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1. Introduction

Drinfeld introduced the concept of quasi-Hopf algebra in connection with the Knizhnik-

Zamolodchikov system of partial differential equations in [1]. The quasi-Hopf algebra H is

required to be associative as an algebra but coassociative only up to conjugation by an invertible

element Φ ∈ H⊗3 which obeys a certain pentagon cocycle condition. The modules of a quasi-

Hopf algebra form a monoidal category HM by pulling back along the coproduct ∆ as usual.

If we draw our attention to the category of their corepresentations, we get the concepts of dual

quasi-bialgebra and of dual quasi-Hopf algebra. Dual quasi-Hopf algebra was studied by Majid

in order to prove a Tannaka-Krein type theorem, and he proved that every monoidal category

with a functor to vector spaces that respects tensor products leads to a dual quasi-Hopf algebra

[2].

Categorification was firstly introduced by Louis Crane and Igor Frenkel for constructing four-

dimensional quantum field theory [3], which is the process of finding category theoretic analogs

of set theoretic concepts by replacing sets with categories, functions with functors, and equations

between functions by natural isomorphisms between functors satisfying certain coherence laws.

Categorification can make many intricate-looking things much simpler than they usually appear,

thus it begins to appear more and more in the physics literature [4–6].

In this paper, following the idea of Drinfeld and Majid [1,2], we introduce dual Hom-quasi-

bialgebra and dual Hom-quasi-Hopf algebra, which are generalization of dual quasi-bialgebra and
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dual quasi-Hopf algebras. The key difference compared to an ordinary bialgebra or Hopf algebra

of Hom-type is that multiplication is no longer Hom-associative, but only so up to conjugation

by ϕ, we called quasi-Hom-associative [7–9]. Using the monoidal category language, we study

the corepresentation theory of dual Hom-quasi-bialgebra and prove that the comodules category

of a dual Hom-quasi-bialgebra is monoidal category. Finally, we give a categorical realization of

dual Hom-quasi-bialgebra, and show that any dual Hom-quasi-Hopf algebra can be viewed as a

2-category.

2. Hom-bialgebras in monoidal categories

Recall that a monoidal category is a six-tuple (C,⊗, I, f, l, r) where C is a category, ⊗ :

C × C → C is a bifunctor, called tensor product bifunctor, and functorial isomorphisms f :

⊗(⊗× id) → ⊗(id×⊗), l : ⊗(I × id) → id (resp., r : ⊗(id× I) → id). The functorial morphism

f is called the associativity constraint for ⊗ and satisfies Pentagon axiom, that is, the following

relation

(idU ⊗ fV,W,X) ◦ fU,V⊗W,X ◦ (fU,V,W ⊗ idX) = fU,V,W⊗X ◦ fU⊗V,W,X (1)

holds, for any U, V,W,X ∈ C. The morphisms l and r are called the left (resp., right) unit

constraint with respect to the unital object I and they obey Triangle axiom, that is, for any

V,W ∈ C,

(idV ⊗ lW )fU,I,W = rV ⊗ idW . (2)

Let (C,⊗, I, f, l, r) be a tensor category. A braiding in C is a commutativity constraint

c : ⊗ → ⊗τ where τ is the flip functor defined by τV,W (V ⊗W ) =W ⊗ V on any pair of objects

of the category, satisfying

f−1
W,U,V ◦ cU⊗V,W ◦ f−1

W,U,V = (cU,W ⊗ idV ) ◦ f−1
U,W,V ◦ (idU ⊗ cV,W ), (3)

fV,W,U ◦ cU,V⊗W ◦ fU,V,W = (idV ⊗ cU,W ) ◦ fV,U,W ◦ (cU,V ⊗ idW ). (4)

A tensor category with a braiding is called a braided tensor category.

Let C = (C,⊗, I, f, l, r) and D = (D,⊗, J, g,m, t) be two monoidal categories. A tensor

functor from C to D is a triple (F, F0, F2) where F : C → D is a functor, F0 is an isomorphism

from J to F (I), and

F2(U, V ) : F (U)⊗ F (V ) → F (U ⊗ V )

such that the followings hold:

F (fU,V,W ) ◦ F2(U ⊗ V,W ) ◦ (F2(U, V )⊗ idF (W ))

= F2(U, V ⊗W ) ◦ (idF (U) ⊗ F2(V,W )) ◦ gF (U),F (V ),F (W );

F (lU ) ◦ F2(I, U) ◦ (F0 ⊗ idF (U)) = mF (U); F (rU ) ◦ F2(U, I) ◦ (idF (U) ⊗ F0) = tF (U).

The monoidal functor is called strict if the isomorphisms F0, F2 are identities of D.
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A natural transformation η : (F, F0, F2) → (F ′, F ′
0, F

′
2) between functors from C to D is a

natural transformation η : F → F ′, for each couple objects (U, V ) of C, satisfying the following

condition:

F ′
2(U, V )(η(U)⊗ η(V )) = η(U ⊗ V )F2(U, V ), η(I)F0 = F ′

0.

Thus we can say that in category theory, monoidal functors are functors between monoidal

categories which preserve the monoidal structure. More specifically, a monoidal functor between

two monoidal categories consists of a functor between the categories, along with two coherence

maps, a natural transformation and a morphism that preserve monoidal multiplication and unit,

respectively.

A 2-category C is a category equipped with a class ObjC of objects, a family (HomC(X,Y )|X,Y
∈ Obj C) of categories, and a family (MX,Y,Z : HomC(Y, Z)×HomC(X,Y ) → HomC(X,Z)|X,Y, Z
∈ Obj C) of functors such that

MW,Y,Z(id×MW,X,Y ) =MW,X,Z(MX,Y,Z × id)

holds and there is an object idX of HomC(X,X) such thatMX,X,Z(−, idX) andMW,X,X(idX ,−)

are identity functors. The objects of the HomC(X,Y ) of categories are called 1-morphisms. The

morphisms of these categories are called 2-morphisms.

That is to say that a 2-category is a data with categories as objects, functors as 1-morphisms,

natural transformations as 2-morphisms satisfying some compositions. We denote the set of 2-

morphisms between two 1-morphisms f and g as MorC(f, g).

Let (C,⊗, I, f, l, r) be a monoidal category with tensor product ⊗ and object I. In the

following, using the techniques in [7,10], we give the notions of Hom-associative algebra, Hom-

coassociative coalgebras and Hom-bialgebras in monoidal category.

Definition 2.1 A Hom-associative algebra is a quadruple (A,µ, η, α), where A is an object in

C, µ : A⊗A→ A, η : I → A and α : A→ A are morphisms in C such that

µ ◦ (α⊗ µ) = µ ◦ (µ⊗ α) (5)

and

µ ◦ (id⊗ η) = idA = µ ◦ (η ⊗ id). (6)

If

α ◦ µ = µ ◦ α⊗2, (7)

then we call (A,µ, α) a multiplicative Hom-associative algebra; if α is an automorphism of A in

C, then we call it a regular Hom-associative algebra.

Let (A,µ, η, α) and (A′, µ′, η′, α′) be two Hom-associative algebras. f : A → A′ is said to

be a morphism of Hom-associative algebras if

µ′ ◦ (f ⊗ f) = f ◦ µ, f ◦ α = α′ ◦ f and η′ = f ◦ η.

By the Hom-associative property, we have the following proposition.
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Proposition 2.2 Let (A,µ, α) be a Hom-associative algebra. Then

µ ◦ ((µ ◦ α⊗2)⊗ (α ◦ µ)) = µ ◦ ((α ◦ µ)⊗ (µ ◦ α⊗2)). (8)

Proof

µ ◦ ((µ ◦ α⊗2)⊗ (α ◦ µ)) = µ ◦ (α2 ⊗ (µ ◦ (α⊗ µ))) = µ ◦ (α2 ⊗ µ ◦ (µ⊗ (µ ◦ α)))

= µ ◦ (µ ◦ (α⊗ µ)⊗ α2) = µ ◦ ((µ ◦ (µ⊗ α))⊗ α2)

= µ ◦ ((α ◦ µ)⊗ (µ ◦ α⊗2)). � (9)

In particular, for a multiplicative Hom-associative algebra (V, µ, α), we have

µ ◦ ((µ ◦ α⊗2)⊗ (α ◦ µ)) = µ ◦ ((µ ◦ α⊗2)⊗ (µ ◦ α⊗)) = µ ◦ ((α ◦ µ)⊗ (µ ◦ α⊗)). (10)

Definition 2.3 A left module of a Hom-associative algebra (A,µ, η, α) is a triple (V, µV , αV ),

where V is an object in C, µV : A⊗ V → V and αV : V → V are morphisms in C such that

µV ◦ (µ⊗ αV ) = µV ◦ (α⊗ µV ), (11)

for any x ∈ A, v ∈ V .

If (U, µU , αU ) and (V, µV , αV ) are two A-modules, then a morphism of A-modules

f : (U, µU , αU ) → (V, µV , αV )

is a morphism of the underlying A-modules such that

f ◦ µU = µV ◦ (idA ⊗ f). (12)

If we take the module category as the monoidal category, then we can write µ(x⊗v) = xv for

x ∈ A and v ∈ V , where V is an A-module, then (11) can be rewritten as (xy)αV (v) = α(x)(yv),

and (12) can be rewritten as f(xv) = xf(v).

Definition 2.4 A Hom-coassociative coalgebra is a quadruple (A,∆, ε, α), where A is an object

in C, ∆ : A→ A⊗A (called the comultiplication), ε : A→ I (called the counit), and α : A→ A

are morphisms in C satisfying the following conditions:

(α⊗∆) ◦∆ = (∆⊗ α) ◦∆ (Hom-coassociative axiom); (13)

(id⊗ ε) ◦∆ = (ε⊗ id) ◦∆ = id (Hom-counit axiom). (14)

A Hom-coassociative coalgebra is called comultiplicative if ∆◦α = (α⊗α)◦∆. In particular,

if α is an isomorphism, we call (A,∆, ε, α) a regular Hom-coassociative coalgebra.

Let (A,∆, α, ε) and (B, δ, β, ϵ) be two Hom-coassociative coalgebras. A morphism f : A→ B

is a homomorphism of Hom-coassociative coalgebras if

(f ⊗ f) ◦∆ = δ ◦ f, βf = fα, and ε = ϵ ◦ f. (15)

Definition 2.5 Let (A,∆, ε, α) be a Hom-coassociative coalgebra. A right A-comodule is a

triple (V, αV , δV ), where δV : V → V ⊗A is a morphism satisfying

(δV ⊗ α) ◦ δV = (αV ⊗∆) ◦ δV , (16)
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and

(idV ⊗ ε) ◦ δV = idV . (17)

Similarly, for the module category, we can denote δV (v) =
∑
v(0) ⊗ v(1) ∈ V ⊗A for v ∈ V .

Then (16) can be rewritten as∑
α(v(0))⊗

(
v(11) ⊗ v(12)

)
=

∑(
v(00) ⊗ v(01)

)
⊗ α(v(1)) (18)

and (17) can be rewritten as ∑
v(0)ε(v(1)) = v, (19)

where we denote v(i)(j) = v(ij).

If (U,αU , δU ) and (V, αV , δV ) are two right A-comodules, then a morphism of right A-

comodules f : U → V is a morphism of the Hom-modules such that f ◦ αV = αV ◦ f and

δV ◦ f = (f ⊗ idA) ◦ δU ,

which can be rewritten as∑
(f(u))(0) ⊗ (f(u))(1) =

∑
f(u(0))⊗ u(1). (20)

Actually, the comodules we have just defined are right comodules. A left A-comodule can

be defined similarly.

Definition 2.6 Let (A,∆, ε, α) be a Hom-coassociative coalgebra. A right A-comodule is a

triple (V, αV , δV ), where δV : V → A⊗ V is a morphism satisfying

(∆⊗ αV ) ◦ δV = (α⊗ δ) ◦ δV . (21)

For module category, denote δV (v) =
∑
v(−1) ⊗ v(0) ∈ A⊗ V for v ∈ V . Then (21) can be

rewritten as ∑
α(v(−1))⊗ v(0−1) ⊗ v(00) =

∑(
v(−11) ⊗ v(−12)

)
⊗ αV (v(0)).

If U and V are two A-comodules, then a morphism of A-comodules f : U → V is a morphism

satisfying

δV ◦ f = (idA ⊗ f) ◦ δU , (22)

which can be rewritten as∑
(f(u))(−1) ⊗ (f(u))(0) =

∑
u(−1) ⊗ f(u(0)).

A right A-comodule is the same as a left comodule over the opposite Hom-coassociative

coalgebra Acop. Obviously, a Hom-coassociative coalgebra A is A-comodule. The unit is I,

which is regarded as a right A-comodule via the trivial coaction i.e., δ(a) = a⊗ I.

Definition 2.7 A Hom-bialgebra is a tuple (A,µ, η,∆, ε, α), where (A,µ, η, α) is a Hom-

associative algebra, (A,∆, ε, α) is a Hom-coassociative coalgebra, satisfying the following com-

patible conditions:

∆ ◦ µ = (µ⊗ α)(α⊗∆) + (α⊗ µ)(∆⊗ α) (23)
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∆(I) = I ⊗ I, ε(I) = I, ε ◦ µ = µ ◦ ε⊗2, ε ◦ α = ε. (24)

For the module category, if x is an element of A, the element ∆(x) in A⊗A is of the form

∆(x) =
∑

(x) x(1)⊗x(2). Denote ∆(x(1)) =
∑

(x(1))
x(11)⊗x(12) and ∆(x(2)) =

∑
(x(2))

x(21)⊗x(22).
Thus, the coassociativity of ∆ (13) can be expressed as follows∑

(x)

∑
(x(2))

α(x(1))⊗
(
x(21) ⊗ x(22)

)
=

∑
(x)

∑
(x(1))

(
x(11) ⊗ x(12)

)
⊗ α(x(2)). (25)

The compatible condition (23) in Hom-bialgebra can be written as

∆(µ(x⊗ y)) =
∑
(x)

α(x(1))⊗ µ(x(2) ⊗ α(y)) +
∑
(y)

µ(α(x)⊗ y(1))⊗ α(y(2)). (26)

Given a Hom-associative algebra A ∈ C one can define the categories AM, MA and AMA

of left, right and two-sided modules over A, respectively. Similarly, given a Hom-coassociative

coalgebra C ∈ C, one can define the categories of left, right and two-sided comodules over C,

denote CM, MC , CMC , respectively.

If H is a Hom-bialgebra, similarly, we have the notion of a Hopf H-module which is defined

by anH-module (right or left) andH-comodule (right or left) such that theH-comodule structure

is an H-module map, or, equivalently, the H-module structure is an H-comodule map. That is, a

Hopf H-module is an H-module in the category of H-comodules, or, equivalently, an H-comodule

in the category of H-modules.

3. Dual Hom-quasi-Hopf algebras and their corepresentation categories

Quasi-bialgebras, quasi-Hopf algebras and gauge transformations were invented by Drinfeld

[7] relation with his treatment of the monodromy of the Knizhnik-Zamolodchikov equations. In

[8], using Drinfeld’s definition, the authors give the definition of Hom-quasi-bialgebra and its

gauge transformation. Following the idea of Majid [13], Elhamdadi, Makhlouf [8], and Yau [18],

we introduce the concept of dual Hom-quasi-Hopf algebra and braided dual Hom-quasi-Hopf

algebra, which is a generalized dual quasi-Hopf algebra. In this section, we will mainly study

their corepresentations category, here we take module category as the monoidal category.

Definition 3.1 A dual Hom-quasi-bialgebra is a datum (H,µ, η,∆, ε, α, ϕ) in monoidal category,

where (H,∆, ε, α) is a regular Hom-coassociative coalgebra; µ : H⊗H → H (we write µ(a⊗b) =
ab) and η : I → H are Hom-coassociative coalgebra morphisms called multiplication and unit,

respectively; a morphism ϕ : H ⊗H ⊗H → I is convolution invertible, satisfying ϕ(α⊗3) = ϕ

such that for all a, b, c, d ∈ H the following relations hold:∑
α(a(1))(b(1)c(1))ϕ(a(2) ⊗ b(2) ⊗ c(2)) =

∑
ϕ(a(1) ⊗ b(1) ⊗ c(1))(a(2)b(2))α(c(2)), (27)

η(I)a = aη(I) = α(a), (28)∑
ϕ(α(a(1))⊗ α(b(1))⊗ c(1)d(1))ϕ((a(2)b(2))⊗ α(c(2))⊗ α(d(2)))

=
∑

ϕ(b(1) ⊗ c(1) ⊗ d(1))ϕ(α(a(1))⊗ (b(2)c(2))⊗ α(d(2)))ϕ(a(2) ⊗ b(3) ⊗ c(3)), (29)
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ϕ(a⊗ η(I)⊗ b) = ε(a)ε(b). (30)

Note that from (13) and (27) we see that the main difference between a Hom-bialgebra and

a Hom-quasi-bialgebra lies in the fact that the multiplication of a Hom-quasi-bialgebra is no

longer Hom-associative. Nevertheless, Relation (27) shows that it is almost; At last, by (29), we

also call Drinfeld reassociator ϕ a normalized 3-cocycle of Hom-bialgebra. If ϕ is trivial, a dual

Hom-quasi-bialgebra is just a Hom-bialgebra.

Definition 3.2 A morphism of dual Hom-quasi-bialgebras

g : (H,µ, η,∆, ε, α, ϕ) → (H ′, µ′, η′,∆′, ε′, α′, ϕ′)

is a Hom-coalgebra homomorphism g : (H,∆, ε, α) → (H ′,∆′, ε′, α′) such that

µ′(g ⊗ g) = gµ, gη = η′, ϕ′(g⊗3) = ϕ′.

It is an isomorphism of Hom-quasi-bialgebras if, in addition, it is invertible.

Definition 3.3 A dual Hom-quasi-bialgebra (H,µ, η,∆, ε, α, ϕ) is called braided dual Hom-

quasi-bialgebra if there exists an invertible element φ ∈ (H ⊗H)∗ satisfying φ(α⊗2) = φ and

φ((xy)⊗ α(z)) =
∑

ϕ(z(1), x(1), y(1))φ(α(x(2)), z(2))

ϕ−1(x(3), z(3), y(2))φ(α(y(3)), z(4))ϕ(x(4), y(4), z(5)), (31)

φ(α(x)⊗ (yz)) =
∑

ϕ−1(y(1), z(1), x(1))φ(x(2), α(z(2)))

ϕ(y(2), x(3), z(2))φ(x(4), α(y(3)))ϕ
−1(x(5), y(4), z(4)), (32)∑

φ(x(1) ⊗ y(1))x(2)y(2) =
∑

y(1)x(1)φ(x(2) ⊗ y(2)). (33)

Definition 3.4 A dual Hom-quasi-bialgebra (H,µ, η,∆, ε, α, ϕ) is called dual Hom-quasi-Hopf

algebra if there is an antimorphism s : H → H of the Hom-coassociative coalgebra (H,∆, ε, α)

and invertible elements f, g : H → I such that for all x ∈ H, sα = αs and∑
s(x1)f(x2)x3 = f(x)η(I),

∑
x1g(x2)s(x3) = g(x)η(I), (34)∑

ϕ(x1 ⊗ g(x2)s(x3)f(x4)⊗ x5) =
∑

ϕ−1(s(x1)⊗ f(x2)x3g(x4)⊗ s(x5)) = ε(x). (35)

We shall write (H,µ, ε, α, ϕ, s, f, g) to express the complete data of a dual Hom-quasi-Hopf

algebra.

Lemma 3.5 If (H,µ, η,∆, ε, α, ϕ, s, f, g) is a dual Hom-quasi-Hopf algebra, then Hop, cop and

H ⊗Hop are also dual Hom-quasi-Hopf algebras.

Proof The structure maps are

ϕop, cop(x, y, z) = ϕ(z, y, x), sop, cop = s, fop, cop = g, gop, cop = f.

ϕH⊗Hop = ϕ⊗ ϕop, sH⊗Hop = s⊗ s, fH⊗Hop = f ⊗ g, gH⊗Hop = g ⊗ f. �

Let (H,∆, ε, α) be a comultiplicative Hom-coassociative coalgebra. Let (U,αU ) and (V, αV )

be two right H-comodules. Similarly to [10], the next lemma shows that two right H-comodules
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give rise to an H-comodule via diagonal coaction.

Lemma 3.6 If (U,αU , δU ), (V, αV , δV ) ∈ MH , we define (U,αU , δU )⊗(V, αV , δV ) = (U⊗V, αU⊗
αV , δU⊗V ) according to

δU⊗V = (idU⊗V ⊗ µ)(idU ⊗ τA,V ⊗ idA)(δUδV ) (36)

for u ∈ U, v ∈ V . Then the map δU⊗V endows the tensor product U⊗V with a right H-comodule

structure.

Proof Let δU (u) =
∑
u(0) ⊗ u(1), δV (v) =

∑
v(0) ⊗ v(1). Then (36) can be clearly expressed as

follows:

δU⊗V (u⊗ v) =
∑

u(0) ⊗ v(0) ⊗ u(1)v(1). (37)

For any u ∈ (U,αU ), v ∈ (V, αV ), we have

δU⊗V ◦ (αU ⊗ αV )(u⊗ v) = δ
(
αU (u)⊗ αV (v)

)
=

∑
(αU (u))(0) ⊗ (αV (v))(0) ⊗ (α(u))(1)(α(v))(1)

=
∑

αU (u(0))⊗ αV (v(0))⊗ α(u(1))α(v(1))

=
∑

αU (u(0))⊗ αV (v(0))⊗ α(u(1)v(1))

= α⊗ (αU ⊗ αV ) ◦ δU⊗V (u⊗ v),

which shows that δU⊗V is a morphism of Hom-comodules. On the other hand,

(δU⊗V ⊗ α) ◦ δU⊗V (u⊗ v) = (δ ⊗ α)
(∑

u(0) ⊗ v(0) ⊗ u(1)v(1)
)

=
∑(

u(0)(0) ⊗ v(0)(0) ⊗ u(0)(1)v(0)(1)
)
⊗ α(u(1))α(v(1))

=
∑

αU (u(0))αV (v(0))⊗
(
u(1)(1)v(1)(1) ⊗ u(1)(2)v(1)(2)

)
=

∑
αU (u(0))αV (v(0))⊗

(
(u(1)v(1))(1) ⊗ (u(1)v(1))(2)

)
= ((αU ⊗ αV )⊗∆) ◦ δU⊗V ,

which shows that (36) satisfies (16). �
Similarly, we also have

Lemma 3.7 If (U,αU , δU ), (V, αV , δV ) ∈ MH , we define (U,αU , δU )⊗(V, αV , δV ) = (U⊗V, αU⊗
αV , δU⊗V ) according to

δU⊗V (u⊗ v) =
∑

u(−1)v(−1) ⊗ u(0) ⊗ v(0) (38)

for u ∈ U, v ∈ V . Then the map δU⊗V endows the tensor product U ⊗V with a left H-comodule

structure.

By Definition 2.5 and formula (37), we can obtain the following lemma directly.

Lemma 3.8 The conditions are as above. Then we have

(u⊗ v)(0) = u(0) ⊗ v(0), (u⊗ v)(1) = u(1)v(1), (u⊗ v)(−1) = u(−1)v(−1). (39)
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Lemma 3.9 Let (H,∆, ε, α) be a comultiplicative Hom-coassociative coalgebra, (V, αV , δV ) be

a right H-comodule. Then

(αV (v))(0) = αV (v(0)), (αV (v))(1) = αV (v(1)), (αV (v))(−1) = αV (v(−1)). (40)

By Lemma 3.6, we obtain that the tensor product comodule (U ⊗V, αU ⊗αV , δU⊗V ) of two

H-comodules (U,αU , δU ) and (U,αU , δU ) is defined by the coaction (37). The tensor product

restricts to a functor

⊗ : MH ×MH −→ MH .

Similarly, for (U,αU , δU ), (V, αV , δV ), (W,αW , δW ) ∈ MH , we know that
(
(U⊗V )⊗W, δ(U⊗V )⊗W

)
and

(
U ⊗ (V ⊗W ), δU⊗(V⊗W )

)
are all right H-comodules. Their H-comodule structures are

given by

δ(U⊗V )⊗W

(
(u⊗ v)⊗ w

)
=

∑
(u⊗ v)(0) ⊗ w(0) ⊗ (u⊗ v)(1)w(1)

=
∑

u(0) ⊗ v(0) ⊗ w(0) ⊗ (u(1)v(1))w(1); (41)

δU⊗(V⊗W )

(
u⊗ (v ⊗ w)

)
=

∑
u(0) ⊗ (v ⊗ w)(0) ⊗ u(1)(v ⊗ w)(1)

=
∑

u(0) ⊗ v(0) ⊗ w(0) ⊗ u(1)(v(1)w(1)). (42)

By (27), we know that (41) and (42) are not equal in general.

Lemma 3.10 Let (H,∆, ε, α) be a regular Hom-coassociative coalgebra with two morphisms of

Hom-coalgebra µ : H ⊗H → H and η : I → H satisfying (27)–(30). For all (U,αU ), (V, αV ),

(W,αW ) ∈ MH and u ∈ U, v ∈ V,w ∈W , define fU,V,W : (U ⊗ V )⊗W → U ⊗ (V ⊗W ) by

fU,V,W

(
(u⊗ v)⊗ w

)
=

∑
ϕ(u(1), v(1), w(1))αU (u(0))⊗ (v(0) ⊗ α−1

W (w(0))), (43)

where δ(u) =
∑
u(0) ⊗ v(1) and the map ϕ is defined in Definition 3.1. Then fU,V,W is a right

H-comodule homomorphism and satisfies the Pentagon axiom.

Proof Since α is an isomorphism and ϕ ∈ (H ⊗ H ⊗ H)∗, we easily obtain that fU,V,W is an

isomorphism of vector spaces (U ⊗ V )⊗W and U ⊗ (V ⊗W ). By the isomorphic property of α,

and (27), we easily get that fU,V,W is an isomorphism with inverse

f−1
U,V,W

(
u⊗ (v ⊗ w)

)
=

∑
ϕ−1(u(1), v(1), w(1))

(
α−1
U (u(0))⊗ (v(0))

)
⊗ αW (w(0)).

We want to prove fU,V,W is a right H-comodule homomorphism, according to (22), we just need

to prove that the following equation holds.

δU⊗(V⊗W ) ◦ fU,V,W = (fU,V,W ⊗ idH) ◦ δ(U⊗V )⊗W . (44)

On the one hand, using (42), (43) and Lemmas 3.8 and 3.9, we have

δU⊗(V⊗W ) ◦ fU,V,W

(
(u⊗ v)⊗ w

)
= δU⊗(V⊗W )

∑
ϕ(u(1) ⊗ v(1) ⊗ w(1))αU (u(0))⊗

(
v(0) ⊗ α−1

W (w(0))
)

=
∑

ϕ(u(1) ⊗ v(1) ⊗ w(1))(αU (u(0)))(0) ⊗ (v(0))(0) ⊗ (α−1
W (w(0)))(0)⊗

(αU (u(0)))(1)
(
(v(0))(1)(α

−1
W (w(0)))(1)

)
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=
∑

ϕ(u(1) ⊗ v(1) ⊗ w(1))αU (u(00))⊗ v(00) ⊗ α−1
W (w(00))⊗

αU (u(01))
(
v(01)α

−1
W (w(01))

)
. (45)

On the other hand, by (41) and (43), we have

(fU,V,W ⊗ idH) ◦ δ(U⊗V )⊗W

(
(u⊗ v)⊗ w

)
= (fU,V,W ⊗ idH)

∑
u(0) ⊗ v(0) ⊗ w(0) ⊗ (u(1)v(1))w(1)

=
∑

ϕ(u(01) ⊗ v(01) ⊗ w(01))αU (u(00))⊗ v(00) ⊗ α−1
W (w(00))⊗ (u(1)v(1))w(1). (46)

Comparing (27), (45) and (46), we conclude that (44) holds.

Let

gU,V,W

(
(u⊗ v)⊗ w

)
=

∑
ϕ(u1 ⊗ v1 ⊗ w1)

(
u0 ⊗ (v0 ⊗ w0)

)
. (47)

By (29) and Theorem 2.1 in [13], we know that gU,V,W satisfies the Pentagon axiom. Then

fU,V,W =
(
αU ⊗ (idV ⊗ α−1

W )
)
gU,V,W = gU,V,W

(
(αU ⊗ idV )⊗ α−1

W

)
. (48)

Thus, on the one hand

fU,V,W⊗P fU⊗V,W,P

gU,V,W⊗P ◦
(
αU ⊗

(
idV ⊗ (α−1

W ⊗ α−1
P )

))
◦ gU⊗V,W,P ◦

((
(αU ⊗ αV )⊗ idW

)
⊗ α−1

P

)
= gU,V,W⊗P ◦ gU⊗V,W,P ◦

((
(αU ⊗ idV )⊗ α−1

W

)
⊗ α−1

P

)
◦
((

(αU ⊗ αV )⊗ idW
)
⊗ α−1

P

)
= gU,V,W⊗P ◦ gU⊗V,W,P ◦

((
(α2

U ⊗ αV )⊗ α−1
W

)
⊗ α−2

P

)
.

On the other hand,

(idU ⊗ fV,W,P ) ◦ fU,V⊗W,P ◦ (fU,V,W ⊗ idP )

=
(
idU ⊗ gV,W,P ◦

(
(αV ⊗ idW )⊗ α−1

P

))
◦
(
gU,V⊗W,P ◦

(
(αU ⊗ idV ⊗ idW

)
⊗ α−1

P

)
◦(

(gU,V,W ◦ (αU ⊗ idV )⊗ α−1
W )⊗ idP

)
= (idU ⊗ gV,W,P ) ◦ gU,V⊗W,P ◦

(
(gU,V,W ⊗ idP

)
◦(

idU ⊗ (αV ⊗ idW )⊗ α−1
P

)
◦
(
(αU ⊗ idV ⊗ idW

)
⊗ α−1

P

)(
(αU ⊗ idV )⊗ α−1

W )⊗ idP
)

= (idU ⊗ gV,W,P ) ◦ gU,V⊗W,P ◦
(
(gU,V,W ⊗ idP

)
◦
((

(α2
U ⊗ αV )⊗ α−1

W

)
⊗ α−2

P

)
.

Using (1), we obtain that

fU,V,W⊗P fU⊗V,W,P = (idU ⊗ fV,W,P ) ◦ fU,V⊗W,P ◦ (fU,V,W ⊗ idP ),

that is to say that the Pentagon axiom holds. �
In general, we call fU,V,W defined by (43) the associativity constraint of the tensor product.

Similarly, with the idea of Kassel [10], the following theorem gives a characterization of dual

Hom-quasi-bialgebra and its corepresentation category.

Theorem 3.11 Let (H,∆, ε, α) be a Hom-coassociative coalgebra equipped with Hom-coalgebra

homomorphisms µ : H ⊗H → H and η : I → H. If H is a dual Hom-quasi-bialgebra, then MH
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is a monoidal category.

Proof By Lemma 3.10, we know that the associativity constraint fU,V,W is a right A-comodule

homomorphism and an isomorphism satisfying the Pentagon axiom. Define the unit constraints

lV (η(I)⊗ v) = αV (v), rV (v ⊗ η(I)) = αV (v). (49)

They are natural isomorphisms and H-linear thanks to Relations (27), (30) and α3(ϕ) = ϕ. By

(28) and (30), we have

(idV ⊗ lW ) ◦ fV,I,W = (idV ⊗ lW )
(∑

ϕ(v(1) ⊗ I(1) ⊗ w(1))αV (v(0))⊗ (I(0) ⊗ αW (w(0)))
)

= (idV ⊗ lW )
(
αV (v)⊗ αW (α−1

W (w(0)))
)

= αV (v)⊗ w = lV ⊗ idW .

That implies the Triangle axioms. �

Similarly to Theorem 3.11, we have

Theorem 3.12 Let (H,∆, ε, α) be a Hom-coassociative coalgebra equipped with Hom-coalgebra

homomorphisms µ : H ⊗H → H and η : I → H. If H is a dual Hom-quasi-bialgebra, then HM
and HMH are monoidal categories.

Proof Define the associative constraint

HfU,V,W

(
(u⊗ v)⊗ w

)
=

∑
ϕ−1((u(−1) ⊗ v(−1))⊗ w(−1))αU (u(0))⊗ (v(0) ⊗ α−1

W (w(0))),

HfU,V,W
H
(
(u⊗ v)⊗ w

)
=

∑
ϕ−1(u(−1) ⊗ v(−1) ⊗ w(−1))αU (u(0))⊗ (v(0) ⊗ α−1

W (w(0)))ϕ(u(1) ⊗ v(1) ⊗ w(1)),

respectively. We can complete the proof in a way similar to that of Theorem 3.11. �

Theorem 3.13 Let (H,∆, ε, α) be a Hom-coassociative coalgebra equipped with Hom-coalgebra

homomorphisms µ : H ⊗H → H and η : I → H. If H is a braided dual Hom-quasi-bialgebra,

then MH is a braided monoidal category.

Proof By Theorem 3.11, we know that (MH ,⊗, I, fU,V,W , l, r) is a monoidal category. Define

cV,W (u⊗ v) =
∑

µ(u(1) ⊗ v(1))v(0) ⊗ u(0). (50)

We just prove that cV,W is a braiding of (MH ,⊗, I, fU,V,W , l, r). First, we prove that cV,W is an

isomorphism of H-modules, that is, for U, V ∈ MH , the following commutative diagram holds.

U ⊗ V
cU,V−−−−→ V ⊗ U

δU⊗V

y δV ⊗U

y
(U ⊗ V )⊗H

cH,H⊗idH−−−−−−−→ (V ⊗ U)⊗H
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where δU⊗V is defined by (36). By (33), we have

δV⊗UcU,V (u⊗ v) = δV⊗U

(∑
µ(u(1) ⊗ v(1))v(0) ⊗ u(0)

)
=

∑
µ(u(1) ⊗ v(1))v(00) ⊗ u(00) ⊗ v(01)u(01)

=
∑

µ(u(01) ⊗ v(01))v(00) ⊗ u(00) ⊗ u(1)v(1)

= (cU,V ⊗ idH)
(∑

u(0) ⊗ v(0) ⊗ u(1)v(1)

)
= (cU,V ⊗ idH)δU,V (u⊗ v).

Thus we prove that the above diagram commutes. Next we just check that (43) satisfies (4). On

the one hand,

fV,W,U ◦ cU,V⊗W ◦ fU,V,W

= gV,W,U ◦ ((αV ⊗ idW )⊗ α−1
U ) ◦ cU,V⊗W ◦ fU,V,W ◦ ((αU ⊗ idV )⊗ α−1

W )

= gV,W,U ◦ cU,V⊗W ◦ (α−1
U ⊗ (αV ⊗ idW )) ◦ gU,V,W ◦ ((αU ⊗ idV )⊗ α−1

W )

= gV,W,U ◦ cU,V⊗W ◦ fU,V,W ◦ (idU ⊗ (αV ⊗ α−1
W )).

On the other hand,

(idV ⊗ cU,W ) ◦ fV,U,W ◦ (cU,V ⊗ idW )

= (idV ⊗ cU,W ) ◦ gV,W,U ◦ ((αV ⊗ idW )⊗ α−1
U ) ◦ (cU,V ⊗ idW )

= (idV ⊗ cU,W ) ◦ gV,W,U ◦ (cU,V ⊗ idW ) ◦ (idU ⊗ (idV ⊗ α−1
W )),

where gU,V,W is defined in (47). By [12], we know that gV,W,U satisfies (4). Then, from the above

equations, we obtain that (4) holds for MH . Similarly, we can show that (3) holds. �
In fact, for a dual Hom-quasi-bialgebra (H,µ, η,∆, ε, α), we do not have a notion of H-

module, and we do not have a notion of H-module in the category of H-comodules either, since

H is not a Hom-associative algebra in the category of H-comodules. On the other hand, following

idea of [16], we want to define H-bicomodules. Since
(
(H, δlH , δ

r
H), µ, η, α

)
is a Hom-associative

algebra in the monoidal category (HMH ,⊗, I,H fH , l, r) with δlH = δrH = ∆. Hence we set

HMH
H := (HMH)H

which is called the category of right dual Hom-quasi-Hopf H-bicomodules.

By Lemma 3.10, we can directly check that

Theorem 3.14 Let (H,µ, η,∆, ε, α) be a dual Hom-quasi-bialgebra. Let U⊗HMH , V ∈H MH
H .

Then (U ⊗ V, δlU⊗V , δ
r
U⊗V , ρ

r
U⊗V ) ∈H MH

H , where δrU⊗V and δlU⊗V are defined as (37) and (38)

respectively, and

ρrU⊗V

(
(u⊗ v)⊗ h

)
= ϕ−1(u(−1) ⊗ v(−1) ⊗ h(1))u(0) ⊗ v(0)h(2)ϕ(u(1) ⊗ v(1) ⊗ h(3)).

4. Categorical realization of dual Hom-quasi-Hopf algebras

In this section, we will use the categorical technique of [6, 11], [15–17] to realize dual Hom-
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quasi-Hopf algebra. Recall a 2-vector space is an internal category in the category of all vector

spaces over F as objects and linear transformations as morphisms. Let V and W be two 2-vector

spaces. We have the obvious definition of the 2-vector space V ⊗ W by the tensor product of

vector spaces and the tensor product of corresponding maps [14]. We also have a unique 2-vector

space, also denoted F, which is the categorified ground field F, where the two objects are also

itself and the morphisms are identity, the composition map is trivial.

Given a category C, whose objects are 2-vector spaces. As we say in Section 2, firstly, we

build a Hom-coassociative coalgebra structure on C. Secondly, we define a multiplication map

µ : C × C → C, a unit map η : F → C, and a tensor functor ⊗ : C × C → C satisfying

µ(η ⊗ id) = α = µ(id⊗ η). (51)

Next we want to build another Hom-associative algebra structure on C. While, unlike ordi-

nary regular Hom-associative algebra in a monoidal category, we will replace its functions with

functors, and equations between functions by natural isomorphisms between functors satisfying

certain coherence laws which are called the categorification process. For the tensor functor ⊗ of

C, we define an associative constraint isomorphism

f : ⊗(α×⊗) → ⊗(⊗× α). (52)

The associative constraint isomorphism f should satisfy the following coherence conditions:

⊗(⊗×⊗)(α× α× α× α)

f(⊗×α×α)

**UUU
UUUU

UUUU
UUUU

UU

⊗(α×⊗)(α× α×⊗)

f(α×α×⊗)

44iiiiiiiiiiiiiiiii

id⊗f

��

⊗(⊗× α)(⊗× α× α)

⊗(α×⊗)(α×⊗× α)
f(α×⊗×α) // ⊗(⊗× α)(α×⊗× α)

f⊗id

OO

(53)

that is the famous Pentagon axiom.

For the multiplication map µ of C, we define

ϕ : µ(α⊗ µ) → µ(µ⊗ α)

is a natural isomorphism in the sense that there exists a ∗-invertible ϕ : H ⊗H ⊗H → F such

that

ϕ ∗ µ(α⊗ µ) = µ(µ⊗ α) ∗ ϕ, (54)

where ∗ is the convolution defined by

(φ ∗ ψ)(x) =
∑
(x)

φ(x(1))ψ(x(2)).

Then (54) can be written as (27). Furthermore, the natural isomorphism ϕ should satisfy the
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following coherence laws:

µ(µ× µ)(α× α× α× α)

ϕ(µ⊗α⊗α)

**UUU
UUUU

UUUU
UUUU

UU

µ(α× µ)(α× α× µ)

ϕ(α⊗α⊗µ)

44iiiiiiiiiiiiiiiii

id⊗ϕ

��

µ(µ× α)(µ× α× α)

µ(α× µ)(α× µ× α)
ϕ(α⊗µ⊗α) // µ(µ× α)(α× µ× α)

ϕ⊗id

OO

(55)

From the commutative diagram, we can conclude that

(ϕ⊗ id) ∗ ϕ(α⊗ µ⊗ α) ∗ (id⊗ ϕ) = ϕ(µ× α× α) ∗ ϕ(α× µ× α) (56)

as an equation for morphisms H⊗4 → F. (56) can be rewritten as (29).

From the above construction, we can obtain the following theorem at once.

Theorem 4.1 Let (H,∆, ε, α) be a regular Hom-coassociative coalgebra over a field F equipped

with Hom-coalgebra morphisms µ : H⊗H → H and η : F → H and a ∗-invertible ϕ : H⊗3 → F
such that equations (51), (54) and (56) hold. Then (H,µ, η,∆, ε, α, ϕ) is a dual Hom-quasi-

bialgebra.

Here we remark that, firstly, for the category C, its objects are categories, the functors µ

and ⊗ of C are 1-morphisms, the natural transformations f and ϕ are called 2-morphisms, which

satisfy the corresponding coherence laws (53) and (55). Thus the category which realize the dual

Hom-quasi-bialgebra is in fact a 2-category. Secondly, for any x1, x2, x3, x4 ∈ H, the coherence

law (55) can be written as

µ(α2(x1) ⊗ µ(α(x2) ⊗ µ(x3 ⊗ x4)))

µ(α2(x1) ⊗ µ(µ(x2 ⊗ x3) ⊗ α(x4)))

id
α2(x1)

⊗fx2,x3,x4

33ggggggggggggggggggg
µ(µ(α(x1) ⊗ α(x2)) ⊗ (µ(α(x3) ⊗ α(x4))))

fα(x1),α(x2),µ(x3⊗x4)

kkWWWWWWWWWWWWWWWWWWWWWW

µ(µ(α(x1) ⊗ µ(x2 ⊗ x3)) ⊗ α2(x4))

fα(x1),µ(x2⊗x3),α(x4)

OO

µ(µ(µ(x1 ⊗ x2) ⊗ α(x3)) ⊗ α2(x4))
fx1,x2,x3⊗id

α2(x4)

oo

fµ(x1⊗x2),α(x3),α(x4)

OO

(57)

which comes from (9) and (10) of Proposition 2.2 of a multiplicative Hom-associative algebra.

Thus, through categorifying a regular Hom-associative algebra, we can obtain a generalized dual

Hom-quasi-Hopf algebra.

Finally, we give an interesting corollary as follows:

Corollary 4.2 Any dual Hom-quasi-Hopf algebra can be viewed as a 2-category.
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