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Abstract In the present paper, the intuitionistic fuzzy LI-ideal theory in lattice implication
algebras is further studied. Some new properties and equivalent characterizations of intuition-
istic fuzzy LI-ideals are given. Representation theorem of intuitionistic fuzzy LI-ideal which
is generated by an intuitionistic fuzzy set is established. It is proved that the set consisting
of all intuitionistic fuzzy LI-ideals in a lattice implication algebra, under the inclusion order,
forms a complete distributive lattice.
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1. Introduction

In the field of many-valued logic, lattice-valued logic [1] plays an important role for two
aspects: Firstly, it extends the chain-type truth-value field of some well-known presented logics
(such as two-valued logic, three-valued logic, n-valued logic, the Lukasiewicz logic with truth
values in the interval [0, 1] and Zadeh’s infinite-valued logic, and so on) to some relatively general
lattices. Secondly, the incompletely comparable property of truth value characterized by general
lattice can more efficiently reflect the uncertainty of people’s thinking, judging and decision.
Hence, lattice-valued logic is becoming a research field which strongly influences the development
of algebraic logic, computer science and artificial intelligence technology. In order to establish
a logic system with truth value in a relatively general lattice, in 1990, Xu [2] firstly proposed
the concept of lattice implication algebra by combining lattice and implication algebra, and
researched many useful properties. It provided the foundation to establish the corresponding
logic system from the algebraic viewpoint. Since then, this kind of logical algebra has been
extensively investigated by many authors [3-9]. For the general development of lattice implication
algebras, the ideal theory plays an important role. Jun introduced the notions of LI-ideals and
prime LI-ideals in lattice implication algebras and investigated their properties in [10] and [11].
Liu etc. [12] studied several properties of prime LI-ideals and ILI-ideals in lattice implication
algebras. The concept of fuzzy sets was presented firstly by Zadeh [13] in 1965. At present,
fuzzy sets has been applied in the field of algebraic structures, the study of fuzzy algebras

has achieved great success. Many wonderful and valuable results have been obtained by some
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mathematical researchers, such as Rosenfeld [14], Mordeson and Malik [15], Shum [16] and Zhan
[17]. As a generalization of the concept of fuzzy sets, Atanassov [18] introduced the concept
of intuitionistic fuzzy sets. Recently, based on the study of intuitionistic fuzzy sets, more and
more researchers have devoted themselves to applying some results of intuitionistic fuzzy sets to
algebraic structures [19-22]. Among them, Jun etc. [20] introduced the notions of intuitionistic
fuzzy LI-ideals and intuitionistic fuzzy lattice ideals in lattice implication algebras. However,
more properties of intuitionistic fuzzy LI-ideals, especially, from the point of lattice theory, are
less frequent.

In this paper, we will further research the properties of intuitionistic fuzzy LI-ideals in
lattice implication algebras. The rest of this article is organized as follows. In Section 2, we
review related basic knowledge of lattice implication algebras and intuitionistic fuzzy sets. In
Section 3, we discuss several new properties and characterizations of intuitionistic fuzzy LI-ideals.
In Section 4, we introduce the concept of intuitionistic fuzzy LI-ideal which is generated by an
intuitionistic fuzzy set and establish its representation theorem. In Section 5, we investigate the
lattice structural feature of the set containing all of intuitionistic fuzzy LI-ideals in a lattice

implication algebra. Finally, we conclude this paper in Section 6.

2. Preliminaries

In this section, we review related basic knowledge of lattice implication algebras [1,2] and

intuitionistic fuzzy sets [18].

Definition 2.1 ([2]) Let (L,V,A,7,—,0,I) be a bounded lattice with an order-reversing involu-
tion ', where I and O are the greatest and the smallest elements of L respectively, —: L x L — L
is a mapping. Then (L,V,A,1,—,0,I) is called a lattice implication algebra if the following
conditions hold for all x,y,z € L:

h)z—(y—2)=y—(x—2);

(L) x—x=1I;

(Iz) = y=y —a;

() x > y=y — x =1 implies x = y;

() (= y) 2y =(y—z) >

() (xVy) = z=(x = 2)A(y = 2);

(L) (xAy) = z=(x— 2)V(y = 2).

In the sequel, a lattice implication algebra (L, V, A, 7, —, O, I) will be denoted by L in short.

Lemma 2.2 ([1]) Let L be a lattice implication algebra. Then for all x,y,z € L,
(1)O—z=Ic—I=I1,I—>zc=zxandz’ =z — O;
(2) x <y ifand only ifx — y =1I;
Br—oy<ly—z)=(z—=z2)andzVy=(z—=y) > y;
(4) <y impliesy > z<x—zand z > x < 2 = y;
b)z—=(yvz)=(@—=y)V@—=2)andz = (yAz)=(x = y)A(z— 2);
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(6)roy=ydrand (z@y) D2z=2® (yd2);

(NVO@zr=z,I®r=1andxda’ =1I;

(8)zVy<zdyandz < (z—y) dy;

(9) x < y impliesx ® 2z < y D z,
where, t®y =2’ — y for all z,y € L.

In the unit interval [0, 1] equipped with the natural order, V = max and A = min. Let
X # 0. A mapping a: X — [0, 1] is called a fuzzy set on X (see [13]). Let a and 8 be two fuzzy
sets on X. We define anN f,aUB,a C 5 and o = 3 as follows:

(1) (anP)(z) = az) A B(z), for all z € X;

(2) (U PB)(z) = afx)V B(x), for all z € X;

(3) a C B <= a(z) < B(x), for all z € X;

4 a=pF< (aCpand fCa).

Definition 2.3 ([18]) Let a set X be the fixed domain. An intuitionistic fuzzy set A in X
is an object having the form A = {< x,aa(z),Ba(z) > |z € X}, where ay and 4 are fuzzy
sets on X, denoting the degree of membership and nonmembership respectively, and satisfying
0< aa(z)+palz) <1, forallz € X.

For the sake of simplicity, in the sequel, we shall use the symbol A = («4,84) to denote
an intuitionistic fuzzy set in X. Let A = (a4, f4) and B = (ap, Bp) be two intuitionistic fuzzy
sets in X. We define AmB,AU B, A€ B and A = B as follows:

(1) AMB= (aA Nag,Ba UﬂB);

(2) AUB = (aaUag,BaNPB);

(3) A€ B <= (aa Cap and B C Sa4);

() A=B<= (A€ Band BE€A).

3. Intuitionistic fuzzy LI-ideals

Definition 3.1 ([20]) Let L be a lattice implication algebra. An intuitionistic fuzzy set A =
(aa,Ba) in L is called an intuitionistic fuzzy LI-ideal of L if it satisfies the following conditions
for all x,y € L,

(IF11) a4 (O) = aa(z) and Ba(0) < fa(z);

(IF12) aa(x) = ca((@ = y)') Aaa(y) and Ba(z) < Bal(z = y)) V Ba(y).
The set of all intuitionistic fuzzy Ll-ideals of L is denoted by IFLI(L).

2
=

Theorem 3.2 ([20]) Let L be a lattice implication algebra and A = (aa,84) € IFLI(L). Then
A is intuitionistic non-increasing, i.e., it satisfies the following condition for all x,y € L,
(IF13) v < y = (aa(z) 2 aa(y) and Ba(x) < fa(y))-

Theorem 3.3 Let L be a lattice implication algebra and A = (a4, 84) an intuitionistic fuzzy
set in L. Consider the following conditions for all x,y € L,

(IFH) z < 2 ®y = (aa(z) 2 aa(z) Naa(y) and Ba(z) < Bal(z) V Ba(y));

(IFI5) caa(z @ y) 2 aa(x) Aaaly) and Ba(z ® y) < Balz) V Baly);
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(IF16) aa(z @ z) 2 aa((z = y)) Naa(y @ z) and Ba(z © z) < Bal(z = y)') V Baly @ 2);
(IFI7) as((z = 2)) =2 aa((z = y)) AN aa(ly — 2)) and Ba((xz = 2)) < Ba((z —
y) )V Bally = 2)).
Then A € IFLI(L) <= (IFI4)<= (IFI13)+(IF15 )<= (IFI1)+(IF16)<— (IF11)+(IF17).

Proof (1) A € IFLI(L) <=(IFI4): Assume A € IFLI(L) and z,y,2 € L. If 2 < z ® y, then
I=z>@@dy) =20 sy =2—=Z>oy)=(EF—>y) >z andso ((z > y) =) =0.
It follows that as(z) = aa((z — v)) Aaaly) = aa(((z = y) — 2)') A aa(x) Aaaly) =
aa(0) AN aa(x) Aaaly) = aa(z) Aaaly) and Ba(z) < Bal(z = y)) V Baly) < Bal((z —
y) = x))V Ba(x) V Baly) = Ba(O) V Ba(x) V Baly) = Ba(z) V Baly), ie., (IFI4) holds.
Conversely, assume (IFI4) holds. On the one hand, since O < z @ « for any « € L, we have
that a4(0) > aa(x) A aa(z) = as(z) and B4(0) < Ba(x) V Ba(x) = Ba(x) by using (IF14),
i.e., (IFI1) holds. On the other hand, from = < (z — y)' @y for all z,y € L, it follows that
aa(z) = aa((z = y)) ANaaly) and Ba(z) < Bal(z — y)') V Ba(y), i.e., (IFI2) also holds. By
Definition 3.1, we get that A € IFLI(L).

(2) (IF14)=(IF13)+(IF15): Assume (IFI4) holds. If # < y, then © < y < y ® y by
Lemma 2.2 (8). From (IFI4), it follows that as(z) > aa(y) A aa(y) = aa(y) and Ba(x) <
Ba(y)V Baly) = Baly), i.e., (IFI3) holds. For all z,y € L, since s &y < Dy, by (IFI4) we have
that aa(z @ y) = aa(z) Aaaly) and Ba(z @ y) < Balz) V Ba(y), ie., (IFI5) holds.

(3) (IFI3)+(IFI5)=>(IF11)+(IF16): Assume (IFI3) and (IFI5) hold. Obviously, as(O) >
aa(z) and B4(0) < Ba(zx) for all x € L by O < z and (IF13), i.e., (IFI1) holds. Let z,y € L. By
Lemma 2.2 (3) we have that x < (z — y)' @y, hencez®z < (v — y) Dydz = (z = y) O (y®2)
by using Lemma 2.2 (6) and (9), and so we can obtain that as(z®2) 2 aa((z = y) B (y®2)) >
aal(z = y)) Naaly®z) and Ba(z @ 2) < fal(z = y) & (Y& 2)) < Ballz = y)) V Baly & 2)
by (IFI3) and (IFI5). This means that (IFI6) holds.

(4) (IF11)+(IF16)==-(IFI4): Assume (IFI1) and (IFI6) hold. By letting z = O and x < y, we
have by (IFT1) that a4 (z) = aa(x®0) = aa((z — y) )Aaa(yPO) = aa(O)Aaa(y) = aa(y) and
Ba(@) = Ba(2©0) < Ba((z > y)')V Ba(y®O0) = Ba(0)V Ba(y) = Ba(y). Then for all z,y € L
and z < & @y, we have that as(z) > aa(z @ y) = aa((z = O)) AN aa(y®O0) = aa(z) Aaa(y)
and fa(2) < Ba(s @) < Bal(@ = O)) V faly ® O) = Ba(x) V fa(y). Hence (IFI4) holds.

(5) A € IFLI(L) <= (IFI1)+(IF17): Assume A € IFLI(L). Then (IFI1) holds by Definition
3.1. Since ((z = 2) > (y—=2)) =2 (z—-y9)=€@—-y) = (y—=2) - (x—2)=1hby
(I3) and Lemma 2.2, we have ((z — z)) = (y — 2)') < (z — y)’. Hence we can obtain that
aal(z = 2)) 2 aal((@ = 2 = (5= 2)) Aaally > 2)) > aal(z = 5)) Aaa((y - 2)) and
Bal(z = 2)) < Bal(( = 2) = (v = 2))V Ba((y = 2) < Bal(x = 9)') V Bal(y — 2)) by
(IF12) and (IFI3). Hence (IFI7) holds. Conversely, assume (IFI1) and (IFI7) hold. In order to
show that A € IFLI(L), it suffices to show that A satisfies (IFI2) according to Definition 3.1.
In fact, since (x — O)’ = x for any = € L, by (IFI7) we have that as(z) = aa((z — O0)) >
as((z = y)) Naally = 0)) = aa((z = y)') Aaaly) and Sa(z) = Sa((z = O)) < fal(z =
Y)YV Bally = O)) = Bal(z — y)) V Ba(y). Hence (IFI12) holds.
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Definition 3.4 Let L be a lattice implication algebra and A = (a4, B4) an intuitionistic fuzzy

set in L. An intuitionistic fuzzy set As; = (o, 8Y4) in L is defined as follows:

Ba(z), x 7 0;

x # O; J g B
o ™ ﬂA(I){BA(O)/\t, =0

as(O)Vs, x=

for all x € L, where s,t € [0,1] and 0 < s+t < 1.

Remark 3.5 Let A = (a4, 84) be an intuitionistic fuzzy set in L. Then 0 < a4 (0)+84(0) < 1.
Hence, for all s,¢ € [0, 1] with 0 < s+t < 1,if a4 (O) < s, we have that 0 < a4 (0O)Vs+B84(0)At <
s+t <1; If as(O) > s, we have that 0 < as(0) V s+ Ba(0) At < as(O) + B4(0) < 1. This
shows that the intuitionistic fuzzy set Ay = (o, 8%) in Definition 3.4 is well defined.

Theorem 3.6 Let L be a lattice implication algebra and A = (a4, 84) € IFLI(L). Then for
all s,t € [0,1] with 0 < s +¢ < 1, Ay, € IFLI(L).

Proof Firstly, for all x,y € L, let x < y. We consider the following two cases:

(i) Assume that z = O. If y = O, we have that a5 (z) = a4(0) Vs = o (y) and g (z) =
Ba(O) ANt = B4(y). If y # O, we have that o (z) = @a(0) Vs = aa(0) = aa(y) = a5 (y) and
By (2) = BA(0) At < Ba(0) < Baly) = By (v).

(ii) Assume that = # O, then y # O. It follows that a5 () = aa(x) > aa(y) = a5 (y) and
84(2) = Ba(w) < Baly) = Bi(y) from A € IFLI(L) and (IFI3)

Summarizing these two cases, we conclude that = < y implies o (z) > o (y) and S (x) <
B4(y), for all z,y € L. ie., Ay satisfies (IF13).

Secondly, for all z,y € L, we consider the following two cases:

(i) Assume that z @y = O. If x = y = O, it is obvious that o (z ® y) = o’ (z) A a5 ()
and SL(z @ y) = BL(z) VAY(y). fx =0,y #Oorz # O,y =0, thenx Dy # O, it is a
contradiction. If z # O and y # O, it follows that o5 () Aa% (y) = aa(z) Aaa(y) < asa(zdy) <
04(0) < a4(0) vV s = ay (& © y) and F4(2) V B4 (y) = Ba(x) V Baly) > Bale 1) > Aa(0) >
Ba(O) ANt =pY(zDy) from A € IFLI(L), (IFI5) and (IFI1).

(ii) Assume that @y # O. If x = y = O, it is obviously a contradiction. If x = O,y # O
orz # 0,y =0, we assume ¢ = O,y # O, then @y = O’ — y =y, and so o (x) A a5 (y) <
caly) = aa(@ ®y) = oz y) and F4(2) V () > Baly) = Pale @ y) = Fy(z y). Tt
x # O and y # O, it follows that a5 (z @ y) = aa(z B y) > aa(x) Aaaly) = o (z) Ao’ (y) and
Bz ®y) = Ba(z@y) < Balz) V Baly) = Bi(z) V B4(y) from A € IFLI(L) and (IFI5).

Summarizing these two cases, we conclude that o (z Dy) > o5 (z) A s (y) and B4 (zDy) <
B4(x) Vv BY(y), for all z,y € L. ie., Ay satisfies (IFI5).

Thus, it follows that Ay € IFLI(L) from Theorem 3.3.

Definition 3.7 Let L be a lattice implication algebra and A = («aa,84),B = (as,SB)

intuitionistic fuzzy sets in L. Intuitionistic fuzzy sets AP = (a5,B45) and B4 = (apa, Bpa)
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in L are defined as follows: for all x € L,

. aa(z), x # O; - Ba(x), x # O;
aAB(x)_{aA(O)\/aB(O), r—0 ™ 6AB($)_{5A(0)A53( ) z=0 &
and
B ag(x), x # O; an () = Be(z), x # O;
aBA(x)_{aB(O)\/aA(O), veo 2d Ppal@) {53(0)/\5,4(0), v—0.

Corollary 3.8 Let L be a lattice implication algebra and A = («aa,B4),B = (ap,BB) €
IFLI(L). Then AP = (as5,845), B4 = (apa, Bga) € IFLI(L).

Definition 3.9 Let L be a lattice implication algebra and A = (aa,B4),B = (ap,B5)
intuitionistic fuzzy sets in L. An intuitionistic fuzzy set AW B = (qawB, faws) In L is defined

as follows: for all x,a,b € L,

aaws(®) = \/ laa(@) Aap®)] and Bass(@)= /\ [Ba(a) Vv B5(b)). (4)

r<adb r<adb

Theorem 3.10 Let L be a lattice implication algebra and A = (aa,84),B = (ap,Bs) €
IFLI(L). Then AP w BA € IFLI(L).

Proof Firstly, for all z,y € L, let © < y. Then {a @ blx < a ® b} O {a & bly < a & b},

and 50 aarupa(@) =V foas(@ Aapa®) >V foas(@) Aga(B)] = aasuma(y) and
rsa yxa
Barepa@) = A [Bas(@)VBpa(®)] < A [845(a)V Bpa(b)] = Baspa(y). Hence APwBA
r<adb y<adb

is intuitionistic non-increasing, i.e., it satisfies (IFI13). Secondly, for all z,y € L, we have that

apBwpa (T O Y) = \/ [aas(a) Napa(b)]

zDy<adb
> \/ [OéAB(al@bl)/\OéBA(agEBbQ)]
x<ai1Pas and y<b1 b2
> \ [aqm(a1) A age(by) Aaga(az) Aaga(bs)]

rx<aiPas and y<b1 b2

=V leas(@)Aaga(@)n \/ aas(b) Aaga(b)]

r<a1daz y<b1 @bz

=aaBypa(T) A agsypa(y),

Babypa(z @y) = /\ [Baz(a) V Bpa(b)]

z@y<adb
< A [Bas (a1 ©b1) V Bpa(az @ by)]
z<a1®az and y<bi Dby
< /\ [Bas(a1) V Bas(by) V Bpa(az) V Bpa(bs)]

z<a1Paz and y<b1®bs

= A [Bas(a) VBga(a)] Vv \  [Bas(b1) V Bpa(ba)]

z<a1baz y<b1®Db2
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=Baswpa(z)V Basypa(y),

and so AP W B4 also satisfies (IFI15). Hence A® w BA € TFLI(L) by Theorem 3.3.

4. Generated intuitionistic fuzzy LI-ideals

Definition 4.1 Let L be a lattice implication algebra, A = (aa,84) an intuitionistic fuzzy
set in L. An intuitionistic fuzzy LI-ideal B = (ap, Sg) of L is called the generated intuitionistic
fuzzy LI-ideal by A, denoted (A), if A @ B and for any C € IFLI(L), A € C implies B € C.

Theorem 4.2 Let L be a lattice implication algebra and A = (a4, 84) an intuitionistic fuzzy

set in L. An intuitionistic fuzzy set B = (ap, Sp) in L is defined as follows:

ap(x) = \/{aA(al) A~ ANaglap)lar,as,...,an € Landz < a1 Qas® - Day}, (5)

Bp(x) = \{Balar) V-V Balan)lar,az,...,an € Land 1 < a1 S ay & -~ S an}  (6)
for all x € L. Then B = (A).

Proof Firstly, we prove that B € IFLI(L). For all z,y,z € L, let < y®z. Given an arbitrarily

small € > 0, there are ay,as,...,a, € L and by,bs,...,b,, € L such that
y<arDaz® - Day, and 2 < by Dby @ -+ D by, (7)
ap(y) —e < aala) A Naalay) and ap(z) —e < aa(by)) A+ Aaa(bn), (8)
Bal(ar) V-V Balan) < Bp(y) + € and Ba(b1) V-V Balbm) < Bp(z) +e. (9)

By (7)and z < y®zwehavethat t <y P2< (a1 Paa D D an) D b1 Db ® - B by,) =
a1 ®ag D Dap, Dby Dby ® -+ @ by. So, on the one hand, by (5) and (8) we have that
ap(x) = asla) A Naalan) Aaa(by) A ANaa(by) = [aa(ar) A Aaag(an)] Afaa(by) A
o ANaa(by)] > [ap(y) — €] Alap(z) — €] = [ap(y) A ap(z)] —e. And on the other hand, by
(6) and (9) we have that Sp(x) < Ba(a1) V-V Ba(an) V Ba(br) V-V Ba(bm) = [Ba(ar) V
oV Balan)] V [Ba(bi) V-V Balb)] < [B5(9) + ]V [85(2) + ] = [Bp(y) V Bp(2)] + =. By the
arbitrary smallness of €, we have that ap(x) > ap(y) A ap(z) and Bp(z) < Bp(y) V Bp(z). It
follows from Theorem 3.3 that B € IFLI(L).

Secondly, for any = € L, it follows from x < z and the definition of B that a4(x) < ap(x)
and 4(z) > Bp(x). This means that A € B.

Finally, assume that C' € IFLI(L) with A € C. Then for any = € L, we have

ap(z) = \/{aa(a)
< V{ec(a)
(
(

A Naglap)lar,az,...;anp € Land x < a1 Das® - Day}
A Nac(an)lar,az,...,anp € Land 2 < a1 Dazs @ -+ D ay}

N

\/{ac a1 @ day)|ar,az,...,ap € Land x < a3 Bas @ Dap}

< Vo (@)}

= ac(x).
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Bp(x) = /\{BA(al) -V Balan)lar,ag,...,an € Land z < a1 B as ® -+ D ap}
/\{Bc(al -V Belan)|ar,az,...,anp € Land x < a1 Pags @ - D ay}
/\{Bc(a - ®ayp)la,az,...,an € Land x < a1 Dazs® - Day}
> N\{Bo(@)} = Bo(x).

Hence B € C holds. To sum up, we have that B = (A).

Example 4.3 Let L = {0,a,b,c,d, I}, O' = I,a' = ¢,b' =d,¢’ =a,d =b,I' = O, the Hasse
diagram of L be defined as Fig. 1, and the operator — of L be defined as Table 1.

=10 a b ¢ d I

A o|\1 I 1 I I 1

a b a |c I b ¢ b I
b|ld a I b a I

d . cla a I I a I
d|b I I b I I

10} I 1O a b ¢ d I

Figure 1 Hasse diagram of L Table 1 Operator — of L

Then (L,V,A,,—,0,I) is a lattice implication algebra. Define an intuitionistic fuzzy set A =
(aa,Ba) in L by aa(O) = aala) = 1,as(b) = aalc) = aa(d) = as(I) = s and B4(0) =
Bala) =0,84(b) = Balc) = Ba(d) = Ba(I) = t, where s,t € [0,1] and 0 < s+¢ < 1. Sinced < a
but aa(d) =s 2 1= aa(a), we know that A ¢ IFLI(L). It is easy to verify that (A) € IFLI(L)
from Theorem 4.2, where a4)(0) = a(ay(a) = aa)(d) = 1,a4)(b) = aay(c) = aay(l) = s
and B4)(0) = Biay(a) = Bray(d) = 0, Bray (b) = Bray(c) = Bay(I) =t.

5. The lattice of intuitionistic fuzzy LI-ideals
In this section, we investigate the lattice structural feature of the set IFLI(L).
Theorem 5.1 Let L be a lattice implication algebra. Then (IFLI(L), €) is a complete lattice.

Proof For any {Ax}aea € IFLI(L), where A is indexed set. It is easy to verify that MycaAx

is infimum of {Ax}rea, where (Mxeady) (z) = /\ Ax(z) for all x € L. i.e., N\ Ax = Mrecada.
AEA

Define Uycp Ay as follows: (UaepAy) (x) = \/ AA( ) for all x € L. Then (UxcpAy) is supermun

of {Ax}ren, where (Uyecp Ay) is the the generated intuitionistic fuzzy LI-ideal by Wyep Ay of L.

ie, V Ax = (UrcaA)). Therefore (IFLI(L), €) is a complete lattice. The proof is completed.
AEA

Remark 5.2 Let L be a lattice implication algebra. For all A, B € IFLI(L), by Theorem
5.1 we know that AAB = Am B and AV B = (AU B). The following example shows that
AV B # AU B in general.

Example 5.3 Let L = {O,a,b,I}, O’ =1,a’ =b,b' =a,I' = O, the Hasse diagram of L be
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defined as Figure 2, and the operator — of L be defined as Table 2.

— 10 a b I
I o| 1 I I I
a b I b 1

a b
: : b la ao I 1T
9] I 1O a b I

Figure 2 Hasse diagram of L Table 2 Operator — of L
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Then (L,V,A,,—,0,I) is a lattice implication algebra. Define intuitionistic fuzzy sets A =
(aa,Ba) and B = (ap,fp) in L by as(0) = aa(b) = 1,aa(a) = asa(l) =0, 4(0) = Ba(b) =

0,84(a) = Ba(I) = 1 and ap(0) = ap(a) = 1,ag() = ag(I) = 0, Bs(0) = Bs(a)

0,8p(b) = Bp(I) =1, then A, B € IFLI(L). It is easily to verify that C = AU B ¢ IFLI(L),
where ac(0) = ac(a) = ac(b) = 1,ac(I) = 0 and Bc(0) = Be(a) = Ba(b) =0,8c(I) = 1. In

fact, ac(I) =0 21 = ac((I — a)') A ac(a).

Theorem 5.4 Let L be a lattice implication algebra. Then for all A, B € IFLI(L), AV B =

(AU B) = AP w B4 in the complete lattice (IFLI(L),

€).

Proof For all A, B € IFLI(L), it is obvious that A € A® w B4 and B € A” w B4, thus
AU B € ABw B4, and thus (AU B) € AP w BA. Let C € IFLI(L) such that Au B € C, for

all x € L, we consider the following two cases:

(i) If £ = O, then aynypa(x) = V [ags(a) Aaga(b)] = ass(0O) Aapa(O) = as(O)V

O<adbd
ap(0) = aaup(0) < ac(0) = ac(z) and Basypa(z

(ii) If > O, then we have

aasypa(T) = \/ [aaz(a) Aapa(b)]
r<adb

= V [oan (a) Aapa )]V \/ [aa(a) A (@a(0) V ap(0))]

r<adb,a#£0,b#£0
VvV [(@a(0) v ap(0) Aag(b)]

z<b

_ Vo lea@aas®]V\ as@) v\ asb)

z<ad®b,a#0,b#£0

< \V lac(a) Aac®)] v \/ ac(a) v \/ ac(b)

z<adb,a#0,b#£0
=V lec(a) Aac(d)] < ac(z),

rz<adb

Basupa(@) = [\ [Ban(a)V Bpa(b)]

z<adb

= A Bas(@VBra®)] A A\ [Bala) v (B5(0) A Ba(0))]

z<a®db,a#0,b#£0

) =

zx<a

z<a

z<a

z<a

A

O<a®b

z<b

z<b

[Baz(a) V Bpa(b)] = Bar(0) V
Bpa(0) = B4(0) A B(0O) = Bawp(0) = Bc(0) = Bo(x), thus AP W BA € C for this case.
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A N (Ba(0) ABB(O)) V Bs(b)]

z<b
= A Bal@VBs®IA N Bala) A )\ Bs(d)
z<adb,a#0,b#£0 r<a z<b
> A [Bo(a) v Bo®)] A N Bela) A /\ Be(b)
z<ad®b,a#0,b#£0 r<a z<b
— A [Be(@)V Be®)] > fola).
r<adb

Thus AB w BA € C for this case too.
By Theorem 3.2, Definition 4.1 and Theorem 5.1 we have that AV B = (AU B) = APy BA.

Finally, we investigate the distributivity of lattice (IFLI(L), €).

Theorem 5.5 Let L be a lattice implication algebra. Then (IFLI(L),€) is a distributive
lattice, where, ANB=AMDB and AV B= (AU B), for all A, B € IFLI(L).

Proof To finish the proof, it suffices to show that C A (AV B) = (C A A) vV (C A B), for all
A, B,C € TFLI(L). Since the inequality (C A A) V (C' A B) @ C A (A V B) holds automatically
in a lattice, we need only to show the inequality C A (AV B) € (CAA)V (C A B). ie., we
need only to show that (ac Nagsypa)(x) < acpacnsucapena(z) and (Bo U Babypa)(z) >
Beaacnswcapena(x), for all x € L. For these, we consider the following two cases:

(i) If x = O, we have

(ac Naygeypa)(0) =ac(0) A ageypa(0) = ac(0) A \/ [z (a) A apa(b)]
O<a®b

=ac(0) A laas(0) Aaga(O)] = ac(0) A [aa(O) V ap(0)]

=[ac(0) Aas(0)]V [ac(0) A ag(0)] = acas(O) V acas(0)

=acpacns (0) A agapena(0) = \/ [acpacns(a) A acapena(b)]
O<adb

=acpacnsycapena(0),

(Bo U Barupa)(0) =Bo(0)V Basypa(0) = Bo(O) v \  [Bas(a)V Bpa(b)]

O<adbd
=Bc(0) V [Bas(0) V Bpa(0)] = Bc(0) V [Ba(O) A B (0)]
=[Bc(0) V Ba(O)] A [Bc(O) V B(O)] = Beaa(O) A Beas(O)

=Bemacnz(0) V Beapena(0) = /\ [Bomacnz(a) V Bogpena (b)]
O<a®b

:5crmACﬁBL+JCrmBCﬂA (O)

(ii) If x > O, we have
(ac Naygrypa)(x) =ac(x) Nagsypa(z) = ac(z) A \/ [aqn(a) A aga(b)]
rz<adb

= \/ [ac(z) A ags(a) Aaga(b)]

r<adb
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= V lac(z) Aaas(a) Aapa(b)]V

rz<adb,a#0,b#£0

\/ [ac(z) Aass(0O) Aag(b)] vV \/ [ac(z) Aaa(a) Aaga(O)]

z<b z<a
= \/ [ac(x) AN aala) Aag(b)]V

z<a®b,a#0,b#£0

[ac(z) A ayss(0) Aap(x)] Vac(x) Aaa(z) Aaga(O)]
= \/ [(ac(z) Aaala)) A (ac(x) A ag(b))]V

r<a®b,a#0,b#£0

[ac(z) A ac(O) Aaygs(0) Aag(z)] V [ac(z) A ac(O) A as(x) Aaga(O))
- \V [(ac(z) Aaa(a)) A (ac(z) A ap(b))]

rz<adhb,a#0,b#£0

VAlac(0) AMaa(O) v ap(O)] Al(ac(z) Aap(x)) V (ac(z) Aaa(z))]}
= V [(ac(z) Aaala)) A(ac(z) A ap(b))]

z<adb,a#0,b£0

VA{(acna(0) V acas(0)) Allac(z) Aap(z) V (ac(x) A aalz))]}
< \/ [(ac(anz) NaalaNx)) A (acbAz)Aap(bAz)))

z<Ladb,a#0,b£0

Vd{acaacnz (0) A f(ac(a Az) ANaa(lanz)) V (ac(bAx) Aag(bAx))]}
= \/ [acmacns (@A) A acapena(b A z)]

z<a®b,a#0,b£0

V [agaacns (O) A (ac Nag)(a A x)|V[acaacaz (0) A (ac Nap)(bA x)]
= \/ [acmacas(a A x) A agapena (b A )]

r<a®b,a#0,b#£0

\% [OszAcrmB (O) N acaala A 1‘)} V [OZC@ACmB (O) N acas(bA :,C)]

= \/ [CKC@AC@B<G,/\.’IJ)/\aC@BC@A(b/\J))],
r<adb

and

(Bo U Basypa) (@) =Bc (@) V Baswpa(@) = Bo(z) Vv [\ [Bas(a)V Bpa(d)]

rz<ahb

= N\ [Be(@)VBaz(a)V Bpa(b)]

r<adb

= A [Bo(2) V Baz(a) V Bpa(b)] A

z<adb,a#0,b#0

N 1Be(@) v Bas(0)V BB A N [Be() v Baa) V Bpa(O))

z<b z<a
= A [Be(x) v Bala) V Bp(B)] A
z<a®b,a#0,b£0
[Be(2) v Bar(0) V Bp()] A lBe(2) V Ba(z) V Bpa(O)]
= A [(Bo@)VBa@)V (Bel) v Bp(B)] A

z<adb,a#0,b#0
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[Bo(x) V Bc(O) V Bas(0) V Be(x)] AlBe(x) V Bc(O) V Balz) V Bpa(0)]
= A (B (@) V Bala)) V (Be(z) V Bs(b))]

2<a®b,a£0,b£0

N[Bc(0) V (Ba(O) A Be(O)] V [(Be (@) V Br(x)) A (Be(x) V Balz))]}
= A [(Bc(z) Vv Bala)) V (Be(z) V Bs(D))]

r<a®b,a#0,b#£0
A (Bena(O) V Beas(0)) V [(Be(x) V Be(x)) A (Bo(x) V Ba(z))]
> A [(BolaAz)V Ba(anz)V (Be(bAz)V Br(bAz))

r<adb,a#0,b#£0
N Bomacas (0) V [(Be(aAx) vV Balanx)) A(Bo(bAx)V Bp(bAx))]}

= /\ [Bomacnz(a A @) V Bogpena (b A )]
z<adb,a#0,b#0

A [Bemacns (O) V (Bc U Ba)(a Az)] A [Beaacas(O) V (Be U Bp)(bA )]

= /\ [Bomacas(a Ax) V Beapona (b A )]
z<La®b,a#0,b£0

A [Bemacas (0) V Beaala A x)] A [Bemacas (0) V Beas(b A )]

= /\ [Bemacas(a A @)V Beapena(bA )]
r<adb

Let aAx = c and bAz = d. Since z < a®b, using Lemma 2.2, we get that cdd = (aAz)®(bAx) =
((anz)®BO)A((anz)Bz) = (aDD)A (BN (ad2)D(zdBx) = (aBb)AzAz Az = (a®Bb)AT > zAx = .
Hence we can conclude that

(ac Naaswpa)@) <\ lacaaces (@ Ax) Aacppens (b A )]
rz<adb

<V lacaacas(€) A acppens(d)]
r<chd

=acmacnBycapona (),

(Bc U Baswpa)(z) = /\ [Bomacnz(a A @) V Bogpena (b A )]
r<adhb

P /\ [Bemacns(¢) V Beapena(d)]
r<chd

=BcaacnBycapona(T).

To sum up, we have that (ac N aaswpa)(®) < acpacnbucapena(x) and (Bo U Basypa)(T) >
BeaacnBwcapena(x), for all x € L. The proof is completed.

6. Concluding remarks

As well known, LI-ideals is an important concept for studying the structural features of
lattice implication algebras. In this paper, the intuitionistic fuzzy LI-ideal theory in lattice
implication algebras is further studied. Some new properties and equivalent characterizations of

intuitionistic fuzzy LI-ideals are given. Representation theorem of intuitionistic fuzzy LI-ideal
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which is generated by an intuitionistic fuzzy set is established. It is proved that the set consisting
of all intuitionistic fuzzy LI-ideals in a lattice implication algebra, under the inclusion order,
forms a complete distributive lattice. Results obtained in this paper not only enrich the content
of intuitionistic fuzzy LI-ideal theory in lattice implication algebras, but also show interactions
of algebraic technique and intuitionistic fuzzifying method in the studying logic problems. We

hope that more links of intuitionistic fuzzy sets and logics emerge by the stipulating of this work.
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