Journal of Mathematical Research with Applications
Sept., 2014, Vol. 34, No. 5, pp. 608-618
DOI:10.3770/j.issn:2095-2651.2014.05.011
Http://jmre.dlut.edu.cn

Convergence Properties for Arrays of Rowwise ¢o-Mixing
Random Variables

Xijaoqin LI
School of Mathematical Science, Anhui University, Auhui 230039, P. R. China

Abstract Convergence properties for arrays of rowwise ¢-mixing random variables are s-
tudied. As an application, the Chung-type strong law of large numbers for arrays of rowwise
p-mixing random variables is obtained. Our results extend the corresponding ones for inde-
pendent random variables to the case of ¢-mixing random variables.
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1. Introduction

Let {X,,,n > 1} be a sequence of random variables defined on a fixed probability space
(Q,F, P). We say that the sequence {X,,, n > 1} satisfies the strong law of large numbers if
there exist some increasing sequence {a,,n > 1} and some sequence {c,,n > 1} such that

1 &
—Z(Xl —¢)— 0 as. asn — oo.
In i

Many authors have extended the strong law of large numbers for sequences of random
variables to the case of triangular array of random variables and arrays of rowwise random
variables. In the case of independent random variables, Hu and Taylor [1] proved the following

strong law of large numbers.

Theorem 1.1 Let {X,;,1 <1i <mn,n > 1} be a triangular array of rowwise independent random
variables. Let {a,,n > 1} be a sequence of positive real numbers such that 0 < a,, T co. Let g(t)
be a positive, even function such that g(|t|)/|t|? is an increasing function of |t| and g(|t])/|t|P**

is a decreasing function of |t|, respectively, that is,

g(th) o gt
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for some nonnegative integer p. If p > 2 and

EX,; =0,
nz::l P b (@) =
> (;

n=1 1

n . k
B <
=1 n

where k is a positive integer, then

1 n
—ZXM- —0 a.s. asn — oo. (L.1)

a
=1

Zhu [2] generalized and improved the result of Hu and Taylor [1] for triangular arrays of
rowwise independent random variables to the case of arrays of rowwise p-mixing random variables.
Wang et al. [3] generalized and improved the result of Hu and Taylor [1] to negatively associated
and linearly negative quadrant dependent random variables. Shen [4] provided some sufficient
conditions to prove the strong law of large numbers for arrays of negatively orthant dependent
random variables. Shen and Hu [5] obtained some strong law of large numbers for arrays of
rowwise p-mixing random variables under some simple and weak conditions. Inspired by Zhu
[2], Shen [4], Shen and Hu [5] and other papers above, we investigate convergence properties for
arrays of rowwise ¢-mixing random variables. Firstly, let us recall the definitions of sequence of
p-mixing random variables and array of rowwise ¢-mixing random variables.

Let {X,,n > 1} be a sequence of random variables defined on a fixed probability space
(Q,F,P). Let n and m be positive integers. Write F/* = o(X;,n < i < m). Given o-algebras
B,R in F, let

¢(B,R) = sup |P(B|A) — P(B)|.
A€eB,BER,P(A)>0

Define the @-mixing coefficients by
p(n) = sup p(FF, F,), = 0.
E>1

Definition 1.2 A sequence {X,,,n > 1} of random variables is said to be a p-mixing sequence
if p(n) 4 0 as n — oo.

An array {X,;,t > 1,n > 1} of random variables is called rowwise p-mixing random vari-
ables if for every n > 1, {X,;,7 > 1} is a sequence of p-mixing random variables.

p-mixing random variables were introduced by Dobrushin [6] and many applications have
been found. See for example, Dobrushin [6], Utev [7] and Chen [8] for central limit theorem,
Herrndorf [9] and Peligrad [10] for weak invariance principle, Utev [11] for weak convergence
rate, Sen [12,13] for weak convergence of empirical processes, Peligrad [14] for Ibragimov-Iosifescu
conjecture, Shao [15] for almost sure invariance principles, Hu and Wang [16] for large deviations,
Wang et al. [17] for Hdjek-Rényi-type inequality and the strong law of large numbers for p-mixing
sequence, and so forth.
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Our goal in this paper is to study convergence properties for arrays of rowwise @-mixing
random variables. As an application, the Chung-type strong law of large numbers for arrays
of rowwise ¢-mixing random variables is obtained. We will give some sufficient conditions for
the strong law of large numbers for an array of rowwise ¢-mixing random variables without
assumption of identical distribution. The results presented in this paper are obtained by using
the truncated method and the classical maximal type inequality of ¢-mixing random variables
(Lemma 1.3 below).

Throughout the paper, let I(A) be the indicator function of the set A. C' denotes a positive
constant which may be different in various places.

The following lemma is useful for the proofs of the main results.

Lemma 1.3 ([17, Lemma 1.7]) Let {X,,n > 1} be a sequence of p-mixing random variables
satisfying Y oo | ¢'/?(n) < oo. Assume that EX,, =0 and E|X,|? < co for some q > 2 and each
n > 1. Then there exists a constant C' depending only on q such that

J n n
;Xi q) < C{;E|Xi|q + (;EXZ?)Q/Q}

E( max
1<j<n

for every n > 1.

2. Main results and their proofs

In the section, we assume that {X,;,7 > 1,n > 1} is an array of rowwise p-mixing random
variables with mixing coefficients {¢(n),n > 1} in each row. We will provide convergence
properties for arrays of rowwise p-mixing random variables. As an application, the Chung-type

strong law of large numbers for arrays of rowwise p-mixing random variables is obtained.

Theorem 2.1 Let {X,;, ¢ > 1,n > 1} be an array of rowwise p-mixing random variables
satisfying Yoo | ¢1/23(n) < oo with EX,; = 0,4 > 1, n > 1 and {a,,n > 1} be a sequence of
positive real numbers. Assume that {g,(t),n > 1} is a positive sequence of even functions such
that g, (|t])/|t] is an increasing function of |t| and g, (|t|)/|t|P is a decreasing function of |t| for

every n > 1, respectively, that is

gn([t])
i

gn([t])
]

I }oas Jt 1

for some positive constant p > 1. If 1 < p < 2, we assume

then for any € > 0,
o0

Z P( lrSnjaSXn

n=1

1 J

> 5) < 0. (2.2)
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If p > 2, we also assume that (2.1) holds and

7“')2)”/2 < o0, (2.3)

oo n
X
> (B
n=1 i=1 "
where v Is a positive constant and v > p. Then for any € > 0, (2.2) holds. Moreover,

iZXM- — 0 a.s. as n — oo.
" i=1
Proof For fixed n > 1, define,
XM = X I (| Xi| < @), i1,
w_ 1
T = EZ (Xi(”) fEXi(”)) L i=1,2....n
i=1

It is easy to check that for any € > 0,

1 J

>e),

>€) C ( max | X |> an) ( max

1<i<n 1<j<n

< max
1<j<n

()

which implies

o)

). (2.4)

> 5) < P( max | X, |> an> +P( max
1<i<n 1<j<n

( max
1<j<n

1 ! X(n)
1 Zj:EX.(”)
In i '

By conditions EX,; =0, g,(|t])/|t| 1 as |t| T and (2.1), we have that

1 J
Ly e
R

< Z Egn nz) (|an| > an)

§ Xm
an ¢
i=1

<3 P(| X > an) + P( max | T > e max | L
=1

i B Xnil (| Xni| > an)

a’ﬂ,

max
1<j<n

P gn(an)
Eg,(X
<ZM—>O as m — oo.
i—1 gn(an
So we have _
1
max [— Y EX™| =0 as n— oo. (2.5)
1<j<n lay, <

Obviously, combining (2.4) with (2.5), we obtain that for n large enough,

oo 1 J o n oo
5 P £ 0] ) < S5 b 5

1i=1
Consequently, by (2.6), in order to prove (2.2), we need to show

SN P Xl > an) < 0 (2.7)

n=1 {=1

] €
T ’>§). (2.6)
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and

i (max \T( | > ) < 0. (2.8)

1<j<n

By gn(|t])/[t] T as |t| T, Markov’s inequality and (2.1), it follows that

>3 P(Xuil > an) < Zzp(gn<xm> > galan))

n=1 i=1 n=11i=1

which implies (2.7).

Meanwhile, it is a fact that {é(Xz(") —EXi(")), 1 <4 < j}is a sequence of p-mixing random
variables with same mixing coefficients. Next we prove that (2.8) holds for the case p > 2 and
1 < p < 2. For the case p > 2, by v > p and g, (|t])/|t|? | as |¢| T, it follows that g, (|t])/[t|” | as
[t| 1. So, we get by Markov’s inequality, C,’s inequality, Lemma 1.3, (2.1) and (2.3) that

rip<1r§nja§xn Tj(n)‘ ” %) = CEE(lrgjagan )| )
Scn_lalli{jz:;E’X(n) EX(" (ZE‘X(” EX(") )1)/2}
Z{ZIX (ZE)X“’ )"
gcia%zn:Elxnﬂv](\Xn]K% +CZ (ZE‘ n) 2)1)/2
n=1"m j=1
w0 n . )
<c3 S Il o R (Se()) <o

Hence (2.8) holds for the case p > 2.
If1 <p<2 by gu(t)/|t|? | as |t| T, Markov’s inequality, Lemma 1.3, and (2.1), it follows

S ™[> 2) < .- ( ")
;P(lrgjaﬁxn T ‘> C;E 1I£Ja§Xn|TJ |

So (2.8) holds for the case 1 < p < 2. Consequently, (2.8) holds for the case p > 2 and 1 < p < 2.
By (2.6)—(2.8), we obtain (2.2) immediately.
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On the other hand, by Borel-Cantelli Lemma, it follows that

J

1
max —E X,il >0 as. as n— oo.
Qp “

=1

1<j<n

So (1.1) holds.

Theorem 2.2 Let {X,;, ¢ > 1,n > 1} be an array of rowwise p-mixing random variables
satisfying > oo ¢'/?(n) < oo and {a,, n > 1} be a sequence of positive real numbers. Let
{gn(t),n > 1} be a nonnegative sequence of even functions such that g,(|t|) is an increasing
function of |t| for every n > 1. Assume that there exists a constant « > 0 such that g, (t) > at
for0<t<1.If

i zn: Egn ()Z:) < o0, (2.9)

n=1 i=1

then for any € > 0, (2.2) holds.

Proof We use the same notation as that in Theorem 2.1. By the proof of (2.6) in Theorem 2.1,
we have to show that (2.5), (2.7) and (2.8) hold under the conditions of Theorem 2.2. Firstly,
by the conditions that g, (t) > at for 0 < ¢t < 1 and (2.9), we have that

1 ! (n) - |Xn1‘

S Y Ex™| < E(—I Xl < ay, )

Zj i _Z:j (1 Xi] < an)

max
1<j<n

1 & Xni
S—ZEgn< m) —0 as n — oo.
e an

So (2.5) holds.
Secondly, for |X,;| > a,, > 0, we have g, (22t) > g,,(1) > a. By g,(|t|) 1 as [¢| 1, Markov’s

an

inequality and (2.9), we can get that

Hence (2.7) holds.
On the other hand, by Markov’s inequality, Lemma 1.3 with ¢ =2, g,,(t) > at for 0 <t <1
and (2.9), we get that

- (n) € — EXanI(|Xni|§an)
5 b 1] > 5) < 033 BRI

n=1 n=1i=1

— EX’MI Xni < n
CZZ | |(|an | < an)

n=1i=1

<C’iiEgn()§Zi> < 00.

n=1{=1

IA

Then we obtain (2.8). By (2.5), (2.7) and (2.8), we have (2.2) finally.
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Corollary 2.3 Let {X,;, i > 1,n > 1} be an array of rowwise p-mixing random variables
satisfying > oo | p*/?(n) < oo and {ay,, n > 1} be a sequence of positive real numbers. If there
exists a constant 8 € (0, 1] such that

oo
X. .8
>y p(H) <
then (2.2) holds.
Proof In Theorem 2.2, we take

In (t) =

It is easy to check that {g,(t),n > 1} is a sequence of nonnegative, even functions such that

t)?
1+ [¢]8’

0<pB<1, n>1

gn(]t]) is an increasing function of |¢| for every n > 1, and
1 1
gdﬂzgﬁzimo<t§L0<B§L
Therefore, we apply Theorem 2.2 and get (2.2) immediately. O

Theorem 2.4 Let {X,;, ¢ > 1,n > 1} be an array of rowwise p-mixing random variables
satisfying > oo | ©/%(n) < 0o and {a,, n > 1} be a sequence of positive real numbers. EX,; =
0, i > 1,m > 1. Let {gn(t),n > 1} be a sequence of nonnegative and even functions. Assume
that there exist 3 € [1,2] and a > 0 such that g,,(z) > az® for 0 < z < 1 and there exists a > 0
such that g,(x) > ax for x > 1. If (2.9) is satisfied, then for any € > 0, (2.2) holds.

Proof We also use the same notation as that in Theorem 2.1. By the proof of (2.6) in Theorem
2.1, we have to show that (2.5), (2.7) and (2.8) hold under the conditions of Theorem 2.4. Firstly,
by the conditions that EX,; =0, g,(x) > ax for z > 1 and (2.9), it follows

J
1 E EXx™
an i3 '

max
1<j<n

1 n
< ;ZE(\XMV(\XM > an))
- ZEgn( ) |X7L’L| > an)
ZEgn< m)—)O as n — oo
(6] =1 a

n

I A

IN

which implies (2.5).
Obviously, the conditions g, (z) > ax for x > 1 and (2.9) yield that

c© n 0o n ‘an|
ZP |X'm‘ > an < Z Z |an| > an)
n=1 i=1 n=1 i=

o0 n

é Z ZEQ"(%)IﬂXnH > ap)

n=1 =1

IN

IN
QI+
[M]8
&=
ESQ
/
o |
lE
N—
A
3
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which implies (2.7).
Meanwhile, by Markov’s inequality, Lemma 1.3 with ¢ = 2, g,(z) > ax? for 1 < 8 < 2,
0 <z <1and (2.9), it follows that

0 © n 2
(n) E) < EanI(|an| < an)
Zp(lgljaﬁxn T ’>2 _CZZ a?
n=1 n=1i=1 n
o~ N~ BXnil (1 Xi] < an)
coyy
n=111=1 n
<033 ()
n=11i=1 an
© n X
oSS <
n=1i=1 n

which implies (2.8). This completes the proof of the theorem. OJ

Corollary 2.5 Let {X,;, i > 1,n > 1} be an array of rowwise p-mixing random variables
satisfying > oo | ©/%(n) < 0o and {a,, n > 1} be a sequence of positive real numbers. EX,; =
0, ¢ > 1, n > 1. If there exists a constant 8 € (1,2] such that

SN B tr) <

i el XwlPT +an
then (2.2) holds.

Proof In Theorem 2.4, we take

[t

gn(t)

It is easy to check that {g,(t),n > 1} is a sequence of nonnegative, even functions such that
gn(Jt]) is an increasing function of |¢| for every n > 1. And
1 1
gn(x)zixﬂ, 0<x<1 1<p<2 and gn(x)zﬁx, x> 1.
Therefore, by Theorem 2.4, we can easily get (2.2). O
On the other hand, by Corollaries 2.3 and 2.5, we get the following important Chung-type

strong law of large numbers for arrays of rowwise p-mixing random variables.

Corollary 2.6 Let {X,;,i > 1,n > 1} be an array of rowwise @-mixing random variables
satisfying > o, ©'/%(n) < o0 and {an,n > 1} be a sequence of positive real numbers. Assume
that there exists some ( € (0,2] such that

co n Eanﬁ
>y Al <

n=1 =1

Let EX,; =0,i>1,n>1. Ifp e (1,2], then (2.2) holds. Furthermore, i S Xni — 0 as.

Theorem 2.7 Let {X,;, ¢ > 1,n > 1} be an array of rowwise p-mixing random variables
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satisfying Y oo ¢Y/%(n) < oo and {a,, n > 1} be a sequence of positive real numbers. Let
{gn(t),n > 1} be a nonnegative sequence of even functions. Assume that there exists an o > 0
such that g,(x) > ax for x > 0. If (2.9) satisfies, then for any € > 0, (2.2) holds.

Proof We also use the same notation as that in Theorem 2.1. By the conditions that g, (z) > ax
for x > 0 and (2.9), we have

1< " 1 <&
a;EXZ( ) = ?ZE|X7VL|I(|X7L’L‘ < an)

=1

1o Xoi
—E Egn( )—)O as n — 00,
e an

max
1<j<n

IN

which implies (2.5).
Obviously, the conditions g, (z) > ax for x > 0 and (2.9) yield that

55 Pt a0 = 35 Bl 5 )
n=11=1 n=1i=1
1 = " Xn1
<o L rm(Gr) <

which implies (2.7).
Meanwhile, by Markov’s inequality, Lemma 1.3 with ¢ = 2, g, (2) > ax for > 0 and (2.9),
it can be checked that

= n o E‘an|21(‘Xm| < n)
> P(ma [17] > 5) s 03y ==
< Ci zn: E‘Xm|f(|Xm| < ay)
n=11:=1 n
<O 3 B (SE) 1050 < )
n=1i=1 "
<CY Y B (SH) <o
n=1i=1 n

which implies (2.8). This completes the proof of the theorem. O

Theorem 2.8 Let {X,;, ¢ > 1,n > 1} be an array of rowwise p-mixing random variables
satisfying > oo ¢'/?(n) < oo and {a,, n > 1} be a sequence of positive real numbers. Let
{gn(t),n > 1} be a nonnegative sequence of even functions. Assume that there exist § € [2,00)
and o > 0 such that g,(z) > az® for x > 0. If

i zn: (Eg,,()izi))l/ﬁ < o0, (2.10)

n=1 =1

then for any € > 0, (2.2) holds.
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Proof We use the same notation as that in Theorem 2.1. One can see that (2.10) implies that

oo

Zzn:Egn()im) <0 (2.11)
n=1i=1 n
and -
3 (Egn<)§m))2/ﬁ < . (2.12)
n=1i=1 n

Firstly, by Holder’s inequality, g, (z) > az” for 3 > 2, 2 > 0, and (2.10), it follows

1 ()
- > EX|
=1

max
1<j<n

ln
< o Bl (X, < 00)

(B(Zel 1,01 < a)) "

Qan
= Xni
C (E In (

i

NE

1

.
Il

1/8

IN

)11 X0 < )

Qn

Il
—

(Egn<Xm))l/ﬁ —0 as n — oo,

GAp

-

<C

i=1

which implies (2.5).
Secondly, by the conditions g, (z) > ax?® for > 2, x > 0 and (2.11), it can be seen that
P( Xl > an) <Y ZE( 2l > an))

1 n=1i=1

<G b () <o

n=1 =1

n=11

which implies (2.7).
Meanwhile, by Markov’s inequality, Lemma 1.3 with ¢ = 2 and Hoélder’s inequality, g, (z) >
ax? for > 2,z > 0 and (2.12), we obtain that

o0 oo n 2
(n) E) < E|Xm| [(|Xm‘ < an)
> P 1] > 5) <03

n=1 n=11:=1 a%
<033 (P <)
< O35 (o ()10 < )
<oy 3 (o () <

3
Il
N
I
-

7

which implies (2.8). Therefore, by (2.5), (2.

EN|

) and (2.8), we obtain (2.2) finally. O

References

[1] T. C. HU, R. L. TAYLOR. On the strong law for arrays and for the bootstrap mean and variance. Internat.
J. Math. Math. Sci., 1997, 20(2): 375-382.



618
2]
3]

[4

(5]
[6]
[7]
(8]
(9]

[10]
(11]

(12]
(13]
14]
(15]
[16]

(17]

Xiaogqin LI

Menghu ZHU. Strong laws of large numbers for arrays of rowwise p*-mixing random variables. Discrete Dyn.
Nat. Soc., 2007, Art. ID 74296, 6 pp.

Jiangfeng WANG, Qunying WU. Strong laws of large numbers for arrays of rowwise NA and LNQD random
variables. J. Probab. Stat., 2011, Art. ID 708087, 10 pp.

Aiting SHEN. Some strong limit theorems for arrays of rowwise negatively orthant dependent random vari-
ables. J. Inequal. Appl., 2011, 2011:93, 10 pp.

Aiting SHEN, Shuhe HU. A note on the strong law of large numbers for arrays of rowwise p-mixing random
variables. Discrete Dyn. Nat. Soc., 2011, Art. ID 430180, 9 pp.

R. L. DOBRUSHIN. The central limit theorem for non-stationary Markov chain. Theory Probab. Appl.,
1956, 1: 72-88.

S. A. UTEV. On the central limit theorem for p-mixing arrays of random variables. Theory Probab. Appl.,
1990, 35(1): 131-139.

Dongching CHEN. A uniform central theorem for nonuniform yp-mixing random fields. Ann. Probability,
1991, 19(2): 636-649.

N. HERRNDOREF. The invariance principle for @-mixing sequences. Z. Wahrsch. Verw. Gebiete, 1983,
63(1): 97-108.

M. PELIGRAD. An invariance principle for ¢-mixing sequences. Ann. Probability, 1985, 13(4): 1304-1313.
S. A. UTEV. Inequalities for sums of weakly dependent random variables and estimates of the rate of
convergence in an invariance principle. “Nauka” Sibirsk. Otdel., Novosibirsk, 1984. (in Russian)

P. K. SEN. A note on weak convergence of empirical processes for sequences of w-mixing random variables.
Ann. Math. Statist., 1971, 42: 2131-2133.

P. K. SEN. Weak convergence of multidimensional empirical processes for stationary @-mixing processes.
Ann. Probability, 1974, 2(1): 147-154.

M. PELIGRAD. On Ibragimov-Iosifescu conjecture for ¢-mixing sequences. Stochastic Process. Appl., 1990,
35(2): 293-308.

Qiman SHAO. Almost sure invariance principles for mixing sequences of random variables. Stochastic Pro-
cess. Appl., 1993, 48(2): 319-334.

Shuhe HU, Xuejun WANG. Large deviations for some dependent sequences. Acta Math. Sci. Ser. B Engl.
Ed., 2008, 28(2): 295-300.

Xuejun WANG, Shuhe HU, Wenzhi YANG, et al. On complete convergence for weighted sums of p-mixing
random variables. J. Inequal. Appl., 2010, Art. ID 372390, 13 pp.



