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Abstract This paper studies the variation of constant formulae for linear Caputo fractional
delay differential systems. We discuss the exponential estimates of the solutions for linear
time invariant fractional delay differential systems by using the Gronwall’s integral inequality.
The variation of constant formula for linear time invariant fractional delay differential systems
is obtained by using the Laplace transform method. In terms of the superposition principle
of linear systems and fundamental solution matrix, we also establish the variation of constant
formula for linear time varying fractional delay differential systems. The obtained results
generalize the corresponding ones of integer-order delayed differential equations.
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1. Introduction

In this paper, we consider the following linear time invariant Caputo fractional delay differ-

ential system

CDex(t) = Ax(t) + Bx(t — 1) + f(t), t>0, (1.1)
‘T(t) = (P(t), te [77-7 O] .
and linear time varying Caputo fractional delay differential system
CDYx(t) = A(t)z(t) + B{t)z(t — ) + f(t), t>0, (1.2)
z(t) = p(t), te[-70], '

where ©“ D%z (t) denotes an « order Caputo fractional derivative of z(t), 0 < a < 1, A, B are
n X n constant matrices, A(t), B(t) are n x n continuous function matrices, 7 is a constant with
7> 0, and f(t) is an n-dimensional continuous vector-valued function.

In the past few decades, the widely investigated subjects of fractional calculus and fractional-
order differential systems have remarkably gained importance and popularity due to its demon-

strated applications in numerous diverse fields of science and engineering. For more details on
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fractional calculus theory, one can see the monographs of Miller and Ross [1], Podlubny [2], Kil-
bas et al. [3] and Diethelm [4]. Fractional differential equations involving the Riemann-Liouville
fractional derivative or the Caputo fractional derivative have been paid more and more attention
in [1-22] and references therein. For example, Kilbas et al. [3] investigated the explicit solutions
of linear fractional ordinary differential equations based on the method of successive approxi-
mations. Odibat and Momani [5] discussed the approximate solutions of nonlinear fractional
order differential equations by using variational iteration method. Bonilla et al. [6] discussed the
explicit solutions for linear fractional ordinary differential equations employing the exponential
matrix function and the fractional Green function. Lakhmikantham [7] established the theory
of inequalities, local existence, extremal solutions, comparison results and global existence of
the solutions of fractional differential equations. In [10-12], the authors investigated the initial
value problem of impulsive fractional differential equations. Ahmad et al.[13,14] obtained the
existence results for boundary value problems of fractional differential equations by fixed point
theorems. Odibat [15] derived the exact solutions of linear fractional ordinary differential systems

by the analytical approaches.

On the other hand, time delay has an important effect on the stability and performance of
system. Recently, there has been increasing interest in the investigation of fractional differential
equations with delay [23—-28], due to their significance in both theory and applications. In [23—
26], some existence results of fractional differential equations with delay have been obtained by
using the different methods, such as fractional functional differential inequalities [23], method of
steps [24], fixed point theorem [25, 26].

As we all know, the Laplace transform method is an effective and convenient method for
solving linear integer order differential equations with constant coefficient. In [17,19], the Laplace
transform method was extended to solve fractional differential equations, in which the authors
focused especially on the non-delayed case for 7 = 0. In this paper, motivated by the above
mentioned works, we investigate the variation of constant formulae for system (1.1) and system
(1.2). Firstly, by using the Gronwall’s integral inequality [3], we derive the exponential estimates
of the solutions for system (1.1), which are basic to the applications of the Laplace transform [17].
Next, by using the Laplace transform method, we establish the variation of constant formula for
such system. In terms of the superposition principle of linear systems and fundamental solution

matrix, the variation of constant formula for system (1.2) is also obtained.

This paper is organized as follows. In the next section, we recall some definitions and
preliminary lemmas used in the paper. In Section 3, we derive the exponential estimates of the
solutions for system (1.1) by using the Gronwall’s integral inequality. In Section 4, the variation of
constant formula for system (1.1) is obtained by using the Laplace transform method. In Section
5, we establish the variation of constant formula for system (1.2) based on the superposition

principle of linear systems and fundamental solution matrix.

2. Preliminaries



Variation of constant formulae for Caputo fractional delay differential systems 551

In this section, some definitions about fractional calculus and preliminary lemmas are re-
called. For more details, one can see [1-4].

Throughout this paper, denote by C([—7,0],R™) the Banach space of all continuous func-
tions mapping the interval [—7,0] into R™. For any element ¢ € C([—, 0], R™), the norm || - || is
defined as [1¢1] = supge(_ro) o(0)]

Definition 2.1 ([2]) The Riemann-Liouville’s fractional integral of order p > 0 for a function
f:RY — R" is defined as

1 t
D7Pf(t :—/ t —s)P7Lf(s)ds,
10 = 77 | =975
where T'(+) is the Gamma function.

Definition 2.2 ([2]) The Caputo’s fractional derivative of order p (0 < m —1 < p < m) for a
function f : RT — R™ is defined as

CDpf(t) _ 1 ) /Ot(t—8)7”_1]_1]0(7”)(3)(15'

L(m—p
Remark 2.3 From Definition 2.2, the Caputo fractional partial derivative of o order 0 < o < 1

for a function f(t, s) can be defined as

a _0%f(t,s) 1 Lof,s) 1
D s)] = =5 = I‘(l—oz)/a o0 -0 (2.1)

Lemma 2.4 (Gronwall’s integral inequality [3]) If (¢) and u(t) are real valued continuous

functions on [a, b], and u(t) is a nondecreasing function on [a, b]. In addition, g(t) > 0 is integrable

on [a,b] with
(1) < ult) + / Cg(s)e(s)ds, ¢ € ],
then the following inequality holds '
2(t) < u(t)els 9909t e [a,b]. (2.2)

Lemma 2.5 (Existence and convolution of Laplace transform [3]) If f : [0,4+00) — R" is
measurable and satisfies
1)) < Me?", ¢ € [0, +00),

for real constants M and o, then the Laplace transform £[f(t)] defined by
+o0
L] = / et f(1)dt, s € C
0

exists and is an analytic function of s for R(s) > o, where R(s) represents the real part of the

complex number s, and C denotes the complex plane. If the function f x g is defined by

t
frg= [ 5= wgtudn
0
then £[f * g] has the following property

L[f x gl = £[f ()] £]g(t)]. (2.3)
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Lemma 2.6 (Inversion theorem of Laplace transform [3]) Suppose f : [0, +00) — R™ is a given
function, o > 0 is a given constant such that f is of bounded variation on any compact set and

f(#)e=7 is Lebesque integral on [0, +o00). Then, for any ¢ > o,

[fE) + £, >0,

o (2.4)

(c) T—+oo 21 c—iT

c+iT
£lfoletds = lm o | ﬂﬂmwwz{

N|—= N|—
~
~—~
(an)
T
~—

3. Exponential estimates and fundamental solutions of system (1.1)

In this section, we derive the exponential estimation of solution z(yp, f) for system (1.1)

depends on ¢ and f. These estimates are basic to the applications of the Laplace transform [17].

Theorem 3.1 If f(t) is continuous on [0,400), then there exists a positive constant o > 0, such
that the solution x(t) satisfies the exponential estimation

oTYt™
=) < [Iell + ¢

o e IFOI] s ¢2 0, (3.1)

Al+B
where ||F(8)]| = sup,cpo,q /(). M = Il
Proof By the method of steps which has been presented in [24], there exists a unique solution
to system (1.1).
Since f(t) is continuous on [0, 4+00), it follows from [23] that system (1.1) is equivalent to

the following Volterra fractional integral with memory

{mw=¢m+w;ﬁu—@%wm@HJh@—ﬂ+ﬂﬂw,tzm

(3.2)
z(t) = (), te[-7,0]

that is, every solution of (3.2) is also a solution of (1.1) and vice versa. Applying the appropriate

properties of the norm || - || and integral for ¢ > 0 gives
I _
@1 < llell + @/0 (t = o) ANz ()] + 1Blllx(s — )] + [ (s)ll]ds.

Let [ly(t)[| = supge(_r,0) lz(t + 0)[|. For 0 <t <7, one can obtain

[ o
Iy < llell + (o) /O (=) ANy + I BIHy()I + 1L/ () l]ds
t Al + 1Bl /t -1
= — _|F@O)|+ R = g) d
Il + sy 1P + o = [ =9 yt)lds.
where [|[F(t)| = supsepo,q ||/ (s)]|. Obviously, one can introduce a nondecreasing function u(t) as

«

t
t) = —||F'(¢t te|0,7].
u(t) = el + 55 1 F O te 07
An application of Lemma 2.4 yields that

o)1 < el + sy

LAI+IBI 4o
)

IF@l]e T, e [o,7].
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Taking M = %, we have

(0%

t
B < [ ' F } e 0, 7]. 3.3
ly@)| < ||<P||+F(a+1)\| Il te[0,7] (3-3)
Moreover, the same argument implies the following estimation
(t—to)* M(t—t
t<[t 7F](°,tet,t .
ly@I < |lly( O)”+F(a—|—1)” ol [to, to + 7]
Next, we need to prove that
ot
1) < —|| F(¢ 7t te0,T*], VT* >0 3.4
(@ < [lell + Feo e 1F@I]es € 10,7, v >0, (3.4)
where 0 > M + 77%. According to (3.3), we know that (3.4) is true for ¢ € [0, 7]. Assume that
(3.4) is true for t € [0,k7],k > 1. By this hypothesis, we need to prove that (3.4) is true for
€10,(k+1)7]. For t € [r,(k+ 1)7], we denote t; =t — 7 € [0, k7], then it yields

(0 < [Iyten)l + F ] e

Iyt + ﬁnmnw

ot (t = T)NEFE = 1) o—rye | TOIE@)]]
el + a1 * Taxn S
or(t — )| F(t — T)||]€a(t—r)“+MT“ i T F(t )H}

ol
{
< { ol + "% e
{
[

MNa+1)
[t
< [iell + (F( N )*;\ija||F<t>|}e“
< el + s POl (35)

From the above analysis, we have three cases as follows:
Case 1 When (k+ 1)7 = T*, we know that (3.4) is true.

Case 2 When 0 < T* — (k + 1)7 < 7, we will prove (3.4) is true for ¢ € [r,T*]. For ¢ € [r,T*],
we denote t; =t —7 € [0,T* — 7] C [0, (k + 1)7], and we can use the same proof as in the proof
of (3.5) to finish the theorem.

Case 3 When T* — (k + 1)7 > 7, we can repeat the above process until the condition of Case
2 is satisfied.

Since T* is arbitrary, we know that (3.4) holds on [0,+00). Therefore, the proof of the
theorem is completed. [J

Next, we consider the fundamental solution and characteristic equation for linear fractional

homogeneous equation of the form

CD%(t) = Az(t) + Ba(t—7), t>0, 0<a<1. (3.6)
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The fundamental solution of the homogeneous system (3.6) is defined as follows:

Definition 3.2 Assume that X (t) € R"*". If X (t) satisfies
DX (t)= AX(t)+ BX(t —T),

I, t=0 3.7
Xl 1 t=o (37)
0, te[-70),
then X (t) is called the fundamental solution of system (3.6).
The characteristic equation for equation (3.6) is obtained from the equation by looking for
nontrivial solution of the form es'u, where u is an n-dimensional vector. Equation (3.6) has a

nontrivial solution et if and only if
H(s)=:s*T—A—Be " =0. (3.8)
Theorem 3.3 If X (t) is the fundamental solution of system (3.6), then X (t) satisfies
X(t) = £7 s TH(s)). (3.9)

Moreover, if there exists a positive number ¢ satisfying ¢ > o, then X (t) can be further repre-
sented as
X(t) = / s LH(s)etds, t >0, (3.10)
(e)

where £ denotes the inverse Laplace transform, and o is the exponent associated with the
bound on X (t) in Theorem 3.1.

Proof Since X () satisfies the exponential bounds in Theorem 3.1, £]X (¢)] exists and is analytic
for R(s) > 0. The Laplace transform of an a order Caputo fractional derivative of function z(t)
is (see [3])

LD (t)] = s*£]z(t)] — s*'2(0), 0<a<1.

Taking the Laplace transform with respect to ¢ in both sides of system (3.6), we have
s L[x(t)] — s*12(0) = AL[x(t)] + BL[x(t — 7).

It follows from the properties of integral that

“+o0 0
Lzt —71)] = / e Sta(t —7)dt = e 5 L]x(t)] + 6757/ e St (t)dt.
0 —T
Note that X (0) = I and X(t) = 0,¢ € [—7,0). Then we have
[s“T — A — Be " £[X ()] = s 1,

which implies that
X(t)= £ [s* T H1(s)].

Since X (t) is of bounded variation on compact sets and continuous for ¢ > 0, applying the inverse

Laplace transform (Lemma 2.6), we obtain

X(t) :/ s LHT(s)eds, t > 0.
(c)
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Therefore, the proof is completed. [J

4. Variation formula for system (1.1)

In this section, we derive the variation of constant formula for linear time invariant Caputo
fractional delay differential equation.
In terms of the fundamental solution X (¢) of system (3.6), the general solution z(t, ¢, 0) for

system (3.6) can be represented in the following theorem.

Theorem 4.1 If X(¢) is the fundamental solution of system (3.6), then the general solution
z(t,,0) of system (3.6) can be represented in the following form

0 — T — a—1
x(t,,0) = X (t)p(0) + B/ (@D X))t —0) + (tpm)@

-7

Ile@ds. (4.1

Proof Applying the Laplace transform to system (3.6), we have
s £L[z(t)] — s 1p(0) = AL[x(t)] + BLx(t — 7)]. (4.2)

Applying the properties of integral, it is easy to obtain

+o0 0
Lzt —71)] = /0 e Stx(t — 7)dt = e T L[x(t)] + e 5T / e Stp(t)dt. (4.3)

Combining (4.2) with (4.3) yields that

0
[s°T — A — Be™*"]£[x(t)] = s* 1 p(0) + Be*”/ e o(t)dt.

Note that H(s) = s*I — A — Be™*" and s* " 'H~1(s) = £[X(t)], one can get
0
£Llz(t)] = £1X(t)]e(0) + £[X(t)]lefae*”/ e o(t)dt. (4.4)
In order to apply Lemma 2.5 to the second term of the right in (4.4), we define a function w(-)

and extend the initial function ¢(-) as follows:

_J o, t>o, n_ ) »(0), =0,
“(t)_{ 1, tel-70), “’(t)_{ o(t), te[-T,0).

Therefore, we have

0 “+o0
£[X(t)]lef"‘e*”/ e*Stgo(t)dt:lef"i’[X(t)]e*ST/ e S o(t)w(t)dt

—+oo
= Bs' @ £[X(t))] / e Sp(t — Tw(t — 7)dt
0
= Bs'"L[X (1)) L[p(t — T)w(t — 7T)].
According to [3], for « € (0,1), one can get the following equalities

LIODTOX)(1)] = sTTULX ()] - sTOX(0), s L ()] = LD ().
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Thus, (4.4) is equivalent to

£[2(0)] = £1X(O)p(0)+ BLC D X (O] £[p(1—r)olt—r)]+ BE{ D~ [pt—r)ult—r)] }. (45)
Lemmas 2.5 and 2.6 applied to (4.5) yields the form

z(t) = X(t)p(0) + B [(CDl_O‘X)(t)] * [gb(t — T)w(t — T)] + BD™ ¢ [@(t —T)w(t — T)}

= X(#)p(0) + B/Ol [(CDl_aX)(t —-s)+ (t}(so):;_l &(s — T)w(s — 7)ds
T —_ s a—1
= X(1)p(0) + B/O [(CplfaX)(t —8)+ (tr(a))f]go(s — 7)ds. (4.6)

Let s = 7 + 6. Hence, it follows from (4.6) that
0 o t—71—0)>t
z(t) = X (t)p(0) + B {(CD1 X)(t—7—-0)+ (rm)

-7

1] o (6)d6.

The proof is completed. [
Based on the Laplace transform method, we derive the variation formula for linear nonho-

mogeneous time invariant Caputo fractional delay differential equation.

Theorem 4.2 If f(t) is continuous on [0,+00) and exponentially bounded, X (t) is the fun-
damental solution of system (3.6) and x(t,,0) is a solution of system (3.6), then the solution
x*(t, @, f) of system (1.1) can be represented in the following form

t
z*(t, ¢, f) = x(t, ,0) + D™ f(t) + / (“DX)(t — 5) f(s)ds. (4.7)
0
Proof Taking the Laplace transform with respect to ¢ in both sides of system (1.1), we have
s L[z*(t)] = s*7Hp(0) = AL ()] + BL(t — )] + LIF(1)].

Note that H(s) = s*I — A — Be " and s* 'H~1(s) = £[X(t)], one can get
0
£l (t)] = £1X ()] (0) + f[X(t)]BSl*a@*ST/ e~ p(t)dt + s T LX) L[F (1)

—T

According to the proof of Theorem 4.2, we have
L[z*(1)] = Llz(t)] + s T LX O] LIf ()] (4.8)
It follows from [3] that the following relations
L(ODX) ()] = 8" L[X ()] = s7OX(0), X(0) =1, sTL[f(1)] = £ID7f (1),
which imply that equality (4.8) can be presented in the following manner
£z ()] = £lz()] + L[(CD O X) O] LLF ()] + £[D™f(1)]. (4.9)

The convolution theorem and inverse theorem of the Laplace transform applied to (4.9) yields

the form .
z*(t, ¢, f) = x(t,0,0) + D™ f(2) +/O (CDX)(t — 5) f(s)ds.

The proof is completed. [
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According to Theorems 4.1 and 4.2, we can get the general solution expression of time-

invariant Caputo fractional delay differential system (1.1).

Corollary 4.3 If f(t) is continuous on [0, +00) and exponentially bounded, X (t) is the fun-
damental solution of system (3.6), then the general solution x*(t,p, f) of system (1.1) can be
written as

0 —7—0)*"!
(o f) :X(t)(p(O)—i—B/ [(ch—aX)(t_T—H)—f—(tr(a)e)

-7

I|p(0)do+

D™f(t) + /01 (DX (t — s) f(s)ds.

5. Variation formula for system (1.2)

In this section, we establish the variation formula for system (1.2) in terms of the superpo-
sition principle of linear systems and fundamental solution matrix.

Consider the following two time varying Caputo fractional delay differential systems

DY (t) = A(t)z(t) + B(t)z(t — ) + f(t), t>0, (5.1)
z(t)=0, te[-70] .
and
{ CDox(t) = A(t)x(t) + B(t)z(t —7), t>0, 52)
z(t) = o(t), te][-1,0].

The following lemma can be derived from the superposition principle of linear systems.

Lemma 5.1 If x1(t), z2(t) are the solutions of systems (5.1) and (5.2), respectively, then
x(t) = x1(t) + z2(t) is the solution of system (1.2).

Definition 5.2 Assume that X (t,s) € R"*™. If X(t,s) satisfies
CDYX(t,s) = A(t)X(t,8) + B(t)X(t — 7,5), t>s,
I t= 5.3
it { t=s 5.

0, t<s,

then X(t,s) is called the fundamental solution matrix of system (5.1).
Theorem 5.3 If X(t,s) is the fundamental solution matrix of system (5.1), then

x(t) = /OtX(t,s)D_o‘[f(s)}ds (5.4)
is the solution of system (5.1).

Proof Let G(t,s) = X(t,s)D~*[f(s)]. It follows from Definition 2.2 that
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t 4
_ F(ll—a)/o 0 _19)a(;19[/0 G (6, 5)ds|do

- F(ll— o) / t —le)a | /00 2 as Jim G(0.5)]ap (5.5)

Exchanging the integral order of the first term of the right in (5.5) yields

¢ 1 8G95 1 8G95
/oosfe)a[/o de‘/ds/ (t—0) 6,

which implies that (5.5) is equivalent to

CDOa(t) = /0 t (9D} 6t )] as + ﬁ /O t lim G0, s)ﬁde. (5.6)
On the one hand, from Definition 5.1, we can get
/0 [SD?G(t, s)}ds :/0 [SCD;*X(t, s)D“’[f(s)]}ds
= [ [ep"x.9p 115 as
/t X(t,s)+ B(t)X(t —7,5)| D™ “[f(s)]ds

0

/ At e )]ds—i—/O_TB(t)X(t—T, $)D~°[f ()| ds+

From (5.4), we have
/0 t [SDSG(t, s)} ds = A(t)z(t) + B(t)z(t — 7). (5.7)

On the other hand, noting that ©D*[D=f(t)] = f(t), 0 < a < 1 (see [3]), we derive that

1 t 1
— = | lim GO,s)———db
F(l—a)/o Jim G6.) gy

1 t u 1
- m/o Ay X @D <S>]m‘”
Ti—a) / X(0,6)D ( 9) e dl

—a 1
i m/o S

According to Definition 2.2, we get

# ¢ ‘m 5# :C «@ —a _
r(l_@/osLeG("a g0 = DD W] = S0 (5.8)
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Combining (5.6) with (5.7) and (5.8), we find that

() = /O X(t, s)D=°[f(s)]ds (5.9)

is the solution of system (5.1). The proof is completed. OJ
From Lemma 5.1 and Theorem 5.3, we can get the variation formula for time varying Caputo

fractional delay differential system (1.2).

Theorem 5.4 If X(t,s) is the fundamental solution of system (5.1) and x(t, ¢, 0) is a solution
of system (5.2), then the general solution x*(t, ¢, f) of system (1.2) can be represented in the

following form
t
2t o, f) = 2t 0,0) + / X(t, 5) D[ (s))ds. (5.10)
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