Journal of Mathematical Research with Applications
Sept., 2014, Vol. 34, No. 5, pp. 505-516
DOI:10.3770/j.issn:2095-2651.2014.05.001
Http://jmre.dlut.edu.cn

Laplacian Spectral Characterization of a Kind of Unicyclic
Graphs
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Abstract Let H(n;q,n1,n2,n3,n4) be a unicyclic graph with n vertices containing a cycle
Cq and four hanging paths Py, 11, Pny+1, Pns+1 and P, 41 attached at the same vertex of the
cycle. In this paper, it is proved that all unicyclic graphs H(n; g, n1,n2,ns, na) are determined
by their Laplacian spectra.
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1. Introduction

In this paper, we assume that all graphs are simple and undirected. Let G = (V(G), E(G))
be a graph with vertex set V(G) = {v1, va,...,v,} and edge set E(G). Let the matrix A(G) be
the (0,1)-adjacency matrix of G and d; = d(v;) = d;(G) the degree of the vertex v;. Assume
that dy > dy > -+ > d,. The matrix L(G) = D(G) — A(G) is called the Laplacian matrix
of G, where D(G) = diag(dy,da,...,d,) denotes the diagonal matrix of vertex degrees of G.
The polynomial ¢(G) = ¢(G,x) = det(zl, — L(G)) = lpz™ + l1z" L + -+ + 1, is defined as
the Laplacian characteristic polynomials of the graph G, where I, is the n X n identity matrix.
Since A(G) and L(G) are real and symmetric, their eigenvalues are real numbers and called the
adjacency and the Laplacian eigenvalues of G, respectively. Assume that Ay > Ay > --- > A, and
M1 > o > -+ > (= 0) are the adjacency and the Laplacian eigenvalues of G. The multiset of
eigenvalues of A(G) (L(G)) is called the adjacency (Laplacian) spectrum of G. Two graphs are
said to be adjacency (Laplacian) cospectral if they have equal adjacency (Laplacian) spectrum.
A graph is said to be determined by the adjacency (Laplacian) spectrum if there is no other
non-isomorphic graph with the same adjacency (Laplacian) spectrum.

Which graphs are determined by their (Laplacian) spectra is an interesting problem in
the theory of graph spectra. Characterizing such graphs seems also to be a difficult problem.
Recently, this problem has attracted some researchers’ attention. Up until now, only some graphs

with special structure are proved to be determined by their (Laplacian) spectra. Some results
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on these special graphs determined by their adjacency or Laplacian spectra can be found in
[10,15, 16,18, 24, 26,27] or [1,10,17-20, 22,23, 25, 28], respectively. The reader can also consult
the books [3,5] and the surveys [6, 7].

Let P, and C,, be the path and cycle with n vertices, respectively. Let a kind of unicyclic
graphs H(n;q,n1,n2,...,n) with n vertices be shown in Figure 1. They are some unicyclic
graphs containing a cycle Cy; and ¢ hanging paths Py, 11, Pryt1, Pogt1,- .., Pn,+1 attached at
the same vertex of the cycle. For the case ¢t = 1, Haemers et al. in [10] have proved all lollipop
graphs H(n;q,n — q) to be determined by their Laplacian spectra. For the case t = 2, Liu et al.
in [18] has proved all graphs H(n;q,n1,n2) to be determined by their Laplacian spectra. For the
case t = 3, Lu et al. in [20] have proved all graphs H(n;q,n1,n2,ng) to be determined by their
Laplacian spectra. In this paper, we prove all unicyclic graphs H(n; g, n1,n2,ns,ng) (shown in

Figure 2) to be determined by their Laplacian spectra.
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Figure 1 Graph H(n;q,ni,na,...,nt) Figure 2 Graph H(n;q,n1,n2,n3,n4)

2. Preliminaries

In this section, some known lemmas about the (Laplacian) spectrum of a graph are given,

and these lemmas will play important roles throughout the paper.

Lemma 2.1 ([6,21]) For the Laplacian matrix of a graph G, the following results can be deduced
from the Laplacian spectrum.

(i) The number of vertices.

(ii) The number of edges.

(iii) The number of components.

(iv) The number of spanning trees.

(v) The sum of the squares of degrees of vertices.

Lemma 2.2 ([5]) Assume that N is an n X n symmetric matrix, its eigenvalues are aq > ag >
-++ > ay. The eigenvalues of the principal submatrix of order m of N are of > oy > -+ > al,

then a; > o > ap—myi, 1 = 1,2,...,m.

Lemma 2.3 ([4]) Let A = [a;;] be a matrix of order n. Let

n

T¢=Z|aij\, 1<i<n
j=1

be the sum of the absolute values of the entries in row i of A. Then

p(A) <max(ri,re,...,7T)
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where p(A) is the maximum of the absolute values of all eigenvalues of A. A similar inequality

holds for the sum of the absolute values of the entries in columns of A.

Lemma 2.4 ([21]) Let G be a graph with n vertices and m edges and let deg(G) = (d1,ds, ... ,dy)

be its non-increasing degree sequence. Then the first four coefficients in ¢(G, ) are

1 n
lo = 1,[1 = —Qm,lg :2m2—m—§Zd?,

=1
_ 1 3 2 & 2 & 3 S 2
ls = 5 (—4m® + 6m +3m;di —;di —3;@ + 6n¢(Cs)),

where ng(C3) is the number of triangles in G.

Lemma 2.5 ([12,14]) Let G be a graph with V(G) # @ and E(G) # @. Then

i(di + mz) + dj(dj + mj)
d; + d;

where dy denotes the maximum vertex degree of G and m; denotes the average of the degrees of

di+1<uy < max{d , 005 € E(G)}

the vertices adjacent to vertex v; in G.

Lemma 2.6 ([13]) Let G be a connected graph with n > 3 vertices, and let deg(G) =

(di1,da,...,dy) be its non-increasing degree sequence. Then ps > ds.

Lemma 2.7 ([2]) The coefficients l; of the polynomial ¢(G,x) are given by the formula

<_1)ili = Zp(q))v 1<i<n,

where the right hand of the equation is the summation of all sub-forests ® of G which have i
edges, and p(®) denotes the product of the numbers of vertices in the components of the forest
.

Lemma 2.8 ([8]) Let B, be the matrix of order n obtained from L(P,+1) by deleting the row
and column corresponding to some end vertices of P, 1, and let H, be the matrix of order n
obtained from L(P,12) by deleting the rows and columns corresponding to the two end vertices
of P 4o. Set ¢(Py) = 0,6(Bo) = 1,¢(Hy) = 1. Then we have the following conclusions.

(i) (Pus1) = (2 — 2)6(Pa) = $(Pa-1),(n > 1).

(i) 2¢(By) = ¢(Pny1) + &(Pn).

(ii}) () = 2(6(Hy-1)) (n > 1).

(iv) $(C) = L6(Pas1) = 26(Pac) +2(—1)"1 (n > 3,2 #0).

From Lemma 2.8, if x = 4, then we can get the following lemma.

Lemma 2.9 ([20]) (i) ¢(Pp;4) = 4n.
(ii) ¢(Bp:4) = 2n + 1.
(iii) ¢(Hp;4) =n+ 1.
(iv) ¢(Cp;4) =2+ 2(—1)"*1
From Lemma 2.8, if = # 4, then we can get the following lemma.
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Lemma 2.10 For ¢(G) = ¢(G, z) of a graph G, if x # 4, and y satisfies the equation y* — (z —
2)y 4+ 1= 0. Then we have the following results.
(i) ¢(P,) = WtDG2D),

yrtt—yn
(ii) $(Bn) = Lk
(iii) ¢(Hy,) = Yt
(iv) ¢(Cn) =y" + 5w +2(=1)" "
If v is a vertex of G, let L,(G) be the principal submatrix of L(G) obtained by deleting the

row and column corresponding to vertex v from L(G).

Lemma 2.11([9]) Let Gy and Gs be two vertex-disjoint graphs and G = Gyu : vGs be a graph
obtained by joining the vertex u of the graph G to the vertex v of the graph G2 by an edge.

Then ¢(G) = ¢(G1)p(G2) — ¢(G1)d(Ly(G2)) — ¢(G2)p(Lu(Gr))-

Lemma 2.12 ([18]) Let G be a connected unicyclic graph with n vertices and its cycle Cy. If
G’ is Laplacian cospectral to G, then G' must be a connected unicyclic graph with n vertices

and one cycle C,;. Moreover,

3. Laplacian spectral characterization of graphs H(n;q,ny, ns, ng, ng)

In this section, we prove that no two non-isomorphic graphs of the form H (n;q, n1, ns, ng, ny)
are Laplacian cospectral, and the graph H(n;q,n1,n9,n3,n4) is determined by its Laplacian

spectrum. To prove Theorems 3.3 and 3.4, we first prove the following lemmas.
Lemma 3.1 The antepenultimate coefficient l,,_o of ¢(H (n;q,n1,ng, ns,ng),x) Is given by

1
(=1)"2ln—2 =q[= (n1 + n2 + ng + n4)® — (n1n2nz + ninang + ningng + nongng)+

6
1
§q(n1 + 1 +ng +n4)* + (1 — q)(n1n2 + ninz + ning + nanz+
1 1
nana + nzng) + (511 - 6)(”1 +ng +ng +na)] + ZP(‘I’)7

where the summation is over all sub-forests ® of H(n;q,n1,n2,ns,ny) which have n — 2 edges

obtained by deleting two edges both from Cy in H(n;q,n1,n2,n3,na).

Proof Let G = H(n;q,n1,ng,n3,ng). Since G has n edges, the (n — 2)-subforests of G can be
obtained from G by deleting two edges in which at least one comes from the cycle Cy. Then by

Lemma 2.7, we can get that

ni—1 no—1

(—1)"Pla=q > _(q+na+ns+na+i)(n1—i)+q > (q+n1+ns+ng+i)(ny —i)+
i=0 i=0
ng—1 nga—1

¢ Y (g+ni+ng+ns+i)(ng—i)+q Y (q+ns+ng+ns+i)(ng—i)+
i=0 =0
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(1)

where the summation is over all sub-forests ® of G = H(n;q,n1,n2,n3,n4) which have n — 2

edges obtained by deleting two edges both from Cj in G.

Because

71171

> (g+mng+ng+ng +1) (g — i)

i=0
nlfl nlfl nlfl

= Z(q+n2+n3+n4)n1+ Z(nl —q—Mgy— N3 —Ng)i — Z i?
i=0 i=0 i=0
TL1(’I’L1 — 1)

:(q+n2+n3+n4)nf+(n1—q—ng—ng—m)f—

énl(nl — 1)(2711 — 1)

s Ly v Loz, 1 Lutny 4 L . + +
= -nj] + -ning + —nins + —ning + —nNing + —Ning + N4 + —N1q—
61 212 213 214 212 213 214 21q
1
énlJri”%qv
similarly, we obtain the following results:
n2—1
Z(q+n1+n3+n4+i)(n2—i)
i=0
13+12+12+12+1 Jr1 +1 n
= —n5 + —Nan1 + —Nons + —Nong + —Nany + —Nang + —Nang + —Nag—
6 2 221 223 22422122322422q
1
6n2+§”§q7
ng—l
> (g+m+n+ng +1)(ng — i)
i=0
13+12+12+12+1 +1 +1 n
= —n3 + =N3ni + —N3ng + —N3ng + —N3ng + =N3ng + -N3ng + —N3q—
63 231 232 234 231 232 23423q
1 1
7n3+7n2q7
6 2°°
ng—1
Z(q+n1+n2+n3+i)(n4—i)
i=0
—1n3—|—fn2n +1n2n —|—1n2n —&—lnn —|—1nn + —ngng + -n
6 4 241 242 243 241 242 243 24q
1
6n4+§niq.

Then, substituting (2)—(5) into (1), we have

-~ 1
(=1)" 21,5 ZQ[E(M +ng + n3 +n4)® — (n1n2ns + ninang + ninang + nangng)+

1
5@(711 + 1 4+ ng +n4)* + (1 — q)(n1n2 + ninz + ning + nanz+

1 1
nong + nang) + (5(1 — 6)(711 + N2 4+ n3 4+ n4)| + ZP(@v
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where the summation is over all sub-forests ® of G = H(n;q,n1,n2,n3,n4) which have n — 2

edges obtained by deleting two edges both from C, in G. O

Lemma 3.2 Let G be the graph H(n;q,ni,n2,n3,n4) as shown in Figure 2. Then we have the

following result:

6(G,4) =(32 — 128¢ — 32(—1)")nynongng + (16 — 48 — 16(—1)9)-

(n1nong + ningng + ningng + nangng) + (8 — 16q — 8(—1)9)-

(n1n2 + ninsg + ning + nong + nang + n3n4) + (4 —4q—

4(_1)(1) . (n1 —|— no + ns —|— ’/l4) —|— 2 — 2(_1)(1

Proof Firstly, we assume that Go = H(n —nq;q,n2,n3,n4), Gs = H(n —ny —na; ¢, n3,ng) and

G4 = H(n—n1 —ny —n3;q,ng). Then, from Lemma 2.11, we obtain

P(G,x) =¢(Ga, 2)p(Pny ) — G(G2, 2)§(Bny—1,2)—
O( Py, ) ¢(Hg—1,2)$(Bny, ©)$(Bny, ) $( By, T). (6)
¢(Ga, ) =¢(G3,2)P(Pry, @) — §(G3, ) P(Bpy—1, ) —
O(Pas ) ( q—1,2)P(Bny, ©)9(Bn,, ¥).
?(G3, ) =¢(Ga,2)p(Pry, ) — ¢(Ga, ) P(Bpy—1,2)—
(P, ) ( 41, 2)9( Py, ).
¢(Ga, ) =¢(Cy, ) P(Pry, @) — #(Cq, 2)$(Bry—1, ) —
(H.

¢ q—1,T ) (anx)‘

When x = 4, by Lemma 2.9, we obtain the following results:

¢(G4, 4) :4n4 — 4(—1)qn4 — 4qn4 +2— 2(—1)q, (7)
¢<G3, 4) =8ngng — 8(—1)qn3n4 — 16n3n4q + 4n3 + 4dny — 4(—1)qn3—
4(—1)Ing — dngq — dnzq + 2 — 2(—1)4, (8)

?(Ga,4) =16ngngnyg — 16(—1)%ngngny — 48nansnaq + 8nang + 8nang+
8nsng — 8(—1)Ingns — 8(—1)%nany — 8(—1)9nany—
8(—1)%ngny — 16n9n4q — 16non3q — 16n3n4q + 4ns+
dng 4+ 4dng — 4(—1)%ng — 4(—1)9ng — 4(—1)Iny—
dngaq — dngq — 4dnaq + 2 — 2(—1)%. (9)

Then, substituting (7)—(9) into (6), we can get that

d(G,4) =(32 — 128q — 32(—1)9)ninangng + (16 — 48¢ — 16(—1)7)-
(n1nans + ningng + ningng + nangng) + (8 — 16g — 8(—1)9)-
(n1n2 + ninsg + ning + nong + naong + n3n4) + (4 — 4q—

4(_1)(]) . (n1 + no -+ ns + Tl4) + 2 — 2(_1)(1 |:| (10)



Laplacian spectral characterization of a kind of unicyclic graphs 511

Note that when z # 4 and y satisfies the equation y? — (z — 2)y + 1 = 0, by Lemma 2.10,
we can get the following expressions of ¢(G) = ¢(H (n; q,n1,n2,n3,n4)) by using Mathematica:
_ 1
C(y-1)?

2(_1)1+qy2+n4 + y—n4—q _ 2y1—n4—q + y2+n4—q + y—n4+q_
2y1+n4+q +y2+n4+q], (11)

1
W [*2(71)1+qy7n37n4 + 2(71)1+qy17n3,n4

+ 2(—1)1+qy1+n3_"4 — 2(_1)1+qy2+n3—n4 4 2(_1)1+qy1—n3+n4_
2(_1)1+qy27n3+n4 _ 2(_1)1+qy2+n3+n4 + 2(_1)1+qy3+n3+n4

$(Ga) [=2(=1) Tyt 2= 1)y T = 2(=1) ey e

#(G3) =

_ yfnsfmrq 4 3y17n37n47q _ 2y2+n37n47q _ 2y2fns+n4fq_|_

y2+n3+n4—q =+ y3+n3+n4—q _ y—ns—n4+q _ yl—ns—n4+q+

2y1+n37n4+q n 2y1,n3+n4+q o 3y2+n3+n4+q 4 y3+n3+n4+q]’ (12)

L1yt gy nena
I4no—nz—ns 4 9(_1 1+qy2+n2—"3—"4_
1— n2+n37n4_|_2 1 1+qy2+n2+n3*n4_
1 1+qy1 n27n3+n4+
y2+nz—n3+n4 —
Y

3+na—nz+ng +2

(-
(-
3+nztnz—ng _ 2(
(—
( 1 14+q,2—n2+n3+ng __
(=

)

)

)
1)1+q

)

)

3—no+nz+ng _ 2(—=1 1+q 3+n2+n3+n4+

(= ) y

(=) "y

(=1

2( 1)1+qy2 nztnztng _ 9
(=)

(=)

( 1)1+q d+na2tnz+ng 4y M2 Tna—g 4y1—n2—n3—n4—q+
3y2+n2—n3—n4—q + 3y2—n2+n3—n4—q _ y2+nz+n3—n4—q_

2y3+n2+n37n47q 4 3y27n27n3+n47q _ y2+n27n3+n47q_

2y Yy
2y3+nz+na+n4—q + y4+nz+na+n4—q + y—nz—ns—n4+q_

3+nz—ngz+nas—q _ ,2—n2+nzg+ni—q _ 2y37n2+n3+n47q+

y2—nz+n3—n4+q + 3y2+n2+n3—n4+q _ 2y1—nz—n3+n4+q_

y27n27n3+n4+q + 3y2+n27n3+n4+q 4 3y27n2+n3+n4+q7

4y3+nz+n3+n4+q 4 y4+n2+n3+n4+q]. (13)

Then, substituting (11)—(13) into (6), we can get that

(y _ 1)5¢(G) +1—5y+ y2q + 3y1+2q + 5y4+2n _ y5+2n _ 3y4+2(n—q)_
yoH2n=a) o)y _g(—1)ttaylta 4og(—1)ltayAtn-a_

2(—1)1+qy5+2n7q = f(n1,n2,n3,n4;y) (14)
where n = q + nqy + no + ng + ng,

f(n17n2,n3,n4§y)
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242n1 _ 4y2+2n2 242ns 242n4 _|_ y2+2n1+2n2 + y2+2n1+2n3_|_

—4y — 4y — 4y

y2+2n1+2n4 + y2+2n2+2n3 + y2+2n2+2n4 +y2+2n3+2n4 + 3y3+2n1+2n2+

3y3+2n1+2n3 + 3y3+2n1+2n4 + 3y3+2n2+2n3 + 3y3+2n2+2n4 + 3y3+2n3+2n4_

342n1+2n242n3 342n14+2n242n4

2y -2y
44-2n1+42no+2n3 _ 2y4+2n1+2n2+2n4

142n4+q

2+4+2n3+q

)
—2(=1)'*a
)H—q

—2(—1
2+4+2n1+2n3+q 2
2+2n2+2n4+q -9

3+2n1+2n3+q +92(-1 1+q

(-
(—
(— y
(-

3+2n2+2n4+q +2(—1 1+q

Y
4+2n1+2n2+2n4+q

4+2n2+2n3+2n4+q + 2(

|
—_
NN N N N SN SN SN
-
<
e Rl el R ' e <

3+2n14+2n2+2n4+q + 2(_

_2y

— 2
1+2n1+q+2( 1 1+q 1+2n2+q+2( 1)1+q 1+2n3+q+

242n1+q

242n4+q

(=
1 1+qy2+2n3+2n4+q + 2(
(—

Y

Y

Yy
1)1+qy2+2n1+2n4+q 2
)

) 3+2n1+2n4+q+2
)

3+2na+2natq _o(_

I+q

3+2n1+2n3+2ny 3+2na+2n3+2ng

_2y

44-2n1+2n3+2n4 4+2n2+2n3+2n4+

_Qy

Yy
2( 1) 1+qy2+2n2+Q_
y2+2n1 +2n2+q __

—2(=1)'*
1 1+qy2+2n2+2n3+q_
1 1+qy3+2n1+2n2+Q+
y3+2n2+2n3+q+

1+qy4+2n1+2n2+2n3+q_

)

)
1)1+q

1)

3+2n1 +2n2+2n3 +q_|_

2( 1)1+q 44+2n1+2n3+2n4+q _
1)

1)1+qy3+2n1 +2n3 +2n4+q+

_1)1+qy3+2n2+2n3+2n4+q 4 2y1+2n1+2q 4 2y1+2n2+2q 4 2y1+2n3+2¢I+

2y1+2n4+2q 4 2y2+2n1+2q 4 2y2+2n2+2q 4 2y2+2n3+2q 4 2y2+2n4+2q_

24+2n1+2n2+2q 2+42n1+2n3+2q

3y —3y
24+2n2+2n4+2q 3y2+2n3+2n4+2q _

3+2n2+2n3+2q

3y

34+2n14+2n4+42q

Y -y

_ 3y
3+2n1+2n2+42q

o y3+2n2 +2n4+42q

2+2n14+2n4+2q 2+42n2+2n3+2q

_ 3y
_ y3+2n1 +2n3+2q __

o y3+2n3+2n4+2q+

4y3+2n1+2n2+2n3+2q 4 4y3+2n1+2n2+2n4+2q 4 4y3+2n1+2n3+2n4+2q+

4y3+2n2 +2n3+2n4+2q .

Theorem 3.3 No two non-isomorphic graphs of the form H(n;q,n1,n2,n3,n4) are Laplacian

cospectral.

Proof Suppose that G’ =

H(n;q',n},nh,nk,n}) is Laplacian cospectral to G = H(n; ¢, n1,n2, ng, ny).

From Lemma 2.12, we have ¢ = ¢/, then ny + ng +ns +ng = nj +nh +nf +n}. In the following,

we prove that G and G’ are isomorphic.

We consider the coefficient I,,_o of ¢(G, ) and the coefficient I, of ¢(G’
3.1, we can get l,_o of ¢(G) and I, of ¢(G’).

(1)1 =gl

n1+n2+n3+n4)3—

x). From Lemma

(ningng + ningna + ningng + nonsng)+

1
5‘1(”1 +ng +n3 +n4)? + (1 — g)(ning + ning + ning + nanz+

nany + ngng) + (

2 6

L= 5 a4 ng )] + S p(@
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1
n—27y/ ! / / / /\3 AW /AW /AN /]
(=D)" "l =¢'[=(n] + nh + ng + ny)” — (ningng + ningng + ningny + noniny)+

6
1
3@ (01 + b+ n +n)? + (1= ) (ninh + nin + nind + npny+
1 1
ninl +ngny) + (54 = £)(y +ng + g+ 0]+ D p(P),

where the summation is over all sub-forests ® (resp., ') of G (G’) with n —2 (or n’ — 2 ) edges
obtained by deleting two edges both from C, in G (G’).
Because ¢ = ¢',nq1 +ng+ng+ng = nf +nb+ns+n}, S p(®) =S p(®’), and (—1)" 21,9 =
(—=1)"=2l!,_,, we have
(ninans + ningng + ningng + nangna) — (1 — g)(nine + nang + nina+
nang + nang + n3ng) = (ninyny + ninyny + ninsn + njnin’)—
(1= q)(nyng + ning + nyn) + nong + ngng + nznj). (15)
From Lemma 3.2, we can get ¢(G,4) and ¢(G’,4) as follows
6(G, 4) =(32 — 128¢ — 32(—1)))nynongng + (16 — 48q — 16(—1)7)-
(n1nans + ninang + ninsng + nangng) + (8 — 16g — 8(—1)9)-
(ning + ning + ning + nong + nong + nynyg) + (4 — 4g—
4(=1)1) - (n1 +no +nsg +nq) +2 —2(—1)%,
O(G',4) =(32 — 128¢' — 32(—1)7 ) nynin} + (16 — 48¢" — 16(—1)7)-
(nynhnl + ninhn) + ningn) + npnn}) + (8 — 164 — 8(=1)7):
(nyng +nimy 4+ nyn) + ngni + noniy + ngnk) + (4 — 4¢'—
A(=1)T) - (n +ny +nh +nh) +2—2(~1)7.
Because ¢(G,4) = ¢(G',4), ¢ = ¢/, we have

(4 —16g — 4(—1)9)ninangng + (2 — 6¢ — 2(—1)?)(n1nang + ninong+
ninsng + nansgng) + (1 — 2¢ — (—1)9)(n1ne + ning + ning + nons+
nong + nang) = (4 — 16g — 4(=1)")nynynin} + (2 — 6¢ — 2(-1)7)-
(ningng + ningny + ningny + nangny) + (1 — 2 — (=1)9) (niny+
ning + ning + nong + nonly + ngny). (16)
Because the graphs G and G’ have the same Laplacian characteristic polynomials, that
is, ¢(G) = ¢(G’), by (14) we have f(ny,n2,n3,n4;y) = f(ny,nbh,nk,n};y). Without loss of
generality, assume that n; < ng < ng < ng and nf < nf < nf < nj, then the smallest degrees of
all items of the polynomials f(n1,na, n3,ng;y) and f(n}, nh, ns, ny;y) on variable y are 2 4+ 2n,
and 2 + 2n/, respectively. Then ny = nf.
Because ny +mng+ng+ng = nj +nh+nk+nj, by (15) and (16), we can deduce the following

equations (17) and (18):

nansng + (n1 — 1+ q)(nans + nang + ngny)
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= noniny + (n1 — 14 q)(nyns + nyny + nyny), (17)

[n1(4 —4(—1)7 — 16¢) + (2 — 2(—1)? — 16q)|nangng + [n1(2 — 2(—1)7—
6q) + (1 — (=1)? — 2¢)](nan3 + nang + ngny) = [n1(4 — 4(-1)? — 16¢)+
(2 —2(=1)7 = 16q)|nynin} + [n1(2 — 2(=1)? — 6¢) + (1 — (—1)? — 2¢)]:
(ngnj + nony + ninj). (18)
By solving the above two equations, we get that
nansng = nhninj,
nang + nang + ngng = nhnk + nhnl + ninl.
Let
4 4
A= an = Hn;, B = Z nin; = Z n;n.
i=2 i=2 2<i<j<4 2<i<j<4

Obviously, ne, n3, ny and njh, nk, n) are the roots of the following equation, respectively,
3 —(n—q—mn1)z? +Bx—A=0.

Hence the graph G’ and G are isomorphic. Thus this theorem is proved. [

Theorem 3.4 Graph H(n;q,n1,ne2,ns,n4) is determined by its Laplacian spectrum.

Proof Let G = H(n;q,n1,n2,ns,ng). Assume that G’ is Laplacian cospectral to G. By Lemma
2.12, G’ is a connected unicyclic graph with n vertices, n edges and cycle C,. Suppose that
G’ has :cg vertices of degree j, for 7 = 1,2,..., A, where A is the maximum degree of G'.
From Lemma 2.5, we obtain 7 < p1(G) = p1(G') < 7+ 3. Then A = di(G’) < 6. Because
max{r;(L,(G))} =4 fori=1,2,...,n— 1, by Lemma 2.3, then p;(L,(G)) < 4. By Lemma 2.2,
we can get o (L(G)) < p1(Ly(G)) < pi(L(G)), that is pa(L(G)) < 4. Then according to Lemma
2.6, d2(G") < p2(L(G")) = u2(L(G)) < 4. So, G’ has at most one vertex of degree greater than

4. Therefore, by (i), (ii) and (v) of Lemmas 2.1 and 2.12, we can get the following equations:

i+ ah+xh+x+1=n,
xh + 2xh + 3xh + 4aly + A = 2n,

20
o + 220k + 3%ah + 4% + A2 =4+ 6%+ (n —5) - 22, (20)
xh 4+ 232, + 332k + 432, + A2 =4+ 6%+ (n—5) - 23
By solving Eqgs. (20), we get the following result.
d = 1AP BN BA g
_ 1 19
why =n— $ A3 +4A% — DA 416, 1)

o= 1AP ZIA2 4 TA - U,
Py =11— 1A%+ A2 - UA

Now we consider the following cases.

Case 1 If A =1, then 2} = —1,2, =n + 10,25 = —20,2) = 10.
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Case 2 If A =2, then 2] = 0,25 =n + 9,24 = —20,z) = 10.

Case 3 If A =3, then 2] = 0,25, =n + 10,24 = —21, 2, = 10.

Case 4 If A =4, then 2§ = 0,25 =n+ 10,24 = —20,z) = 9.

Case 5 If A =6, then 2} = 4,25, =n — 5,24 = 0,2, =0.

Because zf, x4, x4 and ) are nonnegative integers, we have A = 6. Therefore, G’ is
only the graph H(n;q',n},nb,n4,n}). According to Theorem 3.3, we can know that the graph
G' = H(n;q',ny,nh,n4,n}) is isomorphic to the graph G = H(n;q,n1, n2,ng,nq). Thus, the
theorem is proved. [J

For a graph, its Laplacian eigenvalues determine the eigenvalues of its complement [11], so
the complements of all unicyclic graphs H(n;q,n1,na, n3, n4) are determined by their Laplacian

spectra.
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