t) + 9@k, (t) + hzw, (t —7(t)) = p(t),t € [a, ], (3.20)
.,

which results in
) = —cai (1) — g(xk, (8)) — Ay, (t = 7(1))) + p(t)
— —cxy(t) — g(zo(t)) — h(zo(t — 7(t))) + p(t), uniformly on [a, b].

@, (1)

T+ (e, (D)2

“h; (1) N g (t)
VI 0)2 0 /I (1)?
entiable for ¢ € (a,b), we have

(2l =) = =est() = ofrole) ~ hiault = 7)) +5(0), t€ (0.

Considering a,b are two arbitrary constants with a < b, it is easy to see that xo(¢),t € R, is a

Since uniformly for ¢ € [a,b] and is continuously differ-

solution to system (1.1).
Now, we will prove xo(t) — 0 and z((t) — 0 as [¢| — oc.
Since

“+o00 T
/ (lzo(®)* + |zp(1)[*)dt = lim (lzo(8)? + |2 (1)[*)dt
— oo 1—+00 —iT
T
= lim lim (Jzw, () + |27, (1)]?)dt,
i—+00 j—+o0 J . 7

clearly, for every ¢ € N, if k; > ¢, then by (3.3) and (3.7),

T
| G, OF + e 0t < [ (o, (0F + ok, ()t < 6 + 2.

Let « — 400 and j — +0c0. We have

+o0o
[ G + o) Pyae < a5 + (321

— 00
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and then

[, (P + a0 o (3.22)

as r — +o00. So by using Lemma 2.2, we obtain
t+T

oo < @0 ([ letoas) 4T

[N

(/;T |m’(5)|2ds>%

) . t+T t+T 1
<[(2T)"= +T(2T)_§](/t ., |x(s)|2ds+/t ., |x’(s)|2ds> — 0, as [t| = +o0.

Finally, we will show that
z(t) — 0 as [t] — oo. (3.23)

From (3.17), we know
|zo(t)| < po, |xg(t)] < po for t € R.

From (1.1), (A1) (A2) and (As), we have

(2| <l + o)+ lau(e = D) + 20
< cps + [sup ](f(x) + h(z)) + B := My, fort € R.

If (3.23) does not hold, then there exist €1 € (0, 1) and a sequence {t;} such that

[t1] < |to] < |ts] < -+, [tk + 1 < |tgy1l, k=1,2,...,
and )
€1
zh(ty)| > — ——, k=1,2,....
(0] 2 =

From this we have for ¢ € [tk,tk +e1/(1+ Ma)],

|m0 | = ‘\/1 ¥ $6 t ’ a ‘\/1 ($ tk + (1‘6(8))2
xo(tr) zo(s) ’
I e [ NiEaeio2i

It follows that
400 trt ey
/ ) (4)2dt > Z / (t)[2dt =

which contradicts (3.21), and so (3.23) holds. Clearly, xo(t) # 0, otherwise, p(t) = 0, which
contradicts assumption [Ag].

Hence the conclusion of Theorem 3.3 holds. O
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