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Abstract In this paper, we construct a function ¢ in Lz((C",dVa) which is unbounded on
any neighborhood of each point in C" such that T, is a trace class operator on the Segal-
Bargmann space Hz((C”7 dV,). In addition, we also characterize the Schatten p-class Toeplitz
operators with positive measure symbols on H?(C",dV,).
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1. Introduction

Let C™ be the n-dimensional complex Euclidean space and B,, be the open unit ball of C™.

For any two points z = (z1, 29, ..., 2,) and w = (wy, wa, ..., w,) in C", we write

(z, W) = 21W7 + 22W3 + - - - + 2, Wy,

and
212 = (2,2) = |21 * + |2 + -+ [z
For k = (ki,ka,...,k,) an n-tuple non-negative integers, we write
: ki k :
KV =FKylko! - k), ||| = K14 ko + -+, 28 = 21282 gk
For each coordinate z;, we write z; = x; 4+ iy; where z;, y; are real numbers. Then,
z = (z1,%2,...,2,) can also be denoted as z = (1, Y1, T2, Y2, - - -, T, Yn)-

Throughout the paper, we fix a positive parameter « and consider the Gaussian measure

AV (z) = (%)"e‘“‘z‘de(z)

where dV is the usual Euclidean Volume measure on C* = R27,

For any p > 0, write

LP(C*,dV,) = {f is an entire function on C"\/ |f(2)|PdVa(z) < +oo},
Cn
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and 1
I, = [ [ ir@peFave)”.

The space defined as follows
H?(C",dV,,) = {f is an entire function on C"|f € LP(C",dV,)},

is called Segal-Bargmann space. In particular, H2(C",dV,) is a Hilbert space with the following
inner product inherited from L?(C",dV,,):

(0) = [ SGgEVa(2),

and we denote by || - |2 the norm in H?(C",dV,,).
For any f € L?(C",dV,), we define the integral operator P : L*(C",dV,,) — H?(C",dV,)

as

P(f)(z) = : f(w) K (w)dVa (w),
where K,(w) = e“*" is the reproducing kernel of H?(C",dV,). Then, P is the orthogonal
projection from L2?(C",dV,) to H?(C",dV,). For more details, we refer to [1-4].
Given ¢ € L>(C"), we define a linear operator T}, : H*(C",dV,,) — H?(C",dV,) by
T,(F)z) = Plen):) = [ el)f @) RlodValw), f & H(C".ava).

We call T, as the Toeplitz operator on H?(C",dV,) with symbol ¢. It is obvious that T, is
bounded with ||T, || < ||¢||s. Furthermore, for any complex numbers a and b and any bounded
functions ¢ and v, we can easily find that TG = T3, Tap+by = aTyp + 0Ty and T, > 0 whenever
©=>0.

For any z € C™ and r > 0, we use B(z,r) = {w € C" : |w— z| < r} to denote the Euclidean
ball centered at z with radius 7. Then,

V(B(z,1)) = / dV(w) =

B(z,r) n!

Z)n

We refer to [5] for the specifical proof.

The Toeplitz operators on Segal-Bargmann spaces have been researched by both mathe-
matician and physician for many years, since the Segal-Bargmann space is closely related to
quantum mechanics. Specifically, the Fock boson annihilation and creation operators in quan-
tum mechanics can be represented as the operators % and M, in Segal-Bargmann Space, and
the normalized reproducing kernel of Segal-Bargmann Space also corresponds to the coherent
states in quantum mechanics, moreover, the C*-algebra generated by Weyl operators of boson
quantum mechanics consists of the uniform limits of almost-periodic Toeplitz operators on Segal-
Bargmann space [1,6,7]. To investigate more applications in physics, it is significative to make
certain some unknown properties of Toeplitz operators on Segal-Bargmann spaces.

Naturally, just as considering the Toeplitz operators on classical Hardy space and Bergman
space, we want to make clear the boundedness and compactness of Toeplitz operators on Segal-

Bargmann space at first. Clearly, T, is bounded if ¢ is essentially bounded, in which case
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1T, < |lelloo- But it is easy to check that the converse is false by the counter-example given

by [1] (for n = 1, we just need to set ¢(z) = ——=). In fact, Isralowitz and Zhu [3] equivalently

characterize the boundedness and compactnesg/g Toeplitz operators with some special symbols
on Fock space in dimension one. Alexander and Dror [8] also studied the boundedness and
compactness of the Toeplitz operators defined on generalized Bargmann-Fock spaces by Carleson
measures and vanishing Carleson measures. But we are eager to find the direct relationship
between the boundedness or compactness of Toeplitz operators and their symbols, and we wonder
whether there exists any bounded or compact Toeplitz operator with unbounded symbol on
Segal-Bargmann space like on Bergman space.

Motivated by [9-11], in the second section, we construct a class of function in L?(C",dV,,)
which are unbounded on any neighborhood of each point in C™, such that the Toeplitz operators
with these symbols are not only bounded but also compact on H?(C",dV,,). By the process
of constructing, we also find there exists a function ¢ in L?(C",dV,) which is unbounded on
any neighborhood of each point in C™ such that T, is a trace class operator on H 2(Cn,dVy,).
Furthermore, we obtain the equivalent characterizations of Schatten p-class Toeplitz operators
with positive symbols on H2(C",dV,,) in the latter two sections. We also find the characteriza-
tions of Schatten class Toeplitz operators in terms of the Berezin transform on Segal-Bargmann
space is different from Bergman space setting. Just as the theory in dimension one, the cut-off
phenomenon that is often seen in Bergman space theory disappears in Segal-Bargmann space
[12,13], the results given in [3] about the Schatten p-class Toeplitz operators on the Fock space

are generalized.

2. Trace class Toeplitz operators with unbounded symbols

At the beginning of this section, we give the following sufficient condition of the compact
Toeplitz operator on H2(C",dV,,).

Proposition 2.1 Suppose ¢ in L°(C") vanishes at infinity. Then T, is compact on H*(C",dV,,).

Proof Since ¢ is essentially bounded and vanishes at infinity, it is obvious that for arbitrary
€ > 0, there exist positive constants M and A such that |¢(z)] < M a.e. and |p(2)| < € for all
|z] > A. Set

—_

(w) ,if Jw] > X
w) =
X 0, if [w] < A

and

—_

(w) 0, if |w|> X
w) =
X L if Jw] < A

Assume {f;} € H?*(C",dV,) with ||f;|| < 1 is a sequence which weakly converges to zero as
7 — oo. Then

T, f;(z) = Plof;)(z) = / o(w) () Ko@)V (w),

n
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from which it follows
‘2

Tt = [ | [ et @ETmavew)] ava)

:/"

| et Rave )| ava(z)
{wilw] <A}

R N O = AT

ijKdeVaw2dVaz
L, P RV ) v )

/ o(w) 5 (w) Ko (@) AV () +
{w:|w|>A}

=2 [ A1 [ etwratos @R twavawp+

| [ etwnatw) s )RV w) ava )
= )2 2 alZ 2Jj z 2 alZ
SR O IACEEY L EWACTAS

<2(lexafill* + llexafill?).

Note
loxafs? = / [o(w)xa () £ (w) PV () = / [p(w) () 2V ()
cn {w:|w|>A}
&2 (w2 aw:esz_ez
<é [ IPavaw) = @5 <
and
loxadsI? = / ()Xo (w) £ (w) PV (w) = / () 5 () 2V (w) < M)
Cn {w:|w|<A}

Therefore, ||T,f;|| = 0 as j — oo, and this implies that T}, is compact on H?(C™,dV,).

Now, we turn to introduce a new circular-like cone to construct a function ¢ in L?(C",dV,,)
which is unbounded on any neighborhood of each point in C™. For é > 0, £ € C™, denote
|z =&l § -z

iy &1 18l
Then, (¢, ) is an open set of B(0, |£|) which is a circular-like cone with vertex &.

For any r > 0, write B(0,r) in C" as B(r) and dB(r) its boundary in this section, and
denote by do, the area measure on the sphere dB(r). Obviously, o,.(0B(r)) = O(r*"~1). Assume
b1, bo are arbitrary positive numbers. It is clear that we can choose some § = 6(bq,b2) > 0 such
that

< Re(

Q6,8) = {z € B(O,[¢]) : [1 — (1 - |§|>51% : ), Re(z,&) > 0}.

o, [QE,8(by,b2)) NOB(r)] < d- (|¢]* - T2)ble*b2’r2

for any 0 < r < |¢] and & € C", where d is a constant which is independent of ¢ and r. For
simplicity, we write (&, 0(b1,b2)) as Q(&, b1, b2).

Theorem 2.2 Assume by > 0, by > 0. For arbitrary £ € C", let Ug(z) = (|¢]* — \z|2)’b71, zeC"
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and Xq(¢ b, by)(2) Is the characteristic function of the set Q(&,b1,b2), ©(2) = Xa(e,b1,b2)(2) - Ue(2).
Then T, is a compact operator on H*(C",dV,,).

Proof Suppose {f;} C H*(C",dV,) with || f;]| < 1 is a sequence which weakly converges to zero
as j — 0o. Then, f;(w) — 0 uniformly on Q(, by,bz). That is, for any € > 0, there is a Ky > 0
such that |f;(w)| < e for arbitrary w € Q(, b1, b2) when j > K. Thus,

Tt = [ 1P PVate) = [

:/n

<& / / (€12 = )11 PaVa (w)dVa(2)
" Q(§7b17b2)

[E p(w) fj(w)Kz(w)dva(w)fdva(z)

n

by _ 2
Lo = Py F e v )| avate)
Q(&,b1,b2)

= e[ [ KRV av )

= [ (e Py e v (w)
Q(&,b1,02)

(67

=Gy [ (P - Py v
Q(&,b1,b2)

s

_ QXp 2 I 2 2\—b
= Co(3)"e (g2 = %)~ dodr
Q0 0 Q(&,b1,b2)NOB(r)
€]

=2 [ ol b ba) VOB ~ )

N o
< Cod(—)"e2 e dp =
™ 0

where Cj is a positive constant. Hence, || T, f;|| — 0 as j — oo. The proof of this theorem has

been completed. [J

As we know, the set consisting of the points in C™ with rational coordinate components is
a countable dense subset of C", we denote this set as {¢; }‘;‘;1 Consequently, from Theorem 2.2,
we can construct a class of functions {¢;} in L?(C",dV,,) by the characteristic functions on the
corresponding circular-like cones {€2(&;,b1,b2)}, such that T, is compact on H 2(C",dV,,) for
each j € Z, . Further, we also construct a function ¢ in L?(C",dV,,) which is unbounded on any

neighborhood of each point in C", such that T}, is a trace class operator on H?(C",dV,).

Theorem 2.3 There is a function ¢ in L?(C",dV,,) which is unbounded on any neighborhood
of each point in C", such that T, is a compact operator on H?(C",dV,).

Proof For arbitrary & € C" and r > 0, it is enough to construct a function ¢ in L?(C",dV,,)
which satisfies esssupzeB(gﬁT)|<p(z)| = oo induces a compact Toeplitz operator on H?(C",dV,,).
Assume by > 0, by > 0 and Ug,(z) is the function in Theorem 2.2. For each ¢;, set ¢;(z) =
XQ(e; b1 ,b2) (2) - Ug; (2), then Ty, is a compact operator on H?(C",dV,) by Theorem 2.2. For any
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f € H*(C",dV,,), we have
1T, fII? = /Cn ‘/«: i (w) f(w) K, (w)dVe (w) ZdVa(z)
by _ 2
— [ e ) e )V w)] vt
n Q(E]‘,bl,bQ)

<1712 / / (165 1% — |w]2) "1 | PV (w) AV )
n JQ(E;,b1,b2)
\/b27r «

2 2
< ()" Codl £1* = CTIFI1%,
2by
where the last inequality comes from the computation in Theorem 2.2 and Cy = [—%(%)"Cod]%
is a positive constant relative to the dimension n. Consequently, ||T,,,|| < C;. For any positive
integers M and NN, without loss of generality, assume M < N and take Ty, = Z =1 21] T,,- Then,

Ny N
PIEEIEDS
j=M j=M

1 N
E”T%'f” <Cilfll zj\;g
]:

for any f € H?(C",dV,,), which implies that

Thus, >_°° =1 21J T, converges to T" in norm. Obviously, T is a compact operator. Moreover, it is
not difficult to check that ¢; € L*(C",dV,) and ||¢,|| < C;. In fact,

o513 =/ [ ()P dVa(z) = ( )"/(5 - )(|§j|2—IZI2)_b16_“'Z'2dV(Z)

€51
—ar [ (& — ) e doydr
Q(&;,b1,b2)NOB(r)
€51 o +oo 2
< Cod ( ) / ( a—by)r? dr < Cod ( )n/ e b2 qp
T 0 ™ 0

bom @

2b2 (ﬂ') Cod Cl?

RS

j

IN

thus Zj’;l %gpj converges to a L2-function ¢, and

— 1
ITofll = 1T, 2, /1 = HZW @jf\\<zly||T¢jf||

AT DIE S =Gl
j=1

for any f € H?*(C",dV,). This indicates that || T},|| < C;. Moreover, assume p is an arbitrary

polynomial, then

=1
1T = Tl = Tsee,appll = 30 557p
j=M+1
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o0 o0

1 1
< Y Sl <l Y 5 =0 Moo
j=M+1 j=M+1

Therefore, T = T;,. In other words, 1" is a Toeplitz operator with symbol ¢ = Z]oil %goj. Since
{€;} is dense in C", it is clear that for arbitrary { € C" and r > 0, esssup,¢pe ) l0(2)| = oc.
This completes the proof. [

What’s more, we can construct a trace class operator with unbounded symbol on H2(C",dV,,).

Theorem 2.4 Assume 0 < a < n. Then there is a function ¢ in L?>(C",dV,,) which is un-
bounded on any neighborhood of each point in C", such that T, is a trace class operator on
H?(C",dV,).

Proof Assume b; > 0, by > n, and let e, = \/("}:H 2k, Then {exr}r,;>0 is an orthono-
mal basis of H*(C",dV,) (see [1,2]). For any j € Z,, suppose \; € [\/[&]? —1,1¢]), set
0 (2) = X, (& .01,62)(2) - Ug; (2), where Qx,(§5,b1,b2) = {2z € Q(&j,b1,b2) = [2] > [A;[} and U, (2)

is the function in Theorem 2.3. Then

|<T<,0j€k,ek>| = <Tap]‘€kaek> = /Cn P(@jek)(z)mdva(z)
= /n /n j(w)er(w) K, (w)dVy(w)er(2)dVa(2)

ll |l
[0
=T - @j(w)wk[/ 2k Ky (2)dVy (2) |dVi(w)
NIl -
R A T VA
K Jen
(1]l
[0 « —olw
=" R / (1&;1* = Jwl? ) P Wk wkav (w)
T O (€5:b1,b2)
k 1€51
g : l/ / (I& 17 = w]? ) —or® 20kl g dp
7T >‘J Qx; (&5,b1,b2)NOB(r)
(Il
[0 OZ by a2
k +oo
e p(—ba—a)r® 211Kl g,
s k! A
ool —nr? 2|
S COd(;) 7 ) e r dT‘,

where Cj is a positive constant independent of a. By changing variable t = 72 and using the
integration by parts, we have

+oo — 1. _3y.....3.1 ptoo
/ 677”"27”2”]6”(17" < (”kH 2) (HkH 2) 232 / eintt%dt
0 0

nllkl-1

— 1y, —3)y.....3.1 1 +o0
_ Ukl =3)- (k) = 5) 2 2(/ e*"’ft%dt+/ e*”tt%dt)
0 1

nlkl-1

Ell— 1) (El —3).....8.L, ft +oo
SERRTIEN R Py g
nllkll— 0 1
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_ (||k||*%)'(HkH*%)""'%‘%(1—6_" + 4
- nllkll=1 n n?
L =3 (=333
nllkll—1 '
It follows that ([ = L) - (1] = 2) 3 1
a Kl =1 - (k| —3)----- 2.1
Ty, erser)| < Mo 7l k=1 '
where My = 2Cod(%)" is a constant only dependent on n. Set T' = 3777, 5T, and ¢ =

Z;’il %goj, then T'= T, is compact by Theorem 2.3. Note 7' is positive, we get

Z ‘<T€k,8k>|: Z Tek,ek Z 22] ek,ek

keN™ kEN™ kEN™ j=1
1 allFl |k||—%)-(||k||—%)-~---%-%
<My ) 221 k! nlEl—1
keN™ j=1
Il (k| =) - (k)| = 2)----- 3.4
_ @ 2 2 22
=My 3 k! nlFI—1
kEN™
0 1 3 3.1
o (m—1L). (m—3).....3. 1
= nM, Z(E)m Z 2 k'Q 23
= Ik]|=m ’
1)!
<nMoZ mz m;;)_
IIk]|=m ’

By using the inductive method similar to [11], we easily see that
(m+1)!
D LT
kll=m

Consequently, there is a positive constant M; which is dependent on n such that

Z|Tek,ek|<nMOZ Z m/;“ MZ ) < o0

keN™ ||k]|=

for each 0 < a < n. This shows that T is a trace class operator on H%(C",dV,). The theorem
has been proved. [J

3. Toeplitz operators in S, with p > 1

In fact, we can also define Toeplitz operators on H?(C",dV,,) with more general symbols.
More specifically, if ;1 is a complex Borel measure on C", we define the Toeplitz operator 7}, as
Tu(f)(z) = : F)K(w)e " dp(w), = €.

Here, we notice that there is an extra weight factor e~v® in our definition of T,, compared to
the traditional definition of Toeplitz operators on weighted Bergman spaces which was begun in
[14]. Since the kernel function K, (w) is unbounded for any fixed w # 0, it is not clear when the

integrals above will converge from the loose definition of T},, even if the measure p is finite.
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Suppose that p is a Borel measure that satisfies the condition

[ 1wl Pl w) < oo 1)

for all z € C". Then because of the exponential form of the kernel function, it is clear that

condition (1) is equivalent to

[ 1w Pe el alul(w) < oc 2)

for all z € C™.

If ;1 satisfies condition (1) or (2), then we can easily get that the Toeplitz operator T}, is
well-defined on a dense subset of H?(C",dV,). Therefore, all measures used in the following
sections will be assumed to satisfy condition (1), so that Toeplitz operators are well-defined. We

also define a function iz on C" as follows:
i) = [ hwPe T du), zecr, 3)

where k. (w) = K. (w)//K.(z) = e~ 57" called normalized reproducing kernel in H2(C™, dV,,).

Thus, we can write
2
i) = [ it = [ e ),

called the Berezin transform of y. Again, we have included the extra weight factor el in (3)
compared to the traditional definition of the Berezin transform in the Bergman space setting.
If the Toeplitz operator 7, happens to be a bounded operator on H 2(C",dV,,), then for any
z € C", we have (z) = (T.k,, k).

If du(z) = (2)"@(2)dV(z), we get T), = T,, and we will write ¢ for 1. In this case, we call

@ the Berezin transform of ¢ and

5= C [ e av )

which implies that all our results can be formulated in terms of the density function ¢ if the

measure y is absolutely continuous as above. If p is a locally finite Borel measure, the func-

tion z — p(B(z,7)) is the constant (Wflﬁ times the average of u over B(z,r). Thus we will

call u(B(z,7)) an averaging function of p. The following pointwise estimate for functions in

H?(C",dV,) will be used to prove the main result in this section.
Lemma 3.1 For any r > 0 and p > 0, there exists a positive constant C' such that
fEpe <o [ jfwpavie)
B(z,r)
for any entire function f on C™ and z € C™.

Proof By a change of variables to the integral on the right of the lemma, we obtain

z) = w) P aw:g" w)[Pe—alwl’® w
1(2) /B(mlf( PV (w) = (%) /B(mm ) AV (w)

™
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—&y [ e wpe o av
|ul<r

= (

Al 3|0

yremett /B< Wl e av
o,r

2a

:e-(W/ £ (2 + u)e T PV (u).
B(0,r)

20Zu

Let h(u) = f(z+u)e” » . We can easily get
1
hopgi/ h(u)[PdVe (u
ROV = 5y Lo, RO AVa0)

by the subharmonicity of |h(u)|P. Then,
I(2) = Va(BO,r)|(0)Pe™ " = Vo (B(0,7))| f(2)[Pe ="

Thus, the result holds with C' = V,,(B(0,7))~*.

The following elementary estimate will also be needed on several occasions later.

Lemma 3.2 For any r > 0, there exists a positive constant C = C(r) such that u(B(z,7)) <
Cr(z) for all z € C™.

Proof For given z € C", we have

p(BG) = [ )= e [ ) e [ et a)

B(z,r) B(z,r)
< earz/ e—a\z—w|2du(w) — earzﬁ(z).
C'IL

This gives the desired result.

Suppose 21, 22 2" are different points in C™ that are linearly independent, the set
of points m1zM + mez® + .. 4+ m,2" is called the lattice generated by {z(l), 2@ z(”)},
where m; (1 < i < n) are arbitrary integers. For example, for any integer ¢ (1 < 4 < 2n) and

r >0, we set
2n

¢ =10,0,...,0,7,0,...,0),

whose ith coordinate component is r and other coordinate components are zeros, as we know
{€}}2", is a standard orthonormal basis of R?*", then the set {m1&] +ma&l + - - + man&s, |m; €
Z,1 < i < 2n} is the lattice generated by {£/'}2",. For convenience, we will write every such
lattice as a sequence.

In this section, we are going to determine when a Toeplitz operator T, on H 2(Cn,dv,)
belongs to Schatten class S, concerns the case p > 1, while the next section concerns the case
0 < p < 1. Background information about the Schatten class S, can be found in [12] for example.

For any bounded linear operator 7' on H?(C",dV,,), we can define the Berezin transform T
by

T(2) = (Tks,k.), z€C",
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where k, are the normalized reproducing kernels in H2(C",dV,,). Let {ey = 4/ "‘l‘;" zk}kj >0 be
an orthonomal basis of H2(C",dV,,). If T is positive on H2(C",dV,,), then

tr(T) = Z (Teg,er) = Z/ Te(z)exr(z dV()

keN™ keN™
_ Z/ (Tey, K. e (2)dVa(z) = / <Tzekm,1{z>dva(z)
keNn/L" " k=1

I
o,
<

/ (T K)dVa() = / (Thay k) K(2)dVa(2)
=&y [ Teave)

™

In particular, T is the trace class Sy if and only if the integral above converges. Consequently,

we obtain the following trace formula for Toeplitz operators on Segal-Bargmann spaces.

Lemma 3.3 Assume pr > 0. Then T}, is the trace class Sy if and only if ;1 is finite on C™.
Moreover, tr(T),) = p(C").

Proof Since all integrands below are nonnegative, we use Fubini’s theorem to obtain

w(@) = [ a@wve =@ [ ePeet )
/ / —amw 2 gl +) gy ()2l 4V, (2)

// e PV, (2)e T dy)

Ky (w)e P dp(w) = p(c™).
-

This also shows that tr(7T),) < oo if and only if p(C™) < oo.
Lemma 3.4 Ifp>1 and p € LP(C",dV), then T, € S),.

Proof By interpolation, we only need to prove the result in the case p = 1 (the case p = +o0
is trivial). Suppose ¢ € L'(C",dV) and let {e, = 4/ O‘L‘;” zF}1,>0 be an orthonormal basis of
H?(C",dV,). Note

Tpereen) = [ lenl2)P ol )

for any k € N™, it follows that

Tl = 3 (Tperendl = 3 | [ lex@)P ol )

kEN™ keN™

< P eVa(z) = [ K.()lpEldVale)
k;/ k() Ple(z / (2

=@ [ le@IavE) = Gl

The proof has been completed. Moreover, we should claim here that the condition p > 1 is sharp,
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since we can give an example to show that this lemma is false when 0 < p < 1. Consider the set
K C R?" = C" given by

2n
K = | [2k, 2k + k™ 7%] x [2k, 2k + k™77 x -+~ x [2k, 2k + k™77
k=1

and take p = xx the characteristic function of K. It is easy to check that ¢ is in L?(C™,dV) for
0 < p < 1. However, Y 72, &, (ax)? = +oo. Thus, T, is not in S, by the equivalent descriptions
in Theorem 4.5 which will be proved in the next section.

To find the necessary and sufficient condition of Schatten p-class Toeplitz operators, we still

need the following lemma.

Lemma 3.5 Suppose r > 0, u > 0, and

(mr?)m

fir(2) = W(B(z1) /), 2 e T

If fi, € LP(C",dV), then Ty, and T, are bounded on H?(C",dV,). Moreover, there exists a
positive constant C' which is independent of p such that T, < CTj, .

Proof Since fi, is in LP(C™,dV) , a simple application of Theorems 5.1 and 6.2 in [8] tells us
that T, and T, are bounded. Moreover, given f € H 2(C",dV,,), by using Fubini’s theorem, we

obtain

71'7'2 n ’/TT'2 n
g0y = T [ @R @e) = [ OPMEE V)
Cn

n! n

= [ [ ot w)dnwava )
= [ duw) [ 1) Pxan (Vi (2
=G [, reretave )

™

Combining the above identity with Lemma 3.1, there exists a positive constant Cy such that

(Ta, f, f) > Cl(%)n/

(mr2)n

[F(w) el duw) = (2T, 1 1),

n

which implies that (T, f, f) < C(Tp, f, f) by setting C = (rr)*" This proves the desired result.

Ciamn!”

Now, we give the main result of this section.

Theorem 3.6 Suppose 4 > 0, p > 1, r > 0, and {a;} is the lattice in C" generated by
{&r =(0,0,...,0,7,0,...,0)}2*,. Then the following conditions are equivalent:

(a) The Toeplitz operator T}, belongs to the Schatten class Sp.

(b) The function ji(z) belongs to LP(C™,dV).

(c) The function pu(B(z,1)) belongs to LP(C™,dV).

(d) The sequence {{(B(aj,r))} belongs to IP.

Proof (a)=-(b). By the Lemma 1.4.5 of [12] and trace formula in Lemma 3.3, we know T}, € S,
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if and only if 7 € Sy if and only if tr(7}}) < oo, so condition (a) holds implies that fi(z) €
L?(C™,dV) from the fact that

() = (O [ (T k)av) = (G [ @kkav() = (¢

= . " [ Eerave)
where the first inequality holds by Proposition 6.3.3(1) of [12].

(b)=(c). It is obvious from Lemma 3.2.

(¢)=(a). If the averaging function fi,(z) is in LP(C"™,dV), then it follows from Lemma 3.4
that T () is in S,. Combining this with Lemma 3.5, we conclude that 7}, is in .S;,. This means
(¢c)=(a) holds. Hence conditions (a), (b) and (c) are equivalent.

To complete the proof, we will have to prove conditions (d) is equivalent to any other
conditions, we choose to prove (b)<(d) here.

(b)=(d). Obviously, condition (b) holds that the function p(B(z,2r)) € LP(C™,dV).
Choose a positive integer m such that each point in the C" belongs to at most m of the balls
B(aj,r). Then

m [ u(B(z20)Pav (s >Z / (2, 2r))PdV (2)

Ccn B(a; r)

>Z/ Blay,r))PdV (= —7”" i (a7

(aj, r)

for each z € B(aj,r), where the second inequality is deduced from the triangle inequality which
makes B(a;,r) C B(z,2r) for each z € B(aj,r). This shows that conditions (b) implies (d).

(d)=(b). Suppose {z;} is the lattice generated by {52 (0,0,...,0,%,0,...,0)}2%. In
fact, for each point z; that is not in the lattice {a;}, the ball B(z;,r) is covered by finite adjacent
balls B(a;,r). Hence, the condition Z;’;l u(B(aj,m))P < oo implies that Z;’;l w(B(zj,7))P < oc.
Therefore,

oo

[ e rave) < > L HBGpPe) < Z -, PGV
_ (Zn)!" 3" u(B(z, 1) < .

j=1
This shows condition (d) implies (c), as the equivalence of (c) to (b) implies that if condition (c)
holds for one positive radius, then it will hold for any other positive radius. This completes the

proof of the theorem. [

4. Toeplitz operators in S, with 0 <p <1
In this section, we will pay attention to the case 0 < p < 1.

Lemma 4.1 Suppose i > 0, 0 < p <1, r > 0, and {a;} is the lattice in C" generated by
{€r}2n,. Then the following conditions are equivalent:
(a) The function p(z) is in LP(C™,dV).
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(b) The function pu(B(z,r)) is in LP(C",dV).
(¢) The sequence {{(B(aj,7))} is in IP.

Proof (c)=-(a). Note

-~ —|zZ—Ww 2 = —|Z—Ww 2
i) = [ ey <30 [ el )
" j=1 B(ajvr)
and

|z —wl* > (|2 — a5 = la; —w])* > |z — ;] — 2r]z — a;]

for any w € B(aj,r), we have
oo
a(z) < Zefalzfaj‘2+2M‘27‘”|u(3(a]’,1")).
j=1
For 0 < p < 1, Holder inequality gives

o0
iz <3 erelsmeltezmorlamasly (B (a )P,
j=1

Thus, we can easily get

n

/ [i(2)PdV (z) < Zu(B(aj,r))p/ e*pa|zfaj\2+2Pa7‘\zfaj|dv(z)
n j:1
by using Fubini’s theorem. By an obvious change of variables, the integral above equals
/ 67pa|u\2+2par\u|dv(z),

which is easily seen to be convergent. (c)=-(a) holds.
(a)=(c). Since there exists a positive integer m such that z belongs to at most m of the

balls B(aj,r) for any z € C", we have

m . w(z)PdV(z) > ;/B(ajﬂ w(z)PdV (z).

Notice
-~ —Q|z—w 2 —|zZ—w 2 — OtT'2
i) = [ e <MM>L()6 P du(w) = 17 u(B(ag, 7)),
aj,r

then

(mr?

m MWW@>ZL«f@WWWNWW@>n!

" — OtT2 -
S e=tver® S B0y, )P
C'I‘L . 1 ]_1

Thus, p(z) € LP(C",dV) implies {u(B(aj,7))} € IP. (c)=(a) holds.
(a)=(b). It is obvious from Lemma 3.2.

(b)=(c). If condition (b) holds, we consider the lattice generated by {gf 2n. and arrange it
into a sequence {z;}. Since there exists a positive integer m such that every point in C™ belongs
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to at most m of the balls B(zj, 5), we have

m [ w(B(z,7)PdV(z >Z / z,7))PAV (2).

cn (zjvz)

The triangle inequality tells us that u(B(z,r)) > ,u(B(zj, )) for each z € B(zj, 5). Therefore,

m [ u(Benrave) = G Zu

By the equivalence of condition (a) and (c), the function i belongs to LP(C",dV'), and applying
the equivalence of (a) and (c) once more, we conclude that {u(B(a;,r))} is in IP. This completes

the proof of the lemma. (]

Lemma 4.2 Suppose p > 0, 0 < p < 1, and the function p(z) is in LP(C™,dV). Then the
Toeplitz operator T, is in the Schatten class Sp,.

Proof As we know T), € Sy, if and only if T € Sy if and only if tr(7}}) < oc. In order to prove
T, € Sp, we just ought to show that tr(7}) < oo. In fact,
o a a ~
(@) = () [ @k k)av ) < @0 [ @bakrave) =G [ eravee)
T n T n ™ n

where the first inequality comes from Proposition 6.3.3(2) of [12]. Thus, the integral is convergent
from the assumption that pi(z) € LP(C™,dV). This completes the proof of this Lemma. OJ

Lemma 4.3 Suppose ¢ >0,0<p <1, and T, € S,. Then ¢ € LP(C",dV).

Proof It is similar to the case when n = 1, we omit here [3]. Furthermore, the condition
0 < p < 1 here is sharp because we can also give an counter-example to show that this conclusion
is false as p > 1. Just take ¢(z) = X[071](|z|)|z|_%, it is not difficult to check that ¢ is not in
LP(C",dV) when p > 1. However, as ¢ is radial, the operator T, is diagonal with respect to
the standard orthonormal basis {4/ ayj” 2k}, >0 of H*(C™,dV,,), and one can easily check that
T, € Sp for each p > 1.

To obtain the necessary and sufficient condition of Schatten p-class Toeplitz operators as

0 < p <1, we also need the following Lemma whose proof can be found in [12].

Lemma 4.4 If0 < p < 1, then for any orthonormal basis {ey} of a separable Hilbert space H
and any compact operator T on H, we have that HT||pp <D ienn Dorenn [{(Ter ex)|P.

Now, we are ready to characterize Toeplitz operator T}, in S, in the case of 0 < p < 1. The
careful reader will find that several key ideas in the proof of the following theorem are similar to

the counterpart of the Bergman space theory.

Theorem 4.5 Suppose p > 0,0 < p <1, r > 0, and {a;} is the lattice in C" generated by
{€r}2n,. Then the following conditions are equivalent:

(a) The Toeplitz operator T), is in the Schatten class Sp,.

(b) The function ji(z) is in LP(C™,dV).
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(c) The function fi, is in LP(C™,dV).
(d) The sequence {fi,(a;)} is in IP.

Proof We have proved the equivalence of (b), (¢) and (d) in Lemma 4.1. Moreover, condition
(b) implies condition (a) was proved in Lemma 4.2. Therefore, to complete our proof of this
theorem, we just ought to show condition (a) implies any condition of (b), (c¢) and (d). We
choose to prove condition (a) implies (d) here. In what follows, C1,Cs, ... will denote positive

constants that only depend on p, @ and r. For convenience, we will use the norm

|2loe = max{[aal, [y, [w2l, [y2l, - - |2, [ynl}

where 2 = (21,91, 72,92, - - -, Tn, Yn) € R?". Denote by B(z,r) the closed ball centered at z with

radius 7 in this norm. If we can prove that condition (a) implies

ZN (2a5,7))" < oo,

then condition (d) will easily follow. To this end, fix some R > 0 and partition {2a;} into M
subsequence such that the Euclidean distance between any two points in each subsequence is at
least R. Let {¢;} be such a subsequence and let v = Z;’il wX;, where x; is the characteristic
function of B((j,r). Since T, € S, and p > v, we have T, < T}, and so T,, € S, with

1ToNls, < I Tulls, - (4)

Suppose {ex} is an orthonormal basis for H2(C",dV,). Then we can construct an one-to-
one mapping from {k = (k1,k2,...,k,) € N"} to N = {0,1,2,...} because both of them are
countable sets. Thus, we can define a bounded linear operator A on H?(C",dV,) such that
Aey, = ijk’ where k = (k1,k2,...,k,) € N™ and ji is a non-negative number depending on k.
Let T = A*T, A so that ||T|s, < ||T,l|ls,. We split the operator T as T = D + E where D is the
diagonal operator defined on H?(C",dV,,) by Df = Yopenn(Ter,er)(f, ex)er and E =T — D.
By the triangle inequality, we have

ITI%, > I1DI%, — 1B, . (5)

From the definition of D, we have

DI = Y (Tex,ex)? = > (T Aek, Aex)? Z (Toke,, ke, )P
keN™ keN™ k=1
= Z (/ e—alz— G I? du(z ) > Z (/ —alz—Cjdel/(z))p
Je=1 " Jr=1 B(CkaT)
Y T2 o0 oo
> e Y v(B(G,)” =Cry_v(B(G)
Jr=1 j=1

On the other hand, we have

IBIG < D> > KBene)P = > Y (Ter,ex) — (Derex) P

lEN™ keN™ lEN™ keN™
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= ¥ @k, ke = 2 | [ ke, (9, B ava)[

J1#dk J1#k
VP — o Sl e i+, ?
Z (Toke,, ke, ) = Z ‘ e T e 31250 d(2)
J1#Jk Jz?fjk
alz—¢ alz=¢, 12 p
Z / - e_ 2 du(z)).
Sk "
If j; # ji, then [(j, —(j, | > R. Thus for [z—(;,| < & the triangle inequality gives us |z —(j, | > &.
Hence,
alz—¢j 12 alz—¢j, 12 wr?2  olz=¢ 12 alz—gj, 12
e 2 e 2 S e 16 e £ e
holds for each z € C™.
Therefore, we have
wR2 alz—¢j 12 alz—¢y, |2 P
BIg, < 3 ([ TR T )
Ji#dk

For each m in {0,1,2,...} and j; € N, let
B ={z:r(2m—1) <]z = (jloe < 2rm}.

Since 0 < p < 1, we know that

ala=g;, 12 7a\z—<jk| _ol el P
E ( e T e 1 ) E E e 1 dy(z))
Ji#Jk " jige m=0 7 Emuy
2 2 _alEg 12
par (2m 1) Jk p
<Oy E e E / du(z))
JiF Ik E'"Jl

for some constant Cs.

For any fixed m and j;, we write N = Q. (JQ3, ; , where

Qi =Lk NG, — Guloo < 2rm}, Q2,5 = {jk € N |G, — Guloo > 2rm}.

Thus, we have that

S g ([ )

J1F#Ik By
e pa7‘2(2m 1)2 s _ofz— Cgkl p
<2 e > > V() +
jl—ljkeggn i m]l
pow‘2(27n 1)2 e _(’“z C]k‘ P
E e E g dy(z))
= 2 Em
Ji= 1]k€Qm i 2J1
= Sl + S27
where
_als- 4”\

s, = Z - pm2<2m 1?2 i Z / dy(z))p

m=0 si=1 J;cGQl En 31

m, iy
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and

sf oS ()

From the definition of Q!

m,j)
which implies that

S1<Cy Y (m+1)*"e
m=0
<Cy ) (m+1)e
m=0
<Cs Y (m+1)*"
m=0

o0

we know that card(f2}

_ par2(2m,—1)2
4
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alz=¢5, I P
T dV(Z)) .

Em.j,

Ji=1 jk€Q2

) < C3(m+1)?" for some constant C5 > 0,

m,ji

o0
par2(2m 1)2
§ :V Jz

1=

par2(2m 1)2 i Z

n=1{jx:12a;, —(;,|=2rm}

<.
=

v(B(2a,7))"

V(B(Zajk ) T))p

Jr=1
o0

< Cs > v(B(2a5,,m))" = Cs > _v(B((,m))".

Jr=1

j=1

We still have to estimate the sum Sy. Note that if k € Q2, ; , then z € E,, j, implies that

|Z - Cjk|00 > Kjl

Therefore,

par (2771 1)2 s
Sy < § :6 E : ,]z
par (27‘”. 1)
< Cy E e g v(E,
=1

o0

9 par2(27n71)2 >
<G Y e 3

m=0

o0

<Co Y (m+1)'e

m=0

< Cho Z v
i=1

B(2Qj7

_Cjk|00 -

Z = Cjiloo = 1G5 — G loo — 2rm > 0.

pa(l¢;, —¢j, loo—2rm)?
DN 4

JREQ?

m, g

P _Pa(27‘jk>2 . on
at) Ze T (mAt gkt 1)

Jk=1

v(B(2aj,,7))"
7(]‘1 |:2rm}

_ par (2m 1)2 i
T ) u(B(2ay,, )P

Jk=

Z B(¢j,r)

=1 {jr:|2a;,

—

Now, we conclude that there is a positive constant C7; such that

o0

IE|S, < Cue™ ™55 Y w(B(g,r))

j=1

from the estimates about S; and Sz. Moreover, combining (4) and (5) gives

ITul1% = ITIS > 1DIG, — B >

paR

(Ch —Crne 16

o0
) 2_ V(BT
j=1
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Since Cy and C7; are not dependent on R, setting R > 0 large enough gives us

o0

S U(B(Gr) < Cuall T2

j=1

Since this holds for each of the M subsequences of {2a;}, we get
> u(B(2a,1))” < CraM|T,|[%,
j=1

for all positive Borel measures p, which implies that the sequence {fi,(a;)} is in {?. This means
(a)=-(d) holds, and thus completes the proof of the Theorem 4.5. O
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