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Abstract The paper deals with growth estimates and approximation (not necessarily en-
tire) of solutions of certain elliptic partial differential equations. These solutions are called
generalized bi-axially symmetric potentials (GBASP’s). To obtain more refined measure of
growth, we have defined g-proximate order and obtained the characterization of generalized
g-type and generalized lower ¢-type with respect to g-proximate order of a GBASP in terms
of approximation errors and ratio of these errors in sup norm.
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1. Introduction and preliminaries

Regular solutions of the elliptic partial differential equations
0’H 0°H 2 10H 2 10H

O 2at10H 25+ 10H
ox? oy? y Oy r Oz

which are even in z and y are known as generalized bi-axially symmetric potentials (GBASP’s)

1
0, >3, (1.1)

[1]. A polynomial of degree n in x and y is said to be GBASP polynomial of degree n if it satisfies
(1.1). A GBASP H regular about origin can be expanded as

0o
H=H(z,y) = H(rcosf,rsinf) = Z a2 P, (cos 26), (1.2)
n=0
where P,*#)(t) are Jacobi polynomials.
Let D = {(z,y) : > + y?> < R?}, 0 < R < oo and Dg be the closure of Dgr. A GBASP
H is said to be regular in Dp if the series (1.2) converges uniformly on every compact subset of
Dpg. Let Hy be the class of all GBASP’s H regular in Dpg, for every R’ < R but for no R’ > R.
The functions in the class Ho, are called entire GBASP’s.
Fryant [2] studied the function theoretic approach to the study of ultraspherical expansions

and their conjugates of generalized axisymmetric potentials. Kumar [3] extended Fryant’s results
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for GBASP’s. McCoy [4] studied the fast growth of entire function solutions of the equation
(1.1) in terms of order and type using the concept of index k and obtained bounds on the
order and type of H that reflect their antecedents in the theory of analytic functions of a single
complex variable. Kumar [5,6] refined McCoy [4] results and obtained some bounds on the
growth parameters of entire function solutions of helmholtz equation in terms of coefficients and
Chebyshev approximation errors in sup norm. In [7] Kumar studied the Chebyshev polynomial
approximation of entire solutions of helmholtz equations in R? in Banach spaces. His results
apply satisfactorily for slow growth.

McCoy [8] considered the approximation of an entire GBASP’s H by GBASP polynomials
and found the rate of decay of approximation errors

En(H,1) = inf |H =gl = inf { max [H(zy) =gy}

in terms of growth parameters associated with the maximum modulus function
M(r,H) = m;mx|H(rcos€,rsin0)|.

Also, McCoy [9] considered the approximation of pseudo-analytic functions on the disk. Pseudo-
analytic functions are constructed as complex combinations of real-valued analytic solutions to
the Stokes-Beltrami system. These solutions include GBASP’s. McCoy obtained some coeffi-
cients and Bernstein type growth theorems on the disk. In this paper our results are different
from all those of above results and generalize the results contained in [10-12].

A GBASP H is said to be regular on Dg,, 0 < Ry < 0o, the closure of Dg,, if it is regular in
Dp/, for some R’ — Ry. Let Hg, be the class of all GBASP’s H regular on Dg,. For H € Hp,,
the uniform norm ||H||g, of H on Dg, (i.e., the space Hp, is endowed with the uniform norm
Il o) is defined by

||H||R0 = max |H(‘T7/y)|7 (13)
(z,y)EDR,

and the approximation error E, (H, Ry) is defined as
E.(H,Ry) = inf ||H — g| gy, (1.4)
g€ll,

where II,, consists of all GBASP polynomials of degree at most 2n.

The concepts of index ¢ and the g-order pgr(q) are introduced by Bajpai et al. [13] in order
to obtain a measure of growth of the maximum modulus, when it is rapidly increasing. Thus,
let M(r,H) — oo asr — R and for ¢ =2,3,..., set

) logl® M (r, H)
pr(g, H) = lim sup 252 H)
TR log( (RIET))

where logl® M(r, H) = M(r, H) and logl?™Y M (r, H) = loglog!?™? M (r, H). The GBASP H €
Hp, is said to have the index ¢ if pr(q, H) < oo and pr(q — 1, H) = oo. If ¢ is the index of H,
then pr(q, H) is called the g-order of H.

To obtain a more refined measure of growth of GBASP H € Hp, we consider a real-valued

function pr(q, H,r) (0 < r < R) having the following properties:
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(i) pr(q, H,r) is positive, continuous and piecewise differentiable in 0 < ry < r < R;

(11) hmr—)R’ pR<q7 H7 T) — pR(Qa H)7 (O < PR(Qa H) < 00)7
(lll) hm'r‘—)R* _p/R(qa Ha T)A[qfl](R_r) - Oa where

H log[z]

and p'r(q, H,r) denotes the derivative of pr(q, H,r).

A[q 1]

A function pr(q, H,r) satisfying above properties is said to be a g-proximate order. For a
GBASP H € Hp having non-zero finite g-order pgr(q, H), i.e., pr(q, H) < 00, and pr(q—1,H) =
0, let

log[q_l} M(r,H)
(R/( ))PR(%H,T) ’

N . IOg[q Y M(h H)
tR(Q7 H) - Th_l;rll%lnf (R/(R _ ,r))pR(q,H,r) ’

Tr(q, H) = hm sup

(1.5)

0 < th(q, H) < Th(q, H) < oo.

The quantities 75 (¢, H) and t% (g, H) are known as generalized ¢-type and generalized lower
g-type of a GBASP H with respect to g-proximate order pgr(q, H,r). If these quantities are
different from zero and infinity, then pgr(q, H,r) is said to be g-proximate order of a given
GBASP H with index gq.

Since (R/(R—7))Pr(@H:7) is monotonically increasing, we can define the function ¢(z), = >

2o to be the unique solution of the equation
v = (Rf(R=m)rete A o RI(R =) = (),

where A(q, H)=1ifg=2and A(q,H) =01if ¢ =3,4,....

The growth of GBASP H € Hp has been studied in terms of g-orders and ¢-types by Kasana
and Kumar [12]. However, these parameters are inadequate for comparing the growth of those
GBASP H € Hg which are of same g-orders but of infinite g-type. To refine this scale, we have
used here the concept of g-proximate order for GBASP H with index ¢q. Moreover, we obtain the
characterization of generalized ¢-type and generalized lower ¢-type with respect to g-proximate
order of a GBASP H € Hp, in terms of approximation errors in supnorm defined by (1.4). Some

results are also obtained in terms of the ratio of these approximation errors.
2. Auxiliary results
Now we shall prove some auxiliary results which shall be used in proving the main theorems.
Lemma 2.1 Let H € Hp,. Then for n > 1, we have
lan | B2 < 2((2n + a + B+ 1)P(a, B)P(n, a, B)) > E,_1(H, Ry), (2.1)
where

I'n+1)I'(n+a+5+1)
'n+a+1)I(n+4+1)

[(a+ 1)I(5 + 1)

Plos B) = T+ B+2)

(2.2)

P(n,a, ) =
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Proof The proof follows from [10].

Lemma 2.2 Let H € Hr, 0 < R < o0 and R > Ry. Then,
2y/P(a, B)
I'(n+1)

where m(r, h) denotes the maximum term of h defined by

M(r,H) < |ag| + m(r,h), n = max(a, ), (2.3)

> 120(n+n+1 "
b = Y- (Cn+at 5+ 0P0ad) LD E L R/ (24)
n=1
and P(n,«, 3), P(a, B) are given in (2.2).
Proof It is given in [14, p.168] that
L'k+n+1)
PP (1)) = :

x| O = S e+ 1

So we have
> > Pin+n+1)
| Z anrznP,(L""ﬁ)(cos 20)| <lao| + Z |y 72"
n=0 n=1 F(n + 1)F(7’] + 1)
2\/
<laol + —<——7~ ZEn 1(H, Ro)(r/Ro)*" x
r 1

(2n+a+B+1)P(n,a, ﬂ))1/2% (using Lemma 2.1)

or,
2y/P(a, B)

]\4(7“7 H) < |CLO| + 1_‘(,’7(_’_1)7’77,(’1"7 h),

where

12T (n+n+1)

NOES) E,_1(H, Ry)(u/Ry)*"

h(u) = i (@n+a+B+1)PMn.a,9)

n=1
Lemma 2.3 Let f(z) = Y oo an,2" be analytic in |z < R (0 < R < oo) with g-order
or(q) (pr(q) > 0) and a g-proximate order pr(q,r). If ¢(n) = log" |a,/an 1| forms a non-
decreasing function of n for all large n, then the generalized g-type T};(q) of f(z) with respect
to a g-proximate order pr(q,r) is given by
. — +A *
lim sup [¢(log"~? n)log* |an /a1 |B]* VY = T (q) Br(g), (25)
n—oo
where (pr(0)+1)
(pr(Q)+D)PRIDTT if ¢ =
Br(q) =1 Gr@ywrm  H1=2
1, ifg=34,...,
pR(Q) >0, ¢g=2,3,....
ifg=2

1
Alg) =4 7
@ {0, ifg=3,4,....

limsup [¢(log" 2 n) log" |, /an 41| R = Q,

n—oo

Proof Let
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where pz(¢) = pr(q) + A(g). We first assume that 0 < @ < co. Then for € > 0 and sufficiently

large n > n(e), we have
log s /an—1|R < [(Q + €)/¢(loglt =2 )] /77?).
Writing the above inequality for n = N + 1, N +2,...,k and adding them, we obtain

k
log |ax fan|R* N < E [(Q + ¢)/o(logl?™ P n)] /PR(4)
n=N+1

< (k= N)[(Q + ) /é(log"~ k)] /R,
Hence for all large k, we get
log™ [ax|R* < O(1) + (1 + o(1)k[(Q + €)/@(loglt=2 k)] /(@
Log™ leal By o [ 4+ €)/6(10g182 )] + (1),

-
log™ |ax| R*
—

lim sup {qb(log[qﬂ] k)| }p%(q) <Q+e (2.6)
k— o0

Using [15, Thm. 2.1], we get Th(q)Br(q) < Q. The inequality (2.6) holds if @ = co. To prove the
reverse inequality, let us put the left hand side of (2.6) equal to Sr(g) and let 0 < Sg(q) < co.

Then for arbitrary small € > 0, we have for all large value of n > N(e),
log™ |an|R" < n[(Sr(q) + €)/7=(@ /¢(10gl"=F n)]. (2.7)
Next we assume ¢(n) = log|a,/an+1| is nondecreasing function of n. Then for large n,
log |as/an| = log|ax/ans1] + - + 10 |an_1/az,
log |an /an| = (n = N)p(n —1),
log™ |an|R™ > log|an| + (n — N)log" |a,/a,_1| + nlog R. (2.8)
In view of (2.7) and (2.8), we obtain
[10g" [an /an—1|R(1 = o(1))] ™ < (Sr(q) +)/[6((log"~* ()=, n >N,
Q= lini)sup[cé((log[qul (n))log™ |an/an_1|R]”/R(Q) < Sr(q), (2.9)
n—oo
which obviously holds if Sg(q) = co. Combining (2.6) and (2.9), we get

+ n
lim sup [¢(log[q_2] (n)) (M)] pr(q)+A(q)

n— oo n

= lim sup [¢(log[q72] (n))(log* |an/an_1|R)]pR(Q)+A(Q).

n—oo

Now the proof follows in view of [15, Thm. 2.1].

3. Main results
Now we shall prove our main results.

Theorem 3.1 Let H € Hg, 0 < R < oo, have g-order pr(q, H) (> 0) and a g-proximate order
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pr(q, H,r). Then the generalized g-type Ty (q, H) of H with respect to a g-proximate order
pr(q, H,r) is given by

where 2] . ,
q— n
Vala. H):hmsup[qﬁ(log n) log in(HaRO)(R/RO) P+ A H) (3.2)
n— o0
and

(prle.H)/2PR@D e
BR(q,H)z{ Gonla M+ yraamer iH1=2

3

ifqg=34,...,
pr(q,H) >0, ¢g=2,3,.... A(q,H)=1ifg=2 and A(q,H) =0ifq=3,4,.... If Vg(q, H) =0
or co, H € Hp is respectively of growth (pr(q, H),0) or of growth (pr(q, H), 00).

Proof Let 0 < Ty(q,H) < 0o and H have g-order pgr(q, H). Then for arbitrary € > 0, equality
(1.5) gives that there exists ro = ro(e) such that

log M (r, H) < expl™ {(TF(q, H) + ¢)(R/(R — r))rr(@H} (3-3)
for ro < r < R. Using [15, Lemma 1] and (3.3), we get
log" B (H, Ro)(R/Ro)*" < expl? {(Ti(q, H) + €)(R/(R —r))Pr (017 } 4
2nlog(R/r) + (n+1/2)log(n+ 1) +logt K (3.4)
for all r sufficiently near to R and all sufficiently large values of n.

For ¢ = 2, let r be given by the equation

(R/(R—1)) = o 2n

From (3.3), using R/(R — r) ~ log R/r for sufficiently large r near to R, we obtain

logt E,(H, Ro)(R/Ro)*™ < (T5(2, H) + €)(R/(R — r))**>H") 4 on(R — r)/R+
(n+1/2)log(n +1) +log™ K

2n
S R IR/ B -1 2n(R —7r)/R+ (n+1/2)log(n+ 1) +log™ K

or,

% log™ E,(H, Ro)(R/Ro)* < 2(R—1)/R[1+ +0(1)]

pR(2= H)
+0(1)]

2 pr(2,H) +1
o( b )[ pr(2, H)
pr(ZH)(TH(2,H)+e) R\
JH
2(pr(2, H)(TH(2, H) + ) /P2 0 H) 11

- 202n) = on )

+0(1)]

or,

[¢(2n) log™ E,(H, Ro)(R/Ro)*" ] pr(2,H)+1
n
(pn2.m) 1) (PR(2, H) + 1)Pr2H)+1

<2
N (pr(2, H))rr(2H)

(Tx(2,H) +€)+o0(1)
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or,
[¢>(n) log™ En(H, Ro)(R/Ro)Q”]pza(z,H)+1
n
2 pr(2,H) (PR (2,H)+1) s
< (———— 2,H)+1 ’ Tr(2,H). 3.6
(pR(27H)) (pR( ) ) R( ) ( )
Now consider the case ¢ = 3,4,.... Choose r such that

R/(R—1) _¢(log T*((q??/lf)R—(l—q; ))) as m — 00.

For n > ng and g = 3,4, ..., (3.4) becomes
log™ £, (H, Ro) (R/Ro)*" < explt™* {log"™ (n/pr(g, H))} + nlog(R/r)+
(n+1/2)log(n + 1) +log™ K
= {(R—7)/R+ (n+1/2)log(n+ 1) +logt K

pR(qu)
or,
1
- log™ E,(H, Ro)(R/Ro)*"
1
< —— +(R—17)/R+ O(1) for sufficiently large values of n
) T B N/RE O y larg
1 1
< + +O(1)
logla—2l(n H
(e, ) (o)
T%(q, H) + €)'/ Pr(e.H) o (logl 2 (n/prlq, H
- Tale, 1) +9 o oo’ (o 1) 0 )+ o)
¢(log""*(n/pr(q, H))) (Tr(q, H) +e)l/pnla
or

l[¢—2] n
[¢(10g n) 10g+ -in(Ha RO)(R/R0)2 ]PR(‘LH) < (TE((],H) + 6)[1 + 0(1)] (37)

Proceeding to limits in the inequalities (3.6), (3.7) and combining, we get

ey [ 2108 W) o B (H, Ro)(R/Ro)™ ostu )40
n—o0o n

< TI’%(%H)/BR(qu) (38)

To prove the reverse inequality in (3.8), we use Lemma 2.2 and apply [15, Thm.2.1] to the

function h(u) defined by (2.4) with simple manipulation.

If Vr(q, H) = 0, then GBASP H is of g-order at most pr(q, H) and equality (3.1) gives if
GBASP H is of g-order pgr(q, H), then its g-type is zero. If Vz(¢q, H) = 0, then GBASP H has
the growth (pr(q, H),0).

Similarly, if Vg(q, H) = oo, then a GBASP H is of g-order at least pr(q, H) and (3.8)
implies that if H is of g-order pr(q, H), then T};(q, H) = oo. Thus if Vr(q, H) = co, GBASP H
is of growth not less than (pr(g, H),00). Hence the proof follows.

Remark 3.2 Theorem 3.1 generalizes the Theorem 3.1 of [11].
It is known that a theorem analogous to Theorem 3.1 does not always hold for the generalized

lower ¢-type of a GBASP H € Hpg. Hence we shall prove some results on generalized lower ¢-type
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of a GBASP H € Hpg, in terms of approximation error defined by (1.4).

Theorem 3.3 Let H € Hg, 0 < R < oo, have g-order pr(q, H) (> 0) and a g-proximate order
pr(q, H,7). Let ny be an increasing sequence of natural numbers. Then the generalized lower

g-type t5(q, H) of a GBASP H with respect to a g-proximate order pr(q, H,r) is given by
Br(q, H)tR(q, H)

> liminf { #(logl9™ 2 ny_
> limin {#(log nie—1)(

log* E,, (H, Ro)(R/Ro)*"* ) yortaH) A H)
nk

(3.9)
Proof Let us assume that

B (g, H) = B*({ny, H})

. log!™ % g1\ Jlog™ By, (H, Ro)(R/Ro)>™ \ \ pr(a,H)+A(q.H)
= liminf {0 ) " )} -

If 8*(q, H) = 0, then t%(q, H) > 8*(¢, H) is obvious. So 5*(q,H) > € > 0. Then for sufficiently
large k > ko = ko(€), we have

m[(8° (. H) — ) Balq, H)] PR
¢(logh" ™ my._y)
In view of [11, Lemma2.1] with (3.10) we get

<log"™ E,, (H, Ro)(R/Rg)*"*. (3.10)

[(5" (4. H) — ) Br(q, H)] PR =5

¢(log[q_2] Ni—1)
2ny log(Ro/R) — (n + 1/2)log(ng + 1)+

(2n + 2)log(r/Ro) — log™ K

_|_

log M (r, H) >ny,

or,

"™

¢(log"  ny_y)
R—

2y () — 2log(r/Ro) — (1 + 1/2) log(ng + 1) — log™ K.

log M (r, H) > (87 (¢, H) — E)BR(Q,H)]WM_

Let us choose a sequence {r,, } such that

((B*(q) — €)C(q, H)) PRETAGHD

, k=1,2,..., 3.11
d(logl™F ny,_y) ; (3.1)

1
rnk/R:exp{—i[

where
Clq,H)=pr(2,H)ifq=2and C(q,H)=C, 0<C<1lifg=3,4,....

If £ > ko and ri < r < rgq1, then

log M(r,H) > log™ E,. (H,Ry) + 2nglog(ry,, /R) — 2log(r/Ro)+

(n+1/2)log(ng +1) —log™ K
B ) g/ o)~

(n+1/2)log(ng +1) —log™ K

= 10g+ E’ﬂk (H7 RO) — 2ny,
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(8 (g, H) — ) TR
¢(10g[q_2] NE—1)
[{(BR(q, H))Tmi(q,HﬁA(q,H» — ((j(q,H))i@mq,m%(qm) } — ()(1)]

>nk[

Using (3.11) in above inequality, we get for k > ko,
[a=211(8*(q. H) — \O'(q. H)2(E=rme=1\\—pr(q,H)—A(q,H)
log M(r 1) > P {(B*(¢. H) —¢) (ql )2( RR_T)} - "
(C(q, H))Prlam+A@m) (Q(Tk))
{(Br(q, H)) PREEAGHT — (C(q, H)) PRGD 5@ — O(1)}
_ % R—7n, —1\7 — _
>exp[q AL(*(q, H) — €)C(q, H)2( ) pr(q,H)—A(q,H)
R—rn,C —1
2(=%"))

[(Br@ D) st _ 1 _ o(1)].

X

Clq, H)
For the case ¢ = 2, it follows by the lower estimate at log M (r, H) that
log M (r, H
#5(2, H) = lim inf og M(r, 22 e > 52, H)
r—R ((R—T‘)/R) PRr(2, 11,
and for ¢ = 3,4,..., we get
logl4= Y M(r, H
t5.(q, H) = liminf ——2 (W H) o geiq YO

r—R ((R . T)/R) —pr(q,H,r) —
The above inequality holds for every C such that 0 < C' < 1. Making C tend to 1, we have
th(q, H) > p*(q, H) for ¢ =3,4,....
If p*(¢, H) = 0, the equality (3.9) follows trivially. If 5*(q, H) = oo, the above arguments
with an arbitrary large number in place of (8*(¢, H) — €) would give t},(¢, H) = oo.

Remark 3.4 Theorem 3.3 generalizes the Theorem 3.3 of [11].

Theorem 3.5 Let H € Hr, 0 < R < oo, have g-order pr(q,H) and g-proximate order

pr(q, H,7). If p(n) = [E i"(gﬁo))(ggﬂ));zﬂ)] forms a non-decreasing sequence of n for n > ny,
then

2log" E,(H, Ro)(R/R)*" ) o)A H)
n

Br(q, H)tk(q, H) < lim inf {(b(log[q*z] n)(
n— 00

Proof The proof follows by using Lemma 2.2 and applying [15, Thm. 2.3] to the function h(u)
defined by (2.4). In view of Theorems 3.3 and 3.5, we obtain the following result on generalized

lower ¢-type for a subclass of GBASP H € Hpg in terms of approximation error defined by (1.4).

Theorem 3.6 Let H € Hgr, 0 < R < oo, have g-order pr(q, H) and generalized lower g-type
t5(q, H). Let o(k) = [En,(H,Ro)/FEn,,,(H,Ro)(R/Ro)?] form a non-decreasing function of k
for k > ko and log[q72] ng, ~ log[qu] ng+1 as k — oo. Then

BR(Q7 H)t}k{(qv H)

k+1

(1og+ E,.(H, Ry)(R/Ro)*"* Rt E A H)

(3.12)
Ny

= liminf {$(logl* " ny_y)
k— o0
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Remark 3.7 Using ¢(z) = G PREMTAGH in (3.12), we get Theorem 3.6 of [11].

4. Growth of GBASP H € Hp in terms of the ratio of approximation
errors

In this section we shall study some results related to generalized type and generalized lower

type of GBASP H € Hpg in terms of the ratio of approximation errors defined by (1.4).

Theorem 4.1 Let H € Hg, 0 < R < o (Ry < R), have g-order pr(q, H) and a q-proximate
order pr(q, H,r). If p(n) = log" {(E,(H, Ro)/Ent1(H, Ro)(Ro/R)?} forms a non-decreasing
function of n for all large n, then the generalized q-type T} (¢, H) of H with respect to a g-

proximate order pr(q, H,r) is given by

where

L, (H, n
GE(Q, H) = lim sup [(ﬁ(log[Q*?] TL) ( 10g+ ( RO)(R/RO) )]PR(%H)—FA(Q,H)' (41)

n—oo Enfl(H» RO)
Proof Let the right hand side of (4.1) be denoted by S*. Following the lines of Lemma 2.3, we

obtain

log™ E,,(H, Ro)(R/Ro)Q’“)]pR<q,H>+A<q,H> < gt

lim sup [(b(log[qu] k) ( (4.2)
k—o0 k
Using Theorem 3.1, we get
Tr(q, H)Br(q, H) < S*. (4.3)

The inequality (4.3) obviously holds if S* = oco. To prove the reverse inequality, we use Lemma

2.2 and apply Lemma 2.3 to the function h(u) given by (2.4). Hence the theorem follows.
Remark 4.2 Theorem 4.1 is the generalization of the Theorem 3.1 contained in [12].

Theorem 4.3 Let H € Hgr, 0 < R < 0o (Ry < R), have g-order pr(q, H) and a g-proximate
order pr(q, H,r) and generalized lower q-type t5(q, H). Let {ny} be the increasing sequence of
natural numbers. Then

+ En(H,Ro)(R/Ro)*"*
E (H,Ro)*"h—1

log

k-1

(nk _nkil) )PIR(%H)]’ (44)

Br(q, H)tp(g. H) > liminf [¢(log!™ ny 1) (
—00
where pj‘%(‘]a H) = pR(Qa H) + A(‘L H)
Proof Let

=C.

log*t (En, (H, Ro)/En,_, (H, Ro))(R/Rg)2m—"e-1) )Pt

lim inf [¢(log!9™% ny,_
jmnf [9(log ™ ni—1)( ——

The inequality in (4.4) obviously holds if C' = 0. Hence we assume that 0 < C' < co. Then for
€ > 0 and for all sufficiently large values of k, we have

log™ { (B, (H, Ro)/En,_,(H, Ro))(R/Ro )" -1}
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> (ng —ng-1) [(C — &)YPr@ jp(loglt=F ny_1)]. (4.5)
Substituting k = N + 1, N + 2,..., j in above inequality and adding them, we get

log" { (Ew, (H, Ro)/Eny (H, Ro)) (R/Re)*" ")}

J
> 3 [(C = VR fo(logliH ny_y)). (4.6)
E=N+1

To find the maximum value of right hand side, we put n(t) = n; for nj_; <t <n; and
F(t) = [(C = /PR [6(10glt 2 )]

Hence right hand side of (4.6) can be written as
Z F(ng—1)(ng — ng—1)
k=N+1
= (nn1 —nn)F(ny) + (ny —ny-1)F(ny-1) + -+ (n; —n;1)F(n;-1)
=n;F(nj1) —nj1{F(nj—1) — F(n;—2)}-
ny+1{F(nyi1) - F(nn)} —nyF(ny)
=njF(nj—1) = Y me_1{F(nx_1) — F(nk_2)} — nyF(ny)

k=N+1
nj—1

— 0, F(ny 1) — / n()dF(t) — ny F(ny)

N

1 e dF(t)
J ( 7 1) p;:a(q7H) - ( )tl—[;]nfjl log[m]t ( )

Since @ > 1, we have by substituting the above expression in (4.6),

log* Ey, (H, Ro)(R/R)*"a~")

(nj—1 —ny)F(n;_1)
Prle, H) T2 log™ nja

(C— 6)1/p’R(q7H)
= Tnﬂ-

¢(log! = n;_1)

n; (C —)VPrl@H) (n; y —nN)

Pla, H)o(logh ™ n; 1) [14.2 log™ ;1 — O(1)
:Mn.) 1+ nym1l = O()
! Pl Hny T8 2 log™ mj 4

$(logl ™ n;_
(C — €)Y/ Pr(a-H) _

=———n:(1+0(1)—o(1)), forlarge j.
Sogli Ty a1+ o) — (1) .

Since n;j_1/n; < 1, it gives

>n;iF(nj1) + - 0(1)

| -ow

log™ By, (H, Ro)(R/Ro)*™

nj

> (€ = /PRI [ (10gl" ™ n; 1) + o(1).
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Proceeding to limits, we get

log" E,, (H, Ro)(R/Ro)*"

nj

hfig.}f [qﬁ(log[q’Q] ni1)( )]p'a(qﬂ) >0

Now using Theorem 3.3 in above inequality, the required result follows.
Remrak 4.4 The above theorem generalizes the Theorem 3.3 of [12].
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