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Abstract In this paper, we study the commutativity of Toeplitz operators with radial symbols

on the pluriharmonic Bergman space. We obtain the necessary and sufficient conditions for

the commutativity of bounded Toeplitz operator and Toeplitz operator with radial symbol on

the pluriharmonic Bergman space.
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1. Introduction

Throughout the paper, we fix a positive integer n and let

Cn = C× · · · × C

denote the n-dimensional complex Euclidean space. For z = (z1, . . . , zn) and w = (w1, . . . , wn)

in Cn, we write

⟨z, w⟩ = z1w1 + · · ·+ znwn

and

|z| =
√
|z1|2 + · · ·+ |zn|2 =

√
⟨z, z⟩.

The open unit ball in Cn is the set

Bn = {z ∈ Cn : |z| < 1}.

The boundary of Bn is the set

Sn = {ζ ∈ Cn : |ζ| = 1}.

We denote by V the measure on Bn. The Bergman space L2
a(Bn) is the space of analytic

functions on Bn which are square-integrable with respect to measure V on Bn.
The reproducing kernel on L2

a(Bn) is given by

Kz(w) =
1

(1− ⟨w, z⟩)n+1
,
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for z, w ∈ Bn, then for every f ∈ L2
a(Bn),

f(z) = ⟨f,Kz⟩.

The Bergman space L2
a(Bn) is the closed subspace of L2(Bn, dV ). Then there exists the

orthogonal projection from L2(Bn, dV ) to L2
a(Bn)

Pf(z) = ⟨f,Kz⟩, f ∈ L2(Bn, dV ).

From [1], for a function f , we call f a pluriharmonic function if

DjDkf = 0, j, k = 1, 2, . . . , n,

where Dj =
∂
∂zj

, Dj =
∂
∂zj

.

The pluriharmonic Bergman space L2
h(Bn) consists of all pluriharmonic functions on L2(Bn, dV ).

Denote by Rz the reproducing kernel on L2
h(Bn), then for every f ∈ L2

h(Bn),

f(z) = ⟨f,Rz⟩.

Then we have

Rz(w) = Kz(w) +Kz(w)− 1, z, w ∈ Bn.

Obviously, L2
h(Bn) is the closed subspace of L2(Bn, dV ). The orthogonal projection from

L2(Bn, dV ) to L2
h(Bn) is as follows,

Qf(z) = ⟨f,Rz⟩, f ∈ L2(Bn, dV ).

The relation of P to Q is

Qf(z) = Pf(z) + Pf(z)− Pf(0).

2. Preliminaries

Let Q be the orthogonal projection from L2(Bn, dV ) to L2
h(Bn). We give the definition of

Toeplitz operator through the orthogonal projection Q.

Definition 2.1 Let φ ∈ L∞(Bn). Define operator Tφ : L2
h(Bn) → L2

h(Bn) by,

Tφf = Q(φf), f ∈ L2
h(Bn).

Tφ is called a Toeplitz operator with the symbol φ on L2
h(Bn).

Using the reproducing kernel Rz(w), we have

Tφf(z) =

∫
Bn

f(w)φ(w)Rz(w)dV (w).

The boundedness, compactness, concerning Toeplitz operators with radial symbol on the

holomorphic spaces, and some algebraic properties of the Toeplitz operators, such as the (zero)

product of two Toeplitz operators with radial symbol and the corresponding commuting problem

of Toeplitz operators have been of interest to mathematicians working in operator theory and

the theory of holomorphic spaces for many years, we recommend the interested readers to refer
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to the papers [2–15]. In this paper, we will consider the Toeplitz operators with radial symbols

on pluriharmonic Bergman space.

3. Radial function and quasihomogeneous function on Bergman space

Let φ ∈ L1(D, dA) be a radial function, i.e., suppose that:

φ(z) = φ(|z|), z ∈ D.

If φ satisfies

f(reiθ) = eikθψ(r), k ∈ Z,

then, f is a quasihomogeneous function of quasihomogeneous degree k.

For a multi-index α = (α1, . . . , αn) ∈ Nn, where N denotes the set of all nonnegative integers,

we write

|α| = α1 + · · ·+ αn

and

α! = α1! · · ·αn!.

We will also write

zα = zα1
1 · · · zαn

n

for z = (z1, . . . , zn) ∈ Bn.
For any two muliti-indices α = (α1, α2, . . . , αn), β = (β1, β2, . . . , βn) ∈ Nn, we say α ≽ β,

if for any 1 ≤ i ≤ n, αi ≥ βi, and α⊥β means α1β1 + α2β2 + · · · + αnβn = 0. Denote

α− β = (α1 − β1, α2 − β2, . . . , αn − βn). If α ≽ β, then |α− β| = |α| − |β|.

Definition 3.1 Let φ ∈ L1(Bn, dV ). If for any unitary transformation U , φ(Uz) = φ(z),

then we call φ is a radial function. Let p, s ∈ Nn and p⊥s, f ∈ L1(Bn,dV ). Then we call

f is a quasihomogeneous function of quasihomogeneous degree (p, s), if for any ξ ∈ S, r =

(r1, r2, . . . , rn) and |r| =
√

|r1|2 + |r2|2 + · · ·+ |rn|2, f can be decomposed into

f(|r|ξ) = ξpξ
s
φ(|r|),

where ri = |zi|, 1 ≤ i ≤ n, φ is a radial function.

Definition 3.2 Let φ ∈ L1(Bn, dV ). If for any diagonal unitary transformation U , φ(Uz) =

φ(z), then we call φ a separately radial function. Let p, s ∈ Nn and p⊥s, f ∈ L1(Bn, dV ). Then

we call f a separately quasihomogeneous function, if for any ξ ∈ S, r = (r1, r2, . . . , rn) and

|r| =
√
|r1|2 + |r2|2 + · · ·+ |rn|2, f can be decomposed into

f(|r|ξ) = ξpξ
s
φ(|r|),

where ri = |zi|, 1 ≤ i ≤ n, φ is a separately radial function.

From the definition, the separately radial function satisfies

φ(z) = φ(|z1|, |z2|, . . . , |zn|).



The commutants of the Toeplitz operators with radial symbols 113

Let

τ(Bn) = {r = (r1, r2, . . . , rn) = (|z1|, |z2|, . . . , |zn|) : z = (z1, z2, . . . , zn) ∈ Bn}.

If φ is a bounded separately radial function, then∫
Bn

φ(z)dV (z) = 2nn!

∫
τ(Bn)

φ(r)rdr,

where rdr =
∏n
i=1 ridri.

Let ℜ = {φ : Bn → C be separately radial functions and
∫
τ(Bn)

|φ(r)|2rdr < ∞}. From [7],

for any f ∈ L2(Bn, dV ), we have

f(|r|ξ) =
∑

p⊥s,p,s∈Nn

ξpξ
s
fp,s(r), fp,s ∈ ℜ.

Lemma 3.3 ([7]) Let

f(z) =
∑

p⊥s,p,s∈Nn

ξpξ
s
fp,s(r) ∈ L∞(Bn, dV ).

Then for p, s ∈ Nn, p⊥s, ξpξsfp,s(r) is bounded on Bn.

Definition 3.4 For any φ ∈ L1([0, 1], rdr), the Mellin transform is:

φ̂(z) =

∫ 1

0

φ(r)rz−1dr.

It is clear that, for these functions, the Mellin transform is defined on {z : Re z ≥ 2} and

analytic on {z : Re z > 2} .

Lemma 3.5 ([16]) Let φ be bounded analytic function on {z : Re z > 0} and z1, z2, . . . , zn be

the zero points of φ. If

(a) inf{|zn|} > 0 and

(b)
∑
n≥1 Re(

1
zn
) = ∞. Then φ will be 0 on {z : Re z > 0}.

Definition 3.6 Let f, g be defined on [0, 1). Then the Mellin convolution of two functions f

and g, denoted by f∗Mg, is defined as

(f∗Mg)(r) =

∫ 1

r

f(
r

t
)g(t)

dt

t
, 0 ≤ r < 1.

It is easy to see that the Mellin transform converts the convolution product into a pointwise

product, i.e.,

(f̂∗Mg)(s) = f̂(s)ĝ(s),

and that, if f and g are in L1([0, 1], rdr), then so is f∗Mg.

4. Main results

Lemma 4.1 ([17]) Let φ be the integrable radial function on Bn such that Tφ is a bounded
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Toeplitz operator. Then for any muliti-index α ∈ Nn,

Tφ(z
α) = 2(n+ |α|)φ̂(2n+ 2|α|)zα,

Tφ(z
α) = 2(n+ |α|)φ̂(2n+ 2|α|)zα.

Proof For any muliti-index β,

⟨Tφzα, zβ⟩ = ⟨φzα, zβ⟩

=


0, α ̸= β;

2n!α!

(n− 1 + |α|)!
φ̂(2n+ 2|α|), α = β,

⟨zα, zβ⟩ =


0, α ̸= β;

n!α!

(n+ |α|)!
, α = β.

Then

⟨Tφzα, zβ⟩ = 2(n+ |α|)φ̂(2n+ 2|α|)⟨zα, zβ⟩.

If β ≻ 0, obviously,

⟨Tφzα, zβ⟩ = ⟨zα, zβ⟩ = 0.

Since {zα}α≽0∪{zα}α≻0 is the orthonormal basis on the pluriharmonic Bergman space L2
h(Bn, dV ),

we have

Tφ(z
α) = 2(n+ |α|)φ̂(2n+ 2|α|)zα.

Analogously, we can prove another part of this lemma. �

Lemma 4.2 ([18]) Let p, s be two muliti-indices, and φ ∈ ℜ, ξpξsfp,s(r) ∈ L∞(Bn,dV ). Then

for any muliti-index α ∈ Nn,

Tξpξsφ(z
α) =



((2n(n+ |α|+ |p| − |s|)!
∫
τ(Bn)

φ(r)r2α+2p×

|r|−(|p|+|s|)rdr)((p+ α− s)!)−1)zp+α−s, p+ α ≽ s,

((2n(n+ |s| − |α| − |p|)!
∫
τ(Bn)

φ(r)r2s×

|r|−(|p|+|s|)rdr)((s− α− p)!)−1)zs−α−p, s ≽ p+ α,

0, s ̸= p+ α, s � p+ α, p+ α � s;

Tξpξsφ(z
α) =



((2n(n+ |α|+ |s| − |p|)!
∫
τ(Bn)

φ(r)r2α+2s×

|r|−(|p|+|s|)rdr)((s+ α− p)!)−1)zs+α−p, s+ α ≽ p,

((2n(n− |α|+ |p| − |s|)!
∫
τ(Bn)

φ(r)r2p×

|r|−(|p|+|s|)rdr)((p− α− s)!)−1)zs−α−p, p ≽ s+ α,

0, p ̸= s+ α, p � s+ α, s+ α � p.
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Especially, if p⊥s, then

Tξpξsφ(z
α) =


((2n(n+ |α|+ |p| − |s|)!

∫
τ(Bn)

φ(r)r2α+2p×

|r|−(|p|+|s|)rdr)((p+ α− s)!)−1)zp+α−s, p+ α ≽ s,

0, p+ α � s;

Tξpξsφ(z
α) =


((2n(n+ |α|+ |s| − |p|)!

∫
τ(Bn)

φ(r)r2α+2s×

|r|−(|p|+|s|)rdr)((s+ α− p)!)−1)zs+α−p, s+ α ≽ p,

0, s+ α � p.

Proof We only need to prove the first equality of this lemma, since the proof of the second one

is similar to the first one. For any muliti-index β ∈ Nn, if p + α � s, then there exists i such

that αi + pi < si. Then p+ α ̸= β + s. By calculating, we have

⟨P [ξpξsφzα], zβ⟩ =
∫
Bn

ξpξ
s
φ(z)zαzβdV (z) = 0.

If p+ α ≽ s, we also have

⟨P [ξpξsφzα], zβ⟩ =
∫
Bn

ξpξ
s
φ(z)zαzβdV (z)

=

 0, β ̸= p+ α− s,

2nn!

∫
τ(Bn)φ(r)r2α+2p|r|−(|p|+|s|)rdr, β = p+ α− s;

⟨zp+α−s, zβ⟩ =


0, β ̸= p+ α− s,

n!(p+ α− s)

(n+ |α|+ |p| − |s|)!
), β = p+ α− s.

For any β ≽ 0, β ̸= 0, then

⟨P [ξpξsφzα], zβ⟩ = ⟨zp+α−s, zβ⟩ = 0.

Thus,

P [ξpξ
s
φzα] =


((2n(n+ |α|+ |p| − |s|)!

∫
τ(Bn)

φ(r)r2α+2p×

|r|−(|p|+|s|)rdr)((p+ α− s)!)−1)zp+α−s, p+ α ≽ s,

0, p+ α � s.

Similarly, we have

P [ξpξ
s
φzα] =


((2n(n+ |s| − |α| − |p|)!

∫
τ(Bn)

φ(r)r2s×

|r|−(|p|+|s|)rdr)((s− p− α)!)−1)zs−p−α, s ≽ p+ α,

0, s � p+ α.
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From two equalities above, we have

Tξpξsφ(z
α) =



((2n(n+ |α|+ |p| − |s|)!
∫
τ(Bn)

φ(r)r2α+2p×

|r|−(|p|+|s|)rdr)((p+ α− s)!)−1)zp+α−s, p+ α ≽ s,

((2n(n+ |s| − |α| − |p|)!
∫
τ(Bn)

φ(r)r2s×

|r|−(|p|+|s|)rdr)((s− α− p)!)−1)zs−α−p, s ≽ p+ α,

0, s ̸= p+ α, s � p+ α, p+ α � s.

If p⊥s, then there exists i ∈ {1, 2, . . . , n} such that pi > 0 and si = 0. Thus, there does not exist

α ∈ Nn such that s ≽ p+ α. So we can prove the second part of this lemma.

Theorem 4.3 Let φ be the bounded radial function on Bn, and function f satisfy

f(z) = f(|r|ξ) =
∑

p⊥s,p,s∈Nn

ξpξ
s
fp,s(r) ∈ L∞(Bn, dV ).

Then for all p, s ∈ Nn and p⊥s,

TφTf = TfTφ ⇔ TφTξpξsfp,s(r) = Tξpξsfp,s(r)Tφ.

Proof Sufficiency is obvious. We only need to prove the necessary condition. From Lemmas

4.1 and 4.2, we have

TφTf (z
α) =

∑
p+α≽s

λ1z
p+α−s, TfTφ(z

α) =
∑

p+α≽s

λ2z
p+α−s,

here

λ1 =(2n(n+ |α|+ |p| − |s|)!
∫
τ(Bn)

φ(r)r2α+2p|r|−(|p|+|s|)rdr)((p+ α− s)!)−1)×

2(n+ |p+ α− s|)φ̂(2n+ 2|p+ α− s|)

and

λ2 =(2n(n+ |α|+ |p| − |s|)!
∫
τ(Bn)

φ(r)r2α+2p|r|−(|p|+|s|)rdr)((p+ α− s)!)−1)×

2(n+ |α|)φ̂(2n+ 2|α|)

are all constants only dependent on p, s, α. Thus, for any β ≽ 0, we get

⟨TfTφzα, zβ⟩ =
{ ⟨Tξpξsfp,s(r)Tφz

α, zβ⟩, p+ α = s+ β,

0, p+ α ̸= s+ β,

⟨TφTfzα, zβ⟩ =
{ ⟨TφTξpξsfp,s(r)z

α, zβ⟩, p+ α = s+ β,

0, p+ α ̸= s+ β.

For any β ≽ 0, we get

⟨Tξpξsfp,s(r)Tφz
α, zβ⟩ = ⟨TφTξpξsfp,s(r)z

α, zβ⟩ = 0.

So, for any α ≽ 0, we get that Tξpξsfp,s(r)Tφ(z
α) = TφTξpξsfp,s(r)(z

α). Similarly, for any α ≽ 0,

we have Tξpξsfp,s(r)Tφ(z
α) = TφTξpξsfp,s(r)(z

α). Since {zα}α≽0

∪
{zα}α≻0 are basis on L2

h(Bn),
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we have

Tξpξsfp,s(r)Tφ = TφTξpξsfp,s(r). �

Lemma 4.4 ([18]) Let p, s ∈ Nn, p⊥s be two muliti-indices, p ̸= 0, s ̸= 0. If φ is a bounded

radial function which is not equal to zero, ψ ∈ ℜ such that ξpξ
s
ψ ∈ L∞(Bn,dV ), then TφTξpξsψ =

TξpξsψTφ if and only if |p| = |s| or ψ = 0.

The theorem below is the main theorem. This theorem gives a complete description of a

Toeplitz operator which commutes with a Toeplitz operator with a radial symbol.

Theorem 4.5 Let φ be a bounded radial function which is not a constant on Bn. If f ∈
L∞(Bn, dV ), then TφTf = TfTφ if and only if f satisfies:

f(eiθz) = f(z),

for any θ ∈ R and almost all z ∈ Bn.

Proof From Theorem 4.3, Tφ commutes with Tf if and only if

TφTξpξsfp,s(r) = Tξpξsfp,s(r)Tφ, p⊥s, p, s ∈ Nn.

From Lemma 4.4, the condition above is equivalent to

|p| = |s| or fp,s = 0,

that is

eiθ(|p| − |s|)fp,s(r) = fp,s(r),

which is equivalent to

(ξeiθ)p(ξeiθ)sfp,s(r) = ξpξ
s
fp,s(r),

that means

(ξpξ
s
fp,s)(e

iθz) = (ξpξ
s
fp,s)(z).

The equivalent conditions above hold for all θ ∈ R and almost all z ∈ Bn. Thus, for all θ ∈ R
and almost all z ∈ Bn, f(eiθz) = f(z). �

Remark 4.6 If n = 1, from Theorem 4.5, we can see f(z) is a radial function (see [19,20]). If

n > 1, then f(z) is not necessarily a radial function. For example, when |p| = |s| and φ is a

radial function, f(z) = φ(r)ξpξ
s
satisfies f(eiθz) = f(z), but f(z) is not a radial function.
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