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Abstract We construct an exponential attractor for semigroup in Banach space by using w-
limit compactness method and provide a new method to prove the existence of an exponential
attractor in uniformly convex Banach space. As a simple application, we prove the existence
of an exponential attractor for reaction diffusion equations.
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1. Introduction

Global attractors is a suitable concept to describe the asymptotic behavior of infinite di-
mension dynamical system or semigroup generated by autonomous partial differential equations
[1-3]. Many authors have paid much attention to this problem and have made much successful
progress, see [1-5] and the references therein.

Global attractors is a compact invariant set attracting all bounded subsets of the phase
space, but the attraction to it may be arbitrarily slow. To overcome this drawback creates the
notion of the exponential attractors [6-12], a compact, positively invariant set of finite fractal
dimension, which exponentially attracts each bounded subset. In 1994, Eden et al.[6] gave a
method firstly, intending to construct an exponential attractor via the squeezing property in
Hilbert space. Later in 2000, Efendiev et al. [7] proved the existence of an exponential attractor
if the smooth property is replaced by the asymptotic smooth property. In 2002, Malek and
Prazék proved the existence of an exponential attractor by the I-trajectory method [8]. These
methods have been applied to a variety of concrete equations [9-12]. As we all know, for some
problems it is difficult to verify exponential attractors by using these methods.

In this paper, we construct exponential attractor for semigroup in Banach space by using
w-limit compactness method. First, we give a sufficient condition for the existence of exponential

attractor. Then we provide a new method to prove the existence of an exponential attractor in
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uniformly convex Banach space. As a simple application, we will use our method to prove the

existence of an exponential attractor for reaction diffusion equations.

2. Preliminaries

Let X be a complete metric space. A one parameter family of (nonlinear) mappings S(¢) :
X — X (t > 0) is called a semigroup provided that

(1) S(0)=T;

(2) S(t+s)=S5(t)S(s) for all t,s > 0.

The pair (S(t), X) is usually referred to as a dynamical system, and (S(n), X) (n € N) is
called the discrete dynamical system generated by (S(¢), X). We say {S(t) }+>0 is a norm-to-weak
continuous semigroup on X, if ¢, — ¢t and =z, — x, then S(t,)x, — S(t)z.

A set A C X is called the global attractor for (S(¢), X) or (S(n), X) if (i) A is compact
in X, (ii) S(t)A = Afor all ¢t > 0 or S(n)A = A for all n € N and (iii) for any B C X
that is bounded, dist(S(¢)B,A) — 0 as t — oo or dist(S(n)B,A) — 0 as n — oo, where
dist(B, A) = supycp infeca || b—a | x.

A set B is called a bounded absorbing set to (S(t), X), if for any bounded set By C X, there
exists tg = to(Bo) such that S(t)By C B for all t > ty. A set E is called positively invariant w.r.t
S(t)iffor allt >0, S(t)E C E.

Theorem 2.1([1-4]) Continuous semigroup S(t) has a global attractor A if and only if S(t)
has a bounded absorbing set B and for an arbitrary sequence of points x, € B, the sequence

S(tn)xn has a convergence subsequence in B.

A= Uss)B.

t>0 s>t

In fact, we know that

For discrete dynamical system (S(n), X), the same conclusion holds true.

Now, we briefly review the basic concept about the Kuratowski measure of non-compactness
and restate its basic property, which will be used to characterize the existence of exponential
attractors for dynamical system (S(t), X).

Let X be a Banach space and B be a bounded subset of X. The Kuratowski measure of

non-compactness a(B) of B is defined as
a(B) = inf{d > 0 |B admits a finite cover by sets of diameter < §}.

The following summarizes some of the basic properties of this measure of non-compactness
[13].

Lemma 2.2 Let B, By, Bo C X. Then
(1)
2
(3)
(4)

B) = 0 if, and only if, B is compact;
By + Bg) < Oé(Bl) + a(Bg);
Bl) § OL(BQ) for Bl C Bg,’

o
a(
a(
a(By U B2) < max{a(B1),a(B2)};
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(5) If Fy D Fs... are non-empty closed sets in X such that a(F,) — 0 as n — oo, then
F =(,_, F, is nonempty and compact.

In addition, let X be an infinite dimensional Banach space with a decomposition X = XX,
and let P: X — X1, @ : X — X5 be projectors with dim X; < co. Then

(6) a(B(g))) = 2¢, where B(e) is a ball of radius ¢;

(7) «(B) < ¢ for any bounded subset B of X for which the diameter of QB is less than ¢.

Definition 2.3 ([4,5]) A semigroup S(t) is called w-limit compact if for every bounded subset
B of X and for any € > 0, there exists a to > 0 such that a(U;>,, S(t)B) <e.

Lemma 2.4 ([4,5]) Assume semigroup S(t) is w-limit compactness, then for any sequence
t, € RT,t, — 0o, as m — oo, and any sequence ,, € B, there exists a convergent subsequence
of {S(ty)xn} whose limit lies in w(B), where B is bounded set in X and w(B) is w-limit set of

B defined by
w(B) = JS()B.
>0 s>t
Definition 2.5 ([1-3]) Let n(M,¢), € > 0, denote the minimum number of the balls in X of
radius € which is necessary to cover M. The fractal dimension of M, which is also called the

capacity of M, is the number

dimy M = lim M

e—0t In =
€

Lemma 2.6 ([1-3]) Let g be a Lipschitzian mapping of one metric space into another. Then
dimy g(M) < dim; M.
Lemma 2.7 ([1-3]) Assume that My x My is a direct product of two sets. Then
dimf(Ml X Mg) < dimf My + dimf M.

Lemma 2.8 ([1-3]) Let Br be a ball of the radius R in R? equipped with Euclidean norm
| -|. Then for any € > 0 there exists a finite set {z) : k = 1,2,...,n.} C Bpg such that
Br c Uy {z € R : |z — ap <&} and n. < (1+ 28)4.

Definition 2.9 Let S(t) or S(n) : X — X be a semigroup on a complete metric space X. A
set M C X is called an exponential attractor for S(t) or S(n) if the following properties hold:

(1) The set M is compact in X and has finite fractal dimension.

(2) The set M is positively invariant, i.e., S(t)M C M or S(n)M C M.

(3) The set M is an exponentially attracting set for the semigroup S(t) or S(n), i.e., there
exists a constant [ > 0 such that, for every bounded subset B C X, there exists a constant
k = k(B) > 0 such that

dist(S(t)B, M) < ke™" or dist(S(n)B, M) < ke~

3. Exponential attractor
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Let X be a complete metric space, B be a bounded absorbing set for S(¢) or S(n) on X,
and S(t) or S(n) be a continuous semigroup in B. Without loss of generality, we can suppose
that B is a positively invariant bounded absorbing set, as, if not, we could consider Ut>tB S(t)B
as a new bounded absorbing set for some T and S(t)B C B for all t > tg. Next we Wi_ll restrict

the semigroup S(t) or S(n) in B and the same conclusion holds true.

Theorem 3.1 Let S(n) be a discrete dynamical system in X, and B be a positively invariant
bounded absorbing set for S(n). Then the following conclusions hold.

(1) For some 0 < r < 1, K,;N € Ny, Vn € N, there exist x,1,Zn2,-..,Tnn, € S(n)B
such that S(n)B C UZV:"I B(xpi, ™) and N,, < KN™. Then the semigroup S(n) has exponential
attractor.

(2) S(n) has exponential attractor, then there exist 0 < r < 1, N € N, ¥n > N, and
Tl Tn2,s - TN, € S(n)B such that S(n)B C U " B(@ni,r™) and N, < KN™.

Proof (1) By Lemma 2.2 we know that the measure of non-compactness «(S(n)B) < 2r™ — 0.
From the definition 2.3, we find that S(n) is w-limit compact. By Lemma 2.4 and Theorem 2.1,
we get

A= U S(m)B, (3.1)

n=1lm>n

is the global attractor of S(n).
By the condition of (1), we know that S(n)B C vaz"l B(xy,;,r™). Let E,, = {x,,}, setting
Eo =U,, 150 S(m)Ey, and M = A{J Ey. We claim that M is an exponential attractor of S(n).
(Positively invariant) Since S(n)A = A, S(n)Ey C Ey, we get S(n)M C M.
(Exponential attraction) It is evident that dist(S(n)B, M) < dist(S(n)B, E,), S(n)B C
Uévz"l B(z,,,7™), so we get dist(S(n)B, M) < r" = ¢~ (0% )"
bounded set.

, i.e., M exponentially attracting

(Compactness) For any sequence y, € M, there exist x,, € B, m, € N such that y, =
S(mp)z,. By the condition of (1), S(n) is w-limit compactness, and by Lemma 2.4, y,, has a
convergent subsequence in A. Then we get M is compact.

(Boundedness of fractal dimension) Since B is a positively invariant bounded absorbing

set, and A is the global attractor, we have
Ac S(n)B, S(n+1)Bc S(n)B, ¥neN.

For any € > 0, there exists ng = [{2£] + 1 and r™ < e. Vn > ny,

Nng

Eps1 € S(n+1)B C S(n)B C S(ng)B C | B(anyi; ™) C | Blngi» ).
=1 i=1

M :AUEQ C AU{ U Ek:} U{ U xnou

m+k<ng—1
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c U EkU{U o

m+k<no—1
Without loss of generality, we can assume that N > 1. Let £ = (U, 4<p, S(m)Ey. Hence

the number of the points in E is > 10 Y70 "™ KNk < l&vji;z at most, and dimf./\/l <

1 M 0+2 2)In N . Ine13)In N
lim,_ o+ sup “"ni() < lim,_,o+ sup % < lim,_,o+ sup M < lim._,o+ % =
€ €
In N
Int-
L

(2) Let M be the exponential attractor for S(n), i.e., there exist k,I > 0, such that
dist(S(n)B, M) < ke~'™. Since the lim, o ke™!™ = 0, we get there exists Ny € N, ¥n >
Ny, dist(S(n)B,M) < r} and ro = k¥oe ! < 1, which implies that S(n)B C B(M,r{).
The fractal dimension is bounded for M. By Definition 2.5, for some 0 < r; < 1 — ro,

dimfc(./\/l = limn_>+oolmir(l%m, there exists P > 0 such that lnﬁ%ﬂ) < P for all n >
No. Therefore, n(./\/l ) < nlm' Let r1 < 72 < 1 —179. By Definition 2.5, there ex-
ist @1, %9,...,2,y € X such that M C Ul ", B(z),,ry) and N, < h%p, so we we get

S(n)B C B(M,ro) C Ui=1 B(z!,;,r8),mr3 = 19 + 12 < 1. This gives us that there exist
Tnl,Tn2,---,Tnn, € S(n)B such that S(n)B C U ", B(xp;, %), which implies there exist
0<r<1, NeN,Vn>N,and N, < KN" such that S(n)B ", B(zni, ™).

Theorem 3.2 Assume that B is a positively invariant bounded absorbing set of the semigroup
S(t) in X, for some T > 0 and for all (t,x) € [0,T|x B, F(t,x) = S(t)x is a Lipschitzian mapping.
Let T(n) = S(nT) and assume that there exist 0 <r < 1, K, N € N, and Vn € N, there exist
Tl Tn2y -« TnN, € T(n)B such that T(n)B C Uf\;"l B(xp;, ™) and N,, < KN™. Then the

semigroup S(t) has an exponential attractor.

Proof According to Theorem 3.1, T'(n) has an exponential attractor M. Let Mo = Jy<y<r
S(s)M. We will prove that M is an exponential attractor of S(t). -

(Positively invariant) Vz € My, there exist 7 € [0,T],2¢9 € M, such that x = S(7)xg
YVt >0, S(t)xr = S(t+ 7)xo. Set t+7 = ngT + 79, no € Ny79 € [0,T), S(t)x = St + 7)xo =
S(mo+noT)zo = S(10)S(noT)x0 = S(70)T(n0)T0. Since M is the exponential attractor of T'(n),
it follows that Vn € N, T'(n)M C M, and we get T'(ng)zo € M, S(70)T(ng)zo € Uy<ser S(s)M,
ie., S(t)r € Uy o S(s)M, which implies S(t)My C M,. o

(Exponenti_al_attraction) M is the exponential attractor of T'(¢), which implies there exist
k,1 > 0 such that dist(T(n)B, M) < ke~'™. For all t > 0, there exist n € N, 7 € [0,7) such
that t =nT + 7. S(t)B=S(nT +7)B = S(nT)S(1)B C S(nT)B =T (n)B, dist(S(t)B, My) <
dist(S(t) B, M) = dist(S(nT + 7)B, M) = dist(S(nT)S(7)B, M) < dist(T'(n)B, M) < ke™" =
ke V7 < kele— Tt

(Compactness) By the positively invariant property of Mg, V¢ > 0,S5(t)My C My. For
any sequence y, € My, there exist z, € Mg C B, t, € RT such that y, = S(t,)r,. Let
tn = knT 4+ T, 7o € [0,T). Then y, = S(k,T)S(1n)xn, = T(kn)zn, where z, = S(m,)x, € B.
By Theorem 3.1, we know that T'(n) is w-limit compact, which implies that M is compact.

(Boundedness of fractal dimension) F(¢,x) is also a Lipschitzian mapping on [0,7] x M.
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By Lemmas 2.6 and 2.7, we know that
dim; My = dimy F([0,T] x M) < dimy([0,7] x M) <1+ dim; M.

M is the exponential attractor of T'(n), we get that the dim; M is bounded, which implies the
fractal dimension of My is bounded.
We now present a method to verify the existence of exponential attractor for semigroup.
Let X be a uniformly convex Banach space, i.e., for all € > 0, there exists é > 0 such that,
given z,y € X, ||z|| < 1,]ly|| < 1,|]x — y|| > &, then w < 1 — 4. Requiring a space to be
uniformly convex is not a severe restriction in application, since this property is satisfied by all

Hilbert space, the LP space with 1 < p < oo, and most Sobolev space W*? with 1 < p < co. O

Theorem 3.3 Let X be a uniformly convex Banach space, and B be a bounded absorbing set
of S(t). For some 0 < 6 < 1, there exists T > 0 such that

(1) ||S(t)v1 — SE)va|| <Ilvy — vol|,t € [0,T],v1,v2 € B,

(2) ||S(t1)v — S(ta)v|| < k|ty — ta, t1,t2 € [0,T], v € B,

3) I (- Pm)(UtZT S(t)z) (<0, Vx € B,

(4) I = Pp)(S(T)v1r = S(T)v2)|| < bljvr — w2l 01,02 € B,
where §,k > 0 and 0+ < 1, P, : X — X; is a bounded projector, in which m is the dimension

of X;. Then the semigroup S(t) possesses an exponential attractor.

Proof Let D = J,>, S(t)B. It is clear that S(¢t)D C D C B, i.e., D is a positively invariant
bounded absorbing set. |[S(¢1)vi—S(t2)ve|| = ||S(t1)vi—S(t2)vi+S(t2)vi—S(t2)va| < ||S(t1)v1—
S(te)vi| + [|S(t2)v1 — S(t2)ve||, by the assumptions (1) and (2),

[S(t1)vr — S(t2)vz|l < lflvr — w2 + klt1 — t2| < max {l,k}([lvr — val| + [t1 — tal),

which implies that S(¢)« is a Lipschitzian mapping in [0, 7] x B.

Next we only need to prove that the discrete semigroup T'(n) = S(nT') satisfies the condition
(1) in Theorem 3.1.

From the assumption we know that there exists R > 0 such that diamB < 2R, where diamB
denotes the diameter of B.

D=Js®B=|]P.St)B+ ]I - Pn)S(t)B.
t>T t>T t>T
Uss PmS(t)B is a bounded set in finite dimension space X;. By Lemma 2.8, there exist balls
of 7{BZ-}{;1 in X; with radius § such that {B;}X, is a cover of J,sp PnS(t)B. Let D; =
B +U;sr(I — Pp)S(t)B,i=1,2,..., K, and by the assumption (3), we know that diam D; <
diam B; + 20 < 2(8 + 6), which implies D has a cover {D;}£ , with radius § + 6.

Let D} = D;ND. From the assumption (1), || Py (S(T)v1 —S(T)va)|| < ||S(T)v1—S(T)v2||
l|vr — val| < 20(§ + 0),Yv1,v9 € D}i = 1,2,..., K. By Lemma 2.8, P,,S(T)D} has a cover
{B}j}é\’:ll with radius 6(§ 4+ 6) and the number of cover k1 < (14 %l((grg)))m = (1+Z)™. Let
Dilj = Bilj + (I — P,)D}. By the assumption (4), {Dilj }521122}? is a cover S(T')D with radius
(6+6)? and the number of cover Ny < K(1+21)™. After iterations, we get there exist K (1+%)"™

IN
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balls at most in X covering T'(n)D = S(nT)D with radius (6 + 6)"*!. From the assumption we
know that (6 +6) < 1, and consequently that the discrete semigroup T'(n) satisfies the condition
(1) in Theorem 3.1. O

4. Existence of exponential attractor for reaction diffusion equation

We consider the following nonlinear reaction diffusion equation:
ur — Au+ f(u) = g(x),
u|39 = 0, (4.1)
u(zx,0) = uo,
where 2 is a bounded smooth domain in R”, g(z) € L?(2), f is a C! function and there exist

p>2 ¢ >0,1=1,...,5such that

cul? —ea < f(u)u < czlul? + ey, (4.2)

fulu) = —cs, (4.3)

for all u € R.

The problem has been studied in [11]; here we will use our method to prove the existence
of exponential attractor.

For convenience, hereafter let | - |, be the norm of LP(Q) (p > 1). If p = 2, we denote
|- ]2 =], and ¢ the arbitrary positive constants, which may be different from line to line and
even in the same line. Since 2 C R"” is a bounded smooth domain, we take the equivalent norm
in H}(Q) and H2(Q2) N H(Q), respectively, by

n

ou 3
V) = [l = 3 (/Q |2 2dr) for all w € H3(9),

i=1
" 0%u 3
2 2 1
|Au| = ; (/Q |a—x%| dx) for all w € H*(Q2) N Hy ().
We state the general existence and uniqueness of solutions which can be obtained by the
Faedo-Galerkin methods and the interested readers are referred to [2] for detail.

Lemma 4.1 Assume that Q is a bounded smooth domain in R", and g(z) € L?*(S2), then for
any up € L?(Q) and any T > 0, there exists a unique solution for Eq.(4.1) which satisfies

u(t) € C([0,7); L*(Q)) N L*(0,T; Hy () N LP(0, T; LP(RQ)).
If furthermore, ug € H}(Q), then
u e C([0,T]; Hy(2)) N L*(0, T; H*(52))).
By Lemma 4.1, we can define the semigroup S(t) as follows

S(tyug : L*(Q) x RT — L*(Q), and S(t)up : L*(Q) x RY — Hy ().
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Lemma 4.2 ([5]) Assume that ) is a bounded smooth domain in R", and g(z) € L*(Q), then
the semigroup S(t) has a bounded absorbing set in L(), H}(Q), LP(Q), H?(Q) and L*’~2(Q),
respectively; that is, for any bounded subset B in L?(Q), there exists a positive constant T, such

that
u()]* < M, [u@®)]® <M, [u(t)[h <M, |Au(t) < M, |ut)3275 < M

for any ug € B and t > T, where M is a positive constant independent of B, u(t) = S(t)uo.

Theorem 4.3 Assume that Q) is a bounded smooth domain in R", g(x) € L*(Q) and f satisfies
(4.2) and (4.3),2 <p < oo(n <2),2<p< A541 (n>3), and S(t) is the semigroup associated
with (4.1), then S(t) has exponential attractor in L*(Q) and Hg ().

Next we will verify that S(t) satisfies all the conditions in Theorem 3.3 in L?(£2) and H} ().
We only prove the existence of exponential attractor in Hg (), using the same method, and the

same conclusion holds true in L?().

We set A = —A. Since A~! is a continuous compact operator in L?(£2), by the classical
spectral theorem, there exist a sequence {A;}52,
0<)\1§)\2§§)\j§, )\j—>+007 as j — oo,

and a family of elements {e;}52, of Hg(€2) which are orthogonal in L?(Q) such that
Aej = )‘jeja Vj € N.

Let H,, = span{ey, ea,...,en} in L2(Q) and P, : L?>(Q) — H,, be an orthogonal projector. For
any u € L%(Q) we write

u= Ppu+ (I —Pp)u2u +us.
Without loss of generality, we can suppose B is a positively invariant bounded absorbing set,
ie., S(t)B C B,Vt € RY.
Proof Taking inner product of (4.1) with —Augy in L?(2), we get

1d

5 gl + 1Aul® < [f(u)l|Aus| + |g(z)]|Aus|. (4.4)

Since
fllaul < 2L e, jg@iau < B2 4 g,
(4.4) implies that
huall? + |2l < 27 + lo(a)P).
Using (4.2), we find
= [ 1) Pde < e(uig 3 + ).

By Poincaré inequality and Lemma 4.2, we get

d
&HWHQ + Am|luz]|* < c.
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Applying the Gronwall’s lemma, we have

— Cc
lua @)1 < e ua ()] + 31— (4.5)

We set uq(t) = S(t)v: and ua(t) = S(t)vz to be solutions associated with equation (4.1)
with initial data vi,v2 € B. Since B is a positively invariant bounded absorbing set, we find
that ui(t),us(t) € B for all t € R.

Let w(t) = u1(t) — ua(t). By (4.1), we get

— Aw+ f(uy) — f(uz) =0. (4.6)

Taking inner product of (4.6) with —Aw in L?(Q2), we have
1d
2dt

Taking into account (4.3)and Holder inequality, it is immediate to see that

—llwl® + [Awl* + (f(ur) = f(uz), —Lw) =0

() = flu). =) < [ [fw) = Fluz)| Swde
Q
< gloul+ 5 [ 1£) = flun)Pda

/|f w) u2)|2dm—/ (01 + 0w — u))2ur — ua|?da
<o [t Bl 4 P~ o
Q

p=2 _1
<o [ fuPoD s uaPe V) ([ fur - uapen)
Q Q

2 2) 2
< (1 + [u o7 + Jualy =) w3, 1)-

Since 2 <p < oo(n < 2),2<p < 5 41 (n > 3), using Sobolev embedding theorem, and
/ [f(u1) = f(uz)Pde < e(1+ [furPP7 + uz 2P~ |Jw]* < ¢fw]?,
we get L{|w|? < cf|w||?, hence
[w(®)]* < [lor —vae < cllor —v2||?, VE € [0,T]. (4.7)

Let w = wy + wa, w; be the projector in PH,,. Taking inner product of (4.6) with —Aws
in L?(Q), we have

1d

2 dt Hw2||2 + |A’LU2|2 ( (ul) - f(u2)a _AU)Q) = O, (48)

1
|(f(u1) = flua), =Dws)| < S |Aws]* + |f ur) = f(uz)Pdz < *|Aw2\2 +cflwl®.
2
Using the Poincaré inequality A, ||wz|? < IAw2|2, it is immediate that

d
Zlw2ll® + Anllwa* < effw].
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By Gronwall’s lemma and (4.7), we have

c

lwa(@)I* < e [lwa(0)]* + i\\vl — ool < (e pwrtl Ui va . (4.9)
By (4.1), we have
to to
u(te) —u(t) = [ Auls)ds — [ f(u(s))ds + (t2 — t1)g(z). (4.10)

t1 ty

Taking inner product of (4.10) with —A(u(t2) — u(t1)) in L*(Q), we get

lu(ta) — u(t)|? < |Auts) — u(r)( / [Du(s)lds] + | / lds| + [tz — ti]lg])-

t
(4.2) implies that

[f(u($))? < e(1+Ju(s)[*72).
And by Lemma 4.2, we obtain

lu(ta) —u(t)||® < clta — ti]- (4.11)

(4.5), (4.7), (4.9) and (4.11) imply that S(t) satisfies all the conditions in Theorem 3.3, i.e.,
S(t) has an exponential attractor in H}(Q2). O
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