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A Remark on Weighted Cubic Variation of Subfractional
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Abstract In this paper, we prove by means of Malliavin calculus the convergence in L? of
some properly renormalized weighted cubic variation of sub-fractional Brownian motion S¥
with parameter H < %.
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1. Introduction

The study of single path behavior of stochastic process is often based on the study of its
power variations. A quite extensive literature have been developed on this subject, see e.g.
Corcuera et al. [1], Gradinaru et al. [2] for references concerning the power variations of Gaussian
and Gaussian-related processes, and Barndorff-Nielsen et al. [3] (and the references therein) for
applications of power variation techniques to the continuous time modeling of financial markets.
Recall that, a real number p > 1 being given, the p-power variation of a process X, with respect
to a subdivision m, = {0 =1ty 0 < tp1 <+ <tnn, =1} of [0,1], is defined to be the sum

n—1
Z ‘th,,k+1 - th,k |P . (1)
k=0

For simplicity, consider from now on the case where t,, , = k/n, forn € N*and k € {0,1,2,...,n}.

When weights are introduced in (1), some interesting phenomenon appears. More precisely, con-

sider quantities such as
n—1
> F (Xign) Xgesnym = Xim)” (2)
k=0

where the function f : R — R is assumed to be smooth enough. Notice that (2) is called weighted
power variations because of the presence of the factor f (X L /n).
Before dwelling on sub-fractional Brownian motion (see Section 2 for precise definition), let

us recall some recent results concerning (2) when X = B the fractional Brownian motion with
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Hurst index H € (0,1) and when p > 2 is an integer, the asymptotic behavior of (2) received a
lot of attentions (see Gradinaru and Nourdin [2] and Neuenkirich and Nourdin [4]). The analysis
of the asymptotic behavior of quantities of type (2) is motivated, for instance, by the study of
the exact rates of convergence of some approximation schemes of scalar stochastic differential
equations driven by B (see [2], [4] and references therein for precise statements), besides, of
course, the traditional applications of quadratic variations to parameter estimation problems.
However, it turned out that it was also interesting itself because it highlighted new phenomena
with respect to some classical results obtained in the seminal works by Breuer and Major [5],
Dobrushin and Major [6], Giraitis and Surgailis [7] or Taqqu [8]. Indeed, we know that, for any
0 < H < 3/4, the convergence

7n i [ 2 (B(l+1)/n Bl/n) - 1} nL_i:O N(0,0%), (3)
=0

holds, where o denotes a constant depending only H which can be computed explicitly.
Nourdin [9] began the study of asymptotic analysis of (2) with B¥ instead of X. If H < 1/4,
he proved that

1S 1 (5) [ (o ) 1] ot [ e
=0

and if H < 1/6,

n3H - 12[ ( l/n)n3H (Bgﬂ)/ Bzm) 42 f(Bl/n) —H m>_7/ £7(BM)ds. (5)

As pointed out by Nourdin [9], (4) is somewhat surprising when compared with (3). Indeed,
instead of an L?-convergence, we only have a convergence in law in (3). Observe that, since
2H —1 < —1/2if and only if H < 1/4, convergence (3) and (4) are, of course, not contradictory.
Let us also stress that the study in Nourdin [9] and Nourdin et al.[10] and [11] has been used
in Gradinaru and Nourdin [2] and Neuenkirich and Nourdin [4] to deduce the exact rate of
convergence of some approximation schemes of scalar stochastic differential equations driven
by fractional Brownian motion. Nourdin et al.[11] proved some central and non-central limit
theorem for the (renormalized) weighted power variation of order g > 2 of fractional Brownian
motion with Hurst parameter H € (0,1), where ¢ is an integer. Moreover, Belfadli [12] extended
Nourdin [9] to a more general self-similar Gaussian process, namely the bi-fractional Brownian
motion.

Motivated by all these results, we will show in the present note that the convergence (5)
still holds for another self-similar Gaussian process, namely the subfractional Brownian motion
(see below for a precise definition), which has been proposed by Bojdecki et al. [13]. The sub-
fractional Brownian motion has properties analogous to those of fractional Brownian motion
(self-similarity, long-range dependence, Holder paths, the variation and the renormalized vari-
ation). However, in comparison with fractional Brownian motion, the sub-fractional Brownian

motion has non-stationary increments and the increments over non-overlapping intervals are
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more weakly correlated and their covariance decays polynomially as a higher rate in comparison
with fractional Brownian motion (for this reason in Bojdecki et al.[13] is called sub-fractional
Brownian motion). Therefore, it seems interesting to study the weighted cubic variation of sub-
fractional Brownian motion. And we need more precise estimates to prove our results because
of the non-stationary increments. As in Nourdin [9], our main tool for the proof is based on the
integration by parts formula of Malliavin calculus.

This paper is organized as follows. Section 2 contains some preliminaries for sub-fractional
Brownian motion. In Section 3, we state and prove our main result convergence similar to (5),

but in the case where B is replaced by the sub-fractional Brownian motion S¥.

2. Preliminaries and notations

We begin by briefly recalling some basic facts about stochastic calculus with respect to a
sub-fractional Brownian motion. Let S¥ = {SH t € [0,1]} be a sub-fractional Brownian motion
with parameter H € (0,1) defined on a completed probability space (§2,.%, P). It means that

SH is a centered Gaussian process with the covariance function given by
1
Cu(s,t) = E[SFSH] = 2" + 27 — 3 (s 4+ )27+t — s*"]. (6)

For H = 1/2, S coincides with the standard Brownian motion B. S being neither
a semi-martingale nor a Markov process unless H = 1/2, many of the powerful techniques
from stochastic analysis are not available when dealing with S¥. The sub-fBm has properties
analogous to those of fractional Brownian motion (self-similarity, long-range dependence, Holder

paths), and, for s < ¢, satisfies the following estimates:
[LA@2-22H (-5 <E {(sf - 55)2} <LV (2 - 22H-1)|(t — 5)2H. (7)

So its increments are not stationary. Further works for sub-fractional Brownian motion can be
found in Bojdecki et al. [13-16], Dzhaparidze and Zanten [17], Liu-Yan [18], Shen-Yan [19], Tudor
[20-23] and Yan et al. [24,25].

We denote by & the set of step R-valued functions on [0,1]. Let J# be the Hilbert space

defined as the closure of & with respect to the scalar product

(110,49, Lj0,s]) 2 = CH (s, 1). (8)
We denote by || - || the associated norm. The mapping 1jg — SH can be extended to an
isometry between # and the Gaussian space $1(S) associated with S¥. We denote this
isometry by & — ST (¢).
Let . be the set of smooth cylindrical functionals of the form

F=n(S"(&),....5% ().

where n > 1 and h € Cy°(R™) and & € J. The Malliavin derivative of a functional F' defined

as above is given by

pr =3 (i), 5" (E) €

ox;
i=1 v
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and this operator can be extended to the closure D™?(m > 1) of . with respect to the norm

1FI[7, 2 = EIF|* + E|DF||3 + - + E|[ D™ F||5p0m

m,2 T

where J#°™ denotes the m fold symmetric tensor product of 7 and the m-th derivative D™ is
defined by iteration. The Malliavin derivative satisfies the following chain rule. For every random
variable F' = (Fy, Fy, ..., F,) with components in D2 and for every continuously differentiable
function p : R™ — R with bounded partial derivative, we obtain u(Fy,..., F,) € D%? and for
any s € [0,1]:
n
ou
Dsu(Fl,...,Fn) = <F17aFn)Dst
i=1 Oz
The divergence integral I is the adjoint operator of D. Concretely, a random variable
u € L%(Q, #) belongs to the domain of the divergence operator I (in symbol Dom(I)) if

E|(DF.u) | < el Fll2(0)
for every F' € .. In this case I(u) is given by the duality relationship
E(FI(u)) = E{DF,u)
for any F € D2, and we have the following integration by parts:
FI(u) = I(Fu) + (DF,u) » (9)

for any u € Dom([I), F € D%? such that Fu € L?(Q2, ). Moreover, one can see Nualart [26]

and references therein for more details about the Malliavin calculus.

3. Main results and proofs
In this section, we assume that H € (0,1/6). For simplicity, we denote

ASH = SEym = Skims Okm = Likymae+1y/m) and g = Lo p/m]-
Also C' will denote a generic constant independent of k,I,n that can be different from line to
line.
We will make use of the following assumption on the weight function f.
Assumption (Hy,): f: R — R belongs to C™ and, for any p > 0 and any i = 1,2,...,m,
sup B[ f(SI)7] < oo, (10)
s€1[0,1]

The main result of this note is the following

Theorem 3.1 Let S be a sub-fractional Brownian motion with parameter H such that 0 <
H< %, and let f : R — R be a function satisfying (Hg). Then we have,

- n—1 3 3 _ 2 1 !
n3H E‘a [f (s,f;n) n3H (As};f/n) + 57 (Sm H} ni—oo>—§ /0 F(sMyds. (1)

We will need several lemmas. The proof of the first two lemmas being immediate to check,

the details are left to the readers.
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Lemma 3.2 For any x > 0, we have 0 < (z + 1)2H — 220 <1,
Lemma 3.3 (1) If 2H < 1, then the sequence ¢ defined by

(k) :=2(k 4 1)2H 4 (22 — 2)k2H — (2k 4+ 1)1

satisfies
(k) ~CE* =1k — .

In particular, ¢ is bounded.
(2) If 2H < 1, then the sequence ¢ defined by

p(k) == (2k + 1)°H — 22H 71 (k4 1)H — 22H 132 H,

satisfies
p(k) ~ CE*72 |k — 0.

In particular, ;- [¢(k)| < oo.

Lemma 3.4 (1) If 0 < H < 1/2, then as n tends to infinity,

n—1

Z |<€l/na 5k/n>}f’ =0 (n2_2H) .

k,i=0

(2) If0< H<1/6, for k,l=0,1,...,n— 1, then as n tends to infinity,

n—1

Y [Ojnsbup) | = 0 (n®~01).
k,i=0

Proof The first point has been proved in Liu-Yan [18]. We only prove the second point. For
0<k,I<n-—1, wehave
1
(Ok /s O pm) 0 :in*”fp(k 1+ 1) — (k+ 142 — (k+ 1)+
e —1— 12" + |k — 14+ 1]2H — 2|k — 1|27,

and therefore

n—1 n—1

1
> Bk O1yn) | Sin_yi o[tk +14+ 1) = (k+ 1427 — (k+1)*H]| +
k,1=0 k,1=0

|k —1— 12" + |k — 1+ 17 — 2]k — 1]>7]]
<Cn = o(n®>~%1), since H <1/6. O

Lemma 3.5 IfH < %, f and g are two functions satisfying the condition (Hs), then
n—1 3
w3 {1 (sta) o (Sih) (2500) " }
k,1=0
3 n—1
_ —-H 1 H H
- —571 k;OE {f (Sk/n) g (Sl/n>} -
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Lo ZE {9 (5t,) o (st,) )+ o (21,
Proof For0<k,l<n—1,we use the integration by parts formula to have
w5 (st.) o (s1h,) (a5t.) "}
=T B 1" (S8,) 9 (S15,) (er/m Orsm) et
31" (Sﬁn) g (5117”) (E1/ns Ok jm) o€k s Obym) 5+
3f (Sfi?n) 9" (5571) (€1/m> O ym) e € yms O ym) e+
3f' (S;f;n) g (Sﬁn) (€k/ns Ok yn) 7 Ok s Ok ym) e+

f (S,f/n) q" <Sl17n) (€1/n> Oryn) S + 3 (S,?}n) q (Szlfn) (€1/n> Ok /n) 7 Ok /ns 6k/n>%’}
i:Ai,z,w (12)
=1

We claim that Z?zl A = 0 (n*?H) for i = 2,3,5,6. Let us first consider the cases
where 7 = 2 and 7 = 6. It is easy to check that

1
(ek/n> Ok /) e = 53T (2(k + 1) + (227 —2)k*" — (2k + 1) — 1), (13)

and
1 1 1
(€1/ns Ok jn) e =—% [(k 4+ 1)2H _ 21 §(k + 1) — S+ 1+ 1)2H 4
Sk =127 — k=1 1PH)]. (14)
Using Lemma 3.2, (13) and (14), we have
[(et/ns Ok yn)oe] < On2H [(k+ 127 — 25 + ||k — 1" — [k — 1+ 1]*7]], (15)
and
|(€jns O jn) e (E1yms Ot pm) o | < O™ OH [(k 4+ 127 — 2 4 ||k — 127 — |k — 1+ 127]] . (16)
This yields, under (Hs),

n—1
Z A7 Ll <Ot =0 (n®3) | since H < 1/6,
,1=0

n—1
Z |A2,l,n| < Cn't =0 (n*731) | since H <1/6.
k,1=0

Similarly, we prove that Y 1o [A% | =0 (n for i = 3 and 5. It remains to consider the
terms A, and Ay, . From Lemma 3.2, (13) and (14), we deduce

2—3H)

1 1
(Ek/ns Okjn) 72 + W‘ < on PRI+ )P = R4 (2R - 2R+ 1], (1)
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and
1
(Ek/n> O /m) e + W‘ < On~O 2|(k + 1)*7 — K7 4 (2K)*7 — (2k +1)*7]] . (18)
Thus, since H < 1/6,
n—1 1
Y ’<€k/m5k/n>§f + 78716,{‘ < Cn'M =0 (n*1). (19)
k,1=0
Moreover
1
‘<€k/m5k/n>%’<5k/m Ok/n) e + W’ < Cller/ny Onym) e + W\
< CnM20(k + 1) — 27| + |(2k)H — (2k + 1)2H]] . (20)
Thus, for H < 1/6,
n—1
(21)

) 1 .
nt k;o ’<€k/m5k/n>yf<5k/n75k/n>yf + W‘ < Ot = o (p?73H)
This yields, under (Hs),
n-1 n—1
3
5 2 32 B (511)o ()} ot

k,1=0 k,1=0
5 = 32 (s (5] o).
k,1=0 k,1=0

Thus the proof of Lemma 3.5 is completed. [
Lemma 3.6 If0 < H < 1/6, and f, g are two functions satisfying the condition (Hg), then

o ol (1) (5t) (a58)' (3512)')
k,1=0

n—1 !
= g 2 B (5t) o ()} + g 32 4 (st) " ()} +

R CARCAI I W (I CATECAIY
=0 k,l=0
(22)

o (n2_6H) .

Proof Using the integration by parts formula, for 0 < k,1 < n — 1, we can write
w{s (stfa) o (i) (858,)" (a5th)")
=n® B " (s85,) 9 (Sih) (As,f’/n)g (s Oum) St
3f" (S,f/n) q (Sf}’n) (AS,?}”)?’ (En/ns 1) e (E1pms Ot ym) o

91" (S;gn) g (Sffn) (AS,Z,L)Z (Ex/ms O1/n) 50Ok fs O m) oo+
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31/ (Sta) o” (S170) (Asﬁn)s (h/ms Ouym) ot (E/ms O ym) 50+
12 (sf,.) o' (sth) (asf /n)Q €1/ Ot/ 2 E1ms Sty ) o (G s O ) e+
121 (887, o' (Sthn) (ASEn) (€ S1smbore (Oasms )2+
31" (Sth.) 9 (SH.) (Asf /n) (€1 /ms Oy e (Bt s St e+
7 (st.)a" (sih.) (asf /n) E1ms Sy et
01 (501a) " (Su) (A1) (s bmiZe Gurnstiya)ot
187 (St.) 9 (i) (ASk/n) (1/ms 81y (ks S1ym) %
31 (s.) o (sf.) (asf /n>3 (€1/ms O/ o (Gt yms Oy 0
61" (Sth) 9 (St ) (ASE) b/ 01m)oe By /n>§f+

6f (sk L) g (sf}n) (As,f/n)z (O s 01 )2+
14

)
of (s.) 9 (Sh) (As,?/n)Q (B pms 1/ By )} = 3 Bt (23)

i=1
To obtain Lemma 3.6, we develop the right-hand side of the previous identity in the same
way as for the obtention of (12) in the proof of Lemma 3.5. Then, only the terms containing
(k/n> Ok n) S (€ ms 51/,1)@% for a, 8 > 1, have a contribution to (23), as we can check by using
(13), (14), (17) and (18). The other terms are o (nQ_GH).

Consequently, the proof of this lemma will be deduced after the study of the asymptotic
behavior of Z;; B,i’l’n, as n — oo, for each 7 € {1,2,...,14}.

Lemma 3.7 We have, as n tends to infinity

(1)
2
S st =gatm 5 £ {7 ()" (st +
s 3 E {0 (1) (51) o).
(3)

n—1

S Bl 3 {7 (s10.) o (371} +

k,1=0 k,1=0



576 Junfeng LIU

n—1

o 3 E{1(s10.) 0 (s1h) o oom).
k

1=0
Proof We first consider the term By ; , the study of B, ., By, ., B, being similar. Using

Malliavin integration by parts formula, we can write
2
Bli,l,n :n6HE{fm (Slf/n) g (Sl}/In) (ASIg—I/n> I(ék/n)<€k/n75l/n>if}

=nS B FO (SH5.) g (Stha) (Ems O Ersms O1ym) e+

g (Sﬁn) (€ /ri> Ok /) o Ok s O ) 2 (€ s Ot ) e+
1 ( f/n> g" (Szlfn> (E1/m> O yn) o (Ehyms Ot yn) S0+
o (53 5.

)

/ <5l/m6k/n>if<6k/n75k/n>if<5k/nvdl/n>3%}' (24)
Using that n2H |<8k/n, (51/”)%’ and ¢(k) are bounded with respect to k, I, n, and using the con-

dition (Hg), we have
|Bli,l,n’ <C-: n74H<5k/na6l/n>jf~

According to Lemma 3.4, we deduce

n—1

Z |B,§7lvn| =0 (nQ*GH) .

k,1=0
Now, let us consider the term Bgﬁl}n. The study of the cases B,i’l’n, i = 5,6, 12, is similar because
each of these terms contains the factor (ey/n,81/n) 5 (0% /n, O1/n) -

As previously, by Malliavin integration by parts formula, we can write
Bji 1 =" E {f" (51571) g (51%) A (Skl:{/n> I8 /n) (€ jrs O1/m) 50 (61 s 5z/n>yf}
=9n6HE{f(4) (Sﬁn) g (Sll}[n) (€k/ms Ok /) 50 €k s O1 ) 7Ok s O ) e+
2f" (55/,1) g (Szlfn) (€1/ns Ok jn) 2 (Ekfns Ok ) o (Ek frs Ot ym) 7 {0k iy Oty ) e+
f” (Sfi’/n) g" (5%) (€1/n> Ok /) 3 (Ek s O ) 7Ok s Ot ) e+

[’ (Sﬁn) g (Sﬁn) (Ok/m> Or ) €k > Ot ym) 7 Ok s 6l/n>929}~ (25)

Hence, using again that n2H<5k/m 81/n) s is bounded and the condition (Hy4), we obtain

n—1 n—1
Z | Bian| < Z (€t jns O1ym) | 5
k=0 k.1=0

which is o (n2_6H) by using the point (2) of Lemma 3.4.
For the term Bl%,l,n’ we use (18) and the point (1) of Lemma 3.3 to write

1 1
(Ek/ms k) e = ey + O(nﬁiH)- (26)
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Substituting into the expression of By, ., yields

S B = Sl (s.) 07 (514) (88.) Cumanlie

k,1=0 k,1=0
- _8n13H ”Z* E{f (5’5”) g" (S{m (AS’Z”Y } + 0(71;11) (27)
k,i=0

Therefore, using Lemma 3.5, with ¢’”" instead of g, we obtain

n—1

,;0 Bhin = 1611% gjOE {7 (s8,) g (s.)}+

Now, let us consider the term Bg,lm. The study of the cases B,’%ZW ¢ = 10,13, 14, are
similar because each of these terms contains the factor (dy/,,, 0;/n) . As previously, by Malliavin

integration by parts formula, we can write
Bl =9 EL £ (88,) 0" () A (SEn) T0ksm) Ems m) 2 Gms 1) |
:9n6HE{f" (&ﬁ%) g" (Sﬁn) (€ /ms Ok jn) e €1/ms Ouym) 0 (O s Ot ) e+
2f' (S;fl/n) g" (51771) (€1/n> Ok /) 5 (Ek/ms O yn) € mr O ) e Ok s Ot ) e+
f (S;??n) g (Sl}/]’n) (€1/m> O jn) 5 (01> O1ym) 5 (Ok fs Oty ) o+

f (Szf/n> q" (Sﬂln) <5k/m5k/n>%’<65/m51/n>§f<5k/n,5z/7L>%}
=(@) kg0 + O)kin + ()kin + (k- (28)

We claim that

n—1
D |Blinl =0 (n**F).

k,1=0

Indeed, using again that n2H<5k/n, d1/n) s is bounded and the condition (Hy4), we obtain

5 (@il < C(n2" Se {£7(S82) } rsns b))
k=0

k,1=0

2

n—

1
< On (2 (eS| )
k=0

Since n* (g}, Ok jn) w0 = 3](k) — 1], 6H < 1 and Lemma 3.3, we have

w1601 = 0 (1),
=0



578 Junfeng LIU

Combining with n' =47 = o (n2_6H) since 2H < 1, it follows that

n—1

[(@)kin] =0 (n2_6H) .
k,1=0
Also, it is easy to check
n—1
Z (|(b)k,l,n| + |(c)k7l,n + |(d)k,l,n Y=o (n2—6H) :
k,1=0

following the same lines as that for ZZ?:lo l(@)k,in

Finally we consider the last term ZZ?:IO B .- We use (17) and the point (1) of Lemma

3.3 to write
1 1
(Eh/ns Okl oe = =555 + O(TQH). (29)

Substituting into the expression of Byl |, yields

nz—:l Bih.=3 nz—:l nGHE{f (S;Zn) q (%%) (ASf/n)g <5l/na5l/n>.9’f<6l/n75l/n>ﬁ’f}
k,1=0

k,1=0
n—1
T T op2H k/n )9 Un k/n o 31 )
k,1=0
Therefore, using Lemma 3.5, with ¢’”’ instead of g, we obtain
n—1 9 n—1
11 _ H H
Z Biin T An2H Z E {f/ (Sk/n) g (Sl/n) } +
k,1=0 k,1=0

n—1
3 " H / H 2—6H
k,1=0
This finished the proof of Lemma 3.7, and thus the proof of Lemma 3.6. O

Proof of Theorem 3.1 Combined with these two lemmas, the proof of the theorem can be
completed along the same lines as in Nourdin [9]. Indeed, by Lemmas 3.5 and 3.6, we have on

B (w7 50 [1 (st (a5t + 35 (st5) 7))
—one2 3 B [7 (st) 2 (3580)"+ 37 (587"
K (Sﬁn);f’ (Asﬁn>3 + %f’ ()"}

— s S (st) 1 (s8)} ot .
k,1=0
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On the other hand, we have by Lemma 3.5
LG C AR C AR S COlICPICA)
k=0 l

< hens S (sp) 7 (5) v (850 g (58) 7 (52 )

k,1=0
= 6471712 f E{r (s8,) 1" (sth.) } + o). (32)
k,1=0

Now, we easily deduce (11). Indeed, thanks to (31) and (32), we obtain, by developing the square
and by remembering that H < 1/6, that

B{ (w5 [ (5t) w0 (850" + 52 (50) |+
k=0

S s))) o &
k=0

as n tends to infinity. Since

—ln—lff”’ (st )—>L2 — 1f’”(SH)ds
8 ~ k/n o0 S 0 s )
we finally prove that (11) holds.
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