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Abstract The main purpose of this paper is to study the growth of meromorphic solutions
of complex linear differential-difference equations

L(z, f) = ZZAij(Z)f(j>(Z +¢) =0 or F(z)

i=0 j=0
with entire or meromorphic coefficients, and ¢;,7 = 0,...,n being distinct complex numbers,
where there is only one dominant coefficient.
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1. Introduction and main results

In this paper, we assume that the readers are familiar with the standard notations and basic
results of Nevanlinna theory [1-3]. In the whole paper, let f(z) be a meromorphic function in
the whole complex plane. In addition, we use the notations o(f) and p(f) to denote the order

and the lower order of a meromorphic function f(z) respectively, and the notations

() = T B MOS) g r(f) = tim 2BM S

T—00 ra(f) T—oo rﬂ(f)

to denote the type and the lower type of an entire function f(z), respectively.
Recently, the research on analytic properties of meromorphic solutions of complex difference
equations has become a subject of great interest from the viewpoint of Nevanlinna theory [4-11].
In particular, in 2007, Laine and Yang [10] considered complex linear difference equations

and obtained the following theorem.

Theorem 1.1 ([10]) Let A¢(2),...,An(2) be entire functions of finite order such that among
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those having the maximal order 0 = maxo<k<n 0(Ag), exactly one has its type strictly greater

than the others. Then for any meromorphic solution f(z) (# 0) of
An(2)f(z +wn) + -+ Au(2) f(2 +wi) + Ao(2) f(2) = 0, (1.1)

where wy, . .. ,w, are distinct complex numbers, we have o(f) > o + 1.
In 2008, Tu and Yi [18] investigated the growth of solutions of a class of complex linear

differential equations and obtained the following theorem.

Theorem 1.2 ([12]) Let A;(z),j = 0,...,k — 1, be entire functions satisfying o(Ag) = o,
T(Ap) =7,0< 0 <00,0 <7 <00, andleto(A;) <o, 7(A;) <Tifc(4;)=0,j€{1,...,k—1}.
Then for every solution f(z) (£ 0) of

F® 4 Ap 1 (2)fF Y 4ok Ag(2) f(2) = 0, (1.2)

we have o(f) = 00, 02(f) = 0(Ap).

Note that in Theorems 1.1 and 1.2, when there is exactly one dominant coefficient among
those coefficients having the same maximal order, we may get the growth relation between
the solutions and the coefficients of complex linear difference equation (1.1) or complex linear
differential equation (1.2). We proceed in this way by combining complex differentials with
complex differences. In fact, we shall consider complex linear differential-difference equations as
follows.

We denote

n

ZA” f(J) Z + Cz)

1=0 j=0

where AggAno Z 0 and consider complex linear differential-difference equations

L(z, f) =0 (1.3)
and
L(z, f) = F(2), (1.4)
where ¢;,7 = 0,...,n are distinct complex numbers.

The first main aim of our paper is to investigate the growth of meromorphic solutions of the
homogeneous equation (1.3) with some coefficients having the same maximal order or maximal

lower order, and we obtain the following results.

Theorem 1.3 Let A;j(2),i =0,...,n,j =0,...,m be entire functions such that there exists

an integer | (0 <[ < n) satisfying
max{o(Ay) : (i,7) # (1,0)} < o(Ay) < oo, (1.5)

and
T = Il’laX{T(Aij) : O‘(Aij) = O'(Alo), (Z,]) 7& (l,O)} < T(Alo). (16)

If f(z) is a transcendental meromorphic solution of (1.3), then we have o(f) > o(Aj) + 1
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Theorem 1.4 Let A;j(2),i =0,...,n,j =0,...,m be entire functions such that there exists

an integer | (0 <1 < n) satisfying
max{o(A;) : (i,7) # (1,0)} < p(Aw) < oo, (1.7)
and
72 = max{7(Ay) : 0(Ayy) = p(Aw), (i, 7) # (1,0)} < z(Aw). (1.8)

If f(2) is a transcendental meromorphic solution of (1.3), then we have u(f) > pu(A4p) + 1.

Theorem 1.5 Let H be a complex set satisfying logdens{r = |z| : z € H} > 0, and let
Aij(2),1 =0,...,n,5 =0,...,m be entire functions. If there exist two constants ay, ag (0 <

ag < aq) and an integer | (0 <[ < n) such that for any given e (0 < & < a1 — aa),
|[Aio(2)| > exp{r**~°}, ze€H, (1.9)
[Ai; (2)] < exp{r®}, (i,5) # (1,0), z € H, (1.10)
then every transcendental meromorphic solution f(z) of (1.3) satisfies o(f) > ay + 1.

Theorem 1.6 Let A;;(z),i = 0,...,n,5 = 0,...,m be entire functions. If there exists an

integer [ (0 <1 < n) satisfying Ajo(z) is transcendental,

max{o(A4;;):i=0,...,n,7=0,...,m} < o(4p) < oo,

and
lim 227 1 1.11
T‘i)Iglo m(’r’,Alo) <7 ( )

O'(Alo) + 1.

then every meromorphic solution f(z)(% 0) of (1.3) satisfies o(f) >
Secondly, we consider the growth of meromorphic solutions of (1.3) with meromorphic co-

efficients and obtain the result as follows.
Theorem 1.7 Let A;;(2),i=0,...,n,7 =0,...,m be meromorphic functions such that there
exists an integer | (0 <1 < n) satisfying
max{o(Ai;) : (4,7) # (1,0)} < 0(Ay) < oo and (o0, Ag) > 0.
If f(2)(# 0) is a meromorphic solution of (1.3), then we have o(f) > o(Aj) + 1.
Thirdly, we turn to consider the growth of entire solutions of the non-homogeneous equation

(1.4). Note that the above results may not be guaranteed now even if there is only one dominant

coefficient. But we can obtain the similar results with some additional conditions.

Theorem 1.8 Let A;;(z),i =0,...,n,j =0,...,m,F(z) be entire functions such that there
exists an integer | (0 <1 < n) satisfying
b =max{o(4;j), (1,7) # (1,0),0(F)} < 0(Ajp) < 0. (1.12)

If Ajp(2) also satisfies one of the following conditions
(i) o(Aw) < 3;
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or (i) Aj(z) = 307, cn, 2™, where the sequence of exponents {\,} satisfies the Fabry

gap condition:

An
— = 00 1.1
- 0; (1.13)
or (iii)
T(r, Ay) ~log M(r, Ayp), m— 00, r¢ E, (1.14)

where E C (1,400) has finite logarithmic measure, then every transcendental entire solution
f(2) of (1.4) satisfies o(f) > o(Ajpg) + 1.
Finally, when the coefficients in (1.3) or (1.4) are polynomials, we obtain the following

results with the similar method as the one in [5, 6].

Theorem 1.9 Let A;j(2),i=0,...,n,j =0,...,m, F(z) be polynomials satisfying F' Ago Ano #
0. Then every transcendental meromorphic solution f(z) of the equation

ZZA” (2)f9)(z41) = F(z) (1.15)

=0 j=0

satisfies o(f) > 1.

Theorem 1.10 Let A;;(2),i =0,...,n,j = 0,...,m be polynomials satisfying AogAno Z 0

and Y. Ajo # 0. Then every transcendental meromorphic solution f(z) of the equation

ZZA” MNz+i)=0 (1.16)

1=0 5=0
satisfies o(f) > 1. Further, if
deg (ZAiO) = max{deg(4;;), 1 =0,...,n, j=0,...,m}, (1.17)
i=0

then every meromorphic solution f(z)(% 0) of the equation (1.16) satisfies o(f) > 1.

2. Lemmas for proofs of main results

Lemma 2.1 ([13]) (i) Let f(z) be a transcendental meromorphic function, I' = {(k1,j1),. -,
(km, jm)} be a finite set of distinct pair of integers which satisty k; > j; > 0 for i = 1,...,m,
and let & > 1 be a given real constant. Then there exists a set E C (1,4+00) that has finite
logarithmic measure, and there exist constants A > 0 and B > 0 that depend only on o and T,
such that for all z satisfying |z| ¢ E U0,1] and for all (k,j) € T, we have
FIGIOTPNELCIN)
F) :

(ii) Let f(z) be a transcendental meromorphic function with o(f) = o < 400, and let e > 0

log® rlog T'(aur, f))kij

be a given constant. Then there exists a set Ey C (1,+00) that has finite logarithmic measure,
such that for all z satisfying |z| ¢ Eq U [O7 1] and for all (k,j) € T', we have

|_| |k j)(o— 1+s)

’f(])
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Remark 2.2 Tt is shown in [14, P.66], that for an arbitrary complex number ¢ # 0, the following

inequalities

(1+o(W)T(r —lef, f(2)) <T(r, f(z+¢)) < (L+o(1)T(r + ], f(2))

hold as r — oo for a general meromorphic function f(z). Therefore, it is easy to obtain that

o(f(z+¢) =0o(f), ulf(z+c))=pn(f)
Lemma 2.3 ([7]) Let f(z) be a meromorphic function, n(# 0), n1,m2 (1 # n2) be arbitrary

complex numbers, and let v > 1 and € > 0 be given real constants. Then there exists a subset
E5 C (1,400) with finite logarithmic measure,

(i) and a constant A depending only on vy and n, such that for all |z| =r ¢ E2 U0, 1], we
have

T
f(z) r r
(ii) and if in addition that f(z) has finite order o, and such that for all |z| = r ¢ E2U][0, 1],

we have

log” rlog™ n(vr));

exp{—r? 1T} < |f jizl | <exp{ro~'Te}.

Lemma 2.4 ([11]) Let f(z) be a meromorphic function with u(f) < +oo. Then for any given
e > 0, there exists a subset E5 C (1,+00) having infinite logarithmic measure such that for all
|z| = r € E5, we have

T(r, f) < rif)te,

By Lemmas 2.1(i), 2.3(i) and 2.4, we obtain the following lemma.

Lemma 2.5 ([11]) Let f(z) be a transcendental meromorphic function with p = u(f) < 400,
1,2 be distinct complex numbers, and let (> 0) be given real constant. Then there exists a
subset E4 C (1,400) of infinite logarithmic measure such that for all |z| = r € E, and for all

(k,j) € T, we have

() 1502 < |51

(ii) exp{—ri=1+5} < |§éiZ§§| < exp{ritHe),
Lemma 2.6 ([7]) Let n1,n2 be distinct complex numbers, and let f(z) be a finite order mero-
morphic function. Let o be the order of f(z). Then for each € > 0, we have

f(z + 771) 1+
m(r, —=) = 0(r7 " 7%).
( flz+ 772)) )
Lemma 2.7 ([15]) Let f(z) be an entire function of order o(f) = o < % and denote A(r) =
inf|, =, log |f(2)[, B(r) = sup|,|=, log|f(2)|. Ifo <a < 1, then

log dens{r : A(r) > (cosma)B(r)} > 1 — %.

Lemma 2.8 ([16]) Let f(z) be an entire function with p(f) = p < 3 and p < o = o(f). If
p <6 <minfo,1} and § < a < %, then

log dens{r : A(r) > (cosma)B(r) > r°} > (0,4, a),
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where C(o,d,«) is a positive constant depending only on o, §, «.

Lemma 2.9 ([17]) Let f(z) = 377, cx, 2™ be an entire function of order 0 < o(f) < +oo. If
the sequence of exponents {\,} satisfies the Fabry gap condition (1.13), then for any § < o(f),
there exists a set E5 with positive upper logarithmic density such that for all |z| = r € Es5, we

have that log L(r, f) > r?, where L(r, ) = min|,_, | f(2)].

Lemma 2.10 ([11]) Let f(z) be an entire function of order 0 < o(f) = 0 < +00. Then for any
B < o, there exists a set Eg with positive upper logarithmic density such that for all |z| = r € Eg,
we have that log M (r, f) > 1P, where M(r, f) = max . | f(z)|.

Lemma 2.11 ([11]) Let g(r) and h(r) be monotone nondecreasing functions on [0, 400) such
that g(r) < h(r) for all r ¢ E; U0, 1], where E; C (1,400) is a set of finite logarithmic measure.
Let o > 1 be a given constant. Then there exists an ro = ro(a) > 0 such that g(r) < h(ar) for

all v > rg.

Lemma 2.12 ([19]) Let g(z) be a function transcendental and meromorphic in the complex
plane of order less than 1. Let h > 0. Then there exists an e-set FEg such that
g (z+c¢) g(z+¢)
g(z+¢) 7 ¢(2)
uniformly in ¢ for |¢| < h. Further, Eg may be chosen so that for large z not in Eg, the function

— 1 as z — oo in C\Ej,

g(z) has no zeros or poles in |( — z| < h.

Remark 2.13 ([11]) Following Hayman [20, P.75-76], we define an e-set to be a countable union
of open discs not containing the origin and satisfying the sum of subtending angles of these discs
at the origin is finite. If E is an e-set, then the set of r > 1 for which the circle S(0,r) meets
E has finite logarithmic measure, and for almost all real 6 the intersection of E with the ray

arg z = 6 is bounded.

3. Proofs of Theorems 1.3-1.10

Proof of Theorem 1.3 Suppose that f(z) is a transcendental meromorphic solution of (1.3)
satisfying o(f) < o(Aj) +1 < oo.
Set o1 = max{o(A4;;) : 0(A;;) < 0(Aw), (i,5) # (1,0)} < o0(Aip). In relation to (1.5) and
(1.6), for any given £(> 0) and sufficiently large r, we have that
|A”(2)| < GXp{T01+E}, if U(Aij) < O’(Al()), (31)

and
[Aij (2)] < exp{(m1 +e)r7 A0}, if 0(Ay) = o(Auw), (i,5) # (1,0). (3.2)

By Lemma 2.1 and Remark 2.2, there exists a subset E; C (1, +00) of finite logarithmic measure

such that for all z satisfying |z| =r ¢ [0,1] U E;, we have

|f;]()z(z_'_+cc)z) | < pi(a(flzte))—te Tj(”(f)fl)JrE, 1=0,...,n, j=1,...,m. (3.3)
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By Lemma 2.3, there exists a subset Ey C (1,+00) of finite logarithmic measure such that for
all z satisfying |z| = r ¢ [0,1] U Ey, we have
| f(z+a)
fz+a)

Then we can choose (> 0) sufficiently small to satisfy

| <exp{ro=1e} i=0,....n, i £1 (3.4)

max{al,a(f) — 1} + 2e < O'(Alo), 1+ 2 < T(Al()). (35)

Now, we divide (1.3) by f(z +1) to get

Az Z Z f(]) (z+c) fz+¢) i M (3.6)

ZC ZC ZC
= +) ta) o +a)
K

Substituting (3.1)—(3.4) into (3.6) results in

M(r, Ayy) <O(exp{r?**¢} + exp{(r1 + E)TU(A”))}) . exp{r”(f)_lJrE}-
rm(a’(f)—l)+67 (37)

where |z| = r ¢ [0,1] U By U Es, and |Ajp(z)] = M (r, Ajg). Then, (3.5), (3.7) together with
Lemma 2.11 imply that
T(Alo) <1 4+e< T(Alo) — &,

a contradiction.

Therefore, o(f) > o(Aj) + 1 holds. O

Proof of Theorem 1.4 We use the method similar to the one in the proof of Theorem 1.3
here. Suppose that f(z) is a transcendental meromorphic solution of (1.3) satisfying u(f) <
(Ap) +1 < oco.

Set 0o = max{c(4;;) : 0(Ai;) < p(Aw)(%,7) # (1,0)} < p(Ap). In relation to (1.7) and
(1.8), for any given £(> 0) and sufficiently large r, we have that

|A7,](Z)| S eXp{T‘02+E}, if J(Aij) < /J(Am), (38)
and
|4ij(2)] < exp{(r2 + e)r Mo}, if o(Aij) = p(Aw), (i, 5) # (1,0). (3.9)

By Lemma 2.5 and Remark 2.2, there exists a subset E5 C (1,+00) having infinite logarithmic

measure such that for all |z| =r € Es,

|M| < piu(h) -1+

o i=0,...,n, j=1,...,m (3.10)
and s
z+ ¢ _{ae . .
|fEZ+Cl§| §exp{r“(f) ey i=0,...,n, i #£1 (3.11)

hold simultaneously. Then we can choose (> 0) sufficiently small to satisfy

max{og, u(f) — 1} + 2e < p(Ap), 72+ 2e < z(An). (3.12)
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Now, substituting (3.8)—(3.11) into (3.6) results in
M(r, Ag) <O(exp{ro2*c} + exp{(ry 4 )r*(A0)}) . exp{rrf)—1+e).
(£ =1)+e. (3.13)
where |z| =1 € E3, and |Ajo(z)| = M(r, Ajp). Then, (3.12), (3.13) imply that

7(Aw) < lim log M (r, Ayo)

T—=00 TH(AZO)
rekEs

<m+e<t(Ap)—e,

a contradiction.
Therefore, pu(f) > p(Ap) + 1 holds. O

Proof of Theorem 1.5 Without loss of generality, we assume f(z) to be a finite order tran-
scendental meromorphic solution of (1.3).

Denote Hy = {r = |z| : z € H}. Since logdensH; > 0, H; is a set of 7 of infinite logarithmic
measure. Clearly, (3.3) and (3.4) hold for all z satisfying |z| = r ¢ [0,1]U Ey U E5, where E; and
E, are defined similarly as in the proof of Theorem 1.3. Substituting (1.9), (1.10), (3.3), (3.4)
into (3.6) yields that

exp{r™ <} < O(exp{r™*}) - exp{r7 145} priel-De,

where z € H and |z| = r € H1\([0,1] U By U E3). Consequently, o(f) > aq + 1 holds by the

assumption that a; > ag. O

Proof of Theorem 1.6 Without loss of generality, we assume f(z) to be a finite order mero-

morphic solution to (1.3).

It follows by Lemma 2.6 that for sufficiently large r and any given (> 0),

m(T, m) = O(Ta(f)71+€)? L= 07 17 REENLP i # L. (314)

The logarithmic derivative lemma and Remark 2.2 result in

U (2 + ¢;
(e 10+ ),

=0(l : 1
et o) O(logr) (3.15)
Substituting (3.14) and (3.15) into (3.6) yields that
m(r, Aw) < Y m(r, Ay) + 0D 1) 4 O(log 7). (3.16)

(4,5)#(1,0)
Then (3.16) and the assumption (1.11) result in o(f) > o(Ap) + 1. O

Proof of Theorem 1.7 Clearly, (1.3) has no nonzero rational solution. Now suppose that f(z)

is a transcendental meromorphic solution of (1.3) with o(f) < co. Set
s =max{o(A4;;): (i,7) # (1,0)} < o(Ap) =0 and (o0, Ay) =6 > 0. (3.17)

Thus, we have m(r, Ajp) > %JT(T, Ajp). By Lemma 2.6 and the logarithmic derivative lemma,



Meromorphic solutions of complex linear differential-difference equations 691

we see that for any given € > 0
f(z+a) (f-1+ey ; f9(z+ci) :
m(r, =0(r? Ni#£l, m(r,————=) = O(logr), 0.
" Ferey) = hidth mln T ey ) = Olesn). 7 #

Thus, we have

75T(r Aw) <m(r,
Sggm(r,xﬁlw)+§m(r,Az])+§;i=0m(, G ro)
> ) o)
o
< iiT(r, Ay) + Zm::r(r, Aj) + O =1Fe) 1 O(logr) (3.18)
=0 =1
(3.19)

(3.18), we can obtain that
(f) —1+¢}.

O'(Alo) < maX{U(Aij)a (Za.]) 7& (l7 O)a a
Then (3.17) and (3.19) result in o(f) > o(A;p) +1. O
Proof of Theorem 1.8 Without loss of generality, we assume f(z) to be a finite order tran-
). We divide (1.4) by f(z + ¢) to get

scendental entire solution of (1.
f(]) (z+a) flz+a) | f9+a)
—A + > Az -
. ZZ et fera) 2O R
z#l
F(z) [
. 2
) Tt a) (520
It follows by (1.12) that for all sufficiently large |z| =7,
ij(2)| < exp{r’*€}, (i.5) # (1,0), (3.21)

(3.22)

|A

|F(2)] < exp{r"*°}.

Since M (r, f) > 1, for all sufficiently large r = |z|, we have by (3.22) that
F(z) b+
‘M(T, f)| < |F(2)] < exp{r’™}. (3.23)
Moreover, (3.3), (3.4) hold for all |z| = ¢ [0,1] U By U Es
(i) If o(Ap) < %, then by Lemmas 2.7 or 2.8, there exists a subset E4 C (1,+00) having
infinite logarithmic measure such that for all |z| = r € E4, we have
|Ajo(2)| > exp{roAw)=¢}, (3.24)
(3.4), (3.21)-(3.24) into (3.20) yields that for all z satisfying |z|] = r €
(3.25)

Substituting (3.3),

EN([0,1]U Ey U Ey),
exp{r Ao 1 < JAp(2)] < O(exp{errE}) -exp{r"(f) It+ey prle(f)—1)+e
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Then (3.25) results in o(f) > o(Ajp) + 1.

(ii) By using Lemma 2.9 instead of Lemmas 2.7 or 2.8 in the proof of (i), we can prove (ii)
similarly.

(iii) Since m(r, Aj) ~ log M (r, Ajo) as 7 — oo,r ¢ E, by the definition of m(r, f), there
exists a set H C [0,27) having linear measure zero such that for all z satisfying argz = 0 €
[0,27)\H, we have

| Ao (re®)| > M(r, A)* =%, r— 00, r¢ E. (3.26)

By Lemma 2.10, for any given ¢ > 0, there exists a set E5 C (1,4+00) with positive upper
logarithmic density, such that

M (r, Ajg) > exp{roAw)=(e/2)}, (3.27)
By (3.26) and (3.27), for any given ¢ > 0 and for all z satisfying |z| = r € E5\E, and argz =
0 € [0,2m)\H, we have
| Ao (re™®)| > M(r, Ai)' == > (exp{r?(A0)= (/21172 5 exp{poldi)=e), (3.28)
Substituting (3.3), (3.4), (3.21)-(3.23) and (3.28) into (3.20) yields that for all |z| = r € Es\(FU
EyUE,), and argz = 6 € [0,27)\H, we have
exp{roA0) =l < | Ay (re’?)| < O(exp{r®*e}) - exp{ro-1+e} . prmlo(H=1)+e, (3.29)
Then (3.29) results in o(f) > o(Ap) + 1. O
Proof of Theorem 1.9 Without loss of generality, we suppose that f(z) is a finite order

transcendental meromorphic solution of (1.15). We divide this proof into the following two

cases.

Case 1 Suppose that f(z) has only finitely many poles. Now we suppose that o(f) < 1, then
o(f*®)) < 1,k € N. By Lemma 2.12, there exist e-sets G;,7=0,...,m — 1 such that

FI9D (G40 = o) fD (2 414), i=0,...,n, as z — oo in C\Gy, (3.30)

and

f(j)(z +i) = f(j)(z)(l +0o(1)), i=1,...,n, as z = oo in C\G;. (3.31)

Set Hy = {lz| =7 >1:2€ Gj},j=0,...,m—1, and H={J])' H;. By Remark 2.13,
Hy,Hy,...,Hp, 1 are of finite logarithmic measure, then so is H. By (1.15), we obtain that, as
|z2|=r¢ H,z — oo,

n

Ao (2(2)+ 3 Aa(E)(L+ o)+ 1 3 AoV = P (332)

Then we have

f(z) = — — . (3.33)
AO()(Z) + Z Alo(z)(l + 0(1)) + E Z Aij(Z)O(l)

=1 Jj=14=0
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Thus, noting that f(z) has only finitely many poles, we deduce from (3.33) that when |z| = r ¢
[0,1]UH,

T(r, f) =m(r, f) + N(r, f) = m(r, f) + O(log )
F

AOO + éAZQ(l + 0(1)) + il éAUO(l)
F

Ago+ 32 Aw(L+0(1) + 32 3 Ayyo(1)

i=1 j=14i=0

=m(r, ) + O(log )

<T(r, )+ O(log )

<T(r,F)+ Z T(r,A;j) + O(logr) = O(logr),
§=0 i=0

which contradicts the fact that f(z) is transcendental.

Hence, o(f) > 1 holds for Case 1.

Case 2 Suppose that f(z) is a meromorphic function with infinitely many poles. Since
F(z2),4Aj(2),i =0,...,n,j =0,...,m are polynomials, we see that there is a constant M > 0
such that all zeros of F'(z), Ai;(2),i=0,...,n,7=0,...,marein Eg = {z : |[Rez| < M, [Imz| <

Set D1 = {z : Rez > M}, Dy = {z : Rez < =M}, D3 = {z : Imz > My}, Dy = {2 :
Imz < —M;}, where M; = M +n. Since f(z) has infinitely many poles, we see that there exists
at least one of D, j =1,2,3,4, say Dy, such that f(z) has infinitely many poles in D;. Suppose
that a point zg € D; satisfies f(z9) = oo. Then, we claim that there exist i1 € {1,...,n} and
41 € {0, ,m} such that z94i; € Dy and fU")(25+4;) = oo, then f(zp-+i;) = co. Indeed, if not,
then by (1.15), there must be some j € {1,...,m} such that f)(zy) = co. However, f(z) and
fY(2) (j # i) have different pole multiplicities at zo, then (1.15) is a contradiction. Similarly,
there is a sequence {i4 : d = 1,...} satisfying ig € {1,...,n}(d=1,...), 20+ i1+ -+ iqg € Dy

and zg + i1 + - + ig are poles of f(z). Since |ig| < n for d =1,... and n is fixed, we see that
)\(%) > 1, consequently o(f) > 1.

If f(z) has infinitely many poles in D3 (or Dy), then we may use the similar method as
above.
If f(z) has infinitely many poles in Dy, then we can consider the other form of (1.15), that

is

ZZAij(z—n)f(j)(z—i-i—n) = F(z —n),
=0 j=0
and get a sequence {l;:d =1,...} satisfying I5 € {-1,...,—n}. So, )\(%) > 1, and o(f) > 1.

Hence, o(f) > 1 holds for Case 2. O

Proof of Theorem 1.10 Suppose that f(z) is a transcendental meromorphic solution of (1.16)
with o(f) < 1 and d(# 0) is a constant. Set g(z) = f(z) — d, then o(g) = o(f). Substituting
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f(z) = g(2) + d into (1.16) results in

ZZA 9D (2 +14) = —d(zn:Aio). (3.34)
=0

i=0 j=0
Since Y1 Ao # 0, we see that the coefficients of (3.34) satisfy the conditions of Theorem 1.9.
Hence, if f(z) is a transcendental meromorphic solution of (1.16), then o(f) > 1.

Now, it suffices to prove that (1.16) has no nonzero rational solution, when (1.17) holds.
Since Y1, Aio # 0, we clearly know that (1.16) has no nonzero constant solution. Now we

suppose that (1.16) has a non-constant rational solution

Cmz™ + Cm_12™ -+ o _
= =az™%(1 1 3.35
) = g = o), (335)

where a # 0,m,s € N;m + s > 1. Then, we have

fz+i) =az""°(1+0(1)), i=1,...,n, (3.36)

and
fOC+i)=0Em"), i=0,...,n, j=1,...,m. (3.37)

Substituting (3.35)-(3.37) into (1.16) results in

(i Aw)azm*s + Zn:(AiQO(aZ + i i AUO mis*l)) =0.
=0 =0

Jj=11

I§
o

Thus, we have

(zn:AiO) + i Aioo(1)) + i (Aijo(1)) = 0. (3.38)
=0 i=0

j=11=0

Since (1.17) holds, we see that (3.38) is a contradiction. Thus, (1.16) has no nonzero rational
solution. That is, every meromorphic solution f(z)(# 0) of (1.16) satisfies o(f) > 1 when (1.17)
holds. O
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