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Abstract We investigate some fundamental properties of the higher order Teodorescu oper-
ators which are defined by the high order Cauchy-Pompeiu formulas in superspace. Moreover,
we get an expansion of Almansi type for k-supermonogenic functions in sense of the Teodores-
cu operators. By the expansion, a Morera type theorem, a Painleve theorem and a uniqueness
theorem for k-supermonogenic functions are obtained.
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1. Introduction

This operator is nothing else than a 2-dimensional weak singular integral operator over a
domain in the complex plane, which is right inverse to the Cauchy-Riemann operator. It reads

as follows:

r9¢) =+ [ [ Xacan. c=gvin

where () is a bounded domain in C. It is worth noticing that the Teodoreseu integral kernel is
the Cauchy kernel, which itself is a convolution kernel obtained by translating the fundamental
solution ﬁ to the Cauchy-Riemann operator J (see [1]). Recently, great progress has been made
in Teodorescu operators. Without claiming completeness, we mention some of them. One is
the Teodorescu operator in several complex variables. In this case, the kernel of the operator
is not holomorphic but still harmonic, which formally mimics the Martinelli-Bochner kernel [2].
Another direction is the Teodorescu operator in the Euclidean Clifford analysis which is a hy-
percomplex function theory with functions defined in the Euclidean space R™ and taking values
in an orthogonal Clifford algebra. In this case, the kernel of the operator is monogenic, obtained
by the fundamental solution for the Dirac operator 8, (i.e., the vector derivative Y .", €;0;,)

(see [3]). However, we are interested in the Teodorescu operator in superspace. The kernel of
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the operator is supermonogenic, obtained by the fundamental solution for the Dirac operator in

superspace.

Superspaces, developed during the second half of the previous century, are spaces equipped
with both a set of commuting variables and a set of anti-commuting variables (generating the so-
called Grassmann algebra) in order to describe the properties of bosons and fermions in Quantum
Mechanics. In recent years, Sommen, DeBie and others have studied a superspace of dimension
(m, 2n) with a novel approach. Their approach is not based on algebraic geometry as in [4], nor
on differential geometry as in [5], but Clifford analysis [6]. They constructed a Laplace and a
Dirac operator, acting on functions depending on both commuting and anti-commuting variables
[7]. Furthermore the fundamental solutions of these differential operators were obtained in [8].
Besides, they defined integration in superspace by Berezin integration [9,10]. Moreover, using a
distributional approach to integration in superspace, they obtained a Stokes formula, a Morera
theorem, etc [11]. Based on their work, we want to investigate the Almansi type expansion in

superspace.

In 1899, the Almansi expansion for polyharmonic functions was given, which was equivalent
to the Fischer decomposition for polynomials [12]. The results in the case of complex analysis
and Clifford analysis have been well developed in [13,14]. But as we know, up to now there is no
hint on the Almansi expansion in superspace. We try to fill part of this gap. In [15], we studied
the Almansi type expansion in superspace by constructing special integral operators. Then, we
discussed the Almansi type expansion in superspace from normalized systems [16,17]. In this
paper, we investigate the Almansi type expansion in superspace by the high order Teodorescu
operators, inspired by an expansion of polyanalytic functions applying the iterate operator of

Pompeiu due to Pascai [18].

The paper is organized as follows. We start with a short introduction to Clifford analysis
in R™2". We introduce the higher order Cauchy-Pompeiu formula in superspace [19]. By the
formula, the operators T; are defined, which are the so-called higher order Teodorescu operators.
These operators are singular integral operators over a domain in R”?", with Berezin integration.
The kernel functions of the operators are described with the help of the fundamental solutions for
all natural powers of the super Dirac operator (i.e., the Dirac operator in Rmp”), where the kernel
functions containing anti-commuting variables are more complicated than the kernel functions in
R™. Next, we investigate some basic properties of the operators, such as the relations between
the operators 7; and Cauchy type integral, the relations of the operators 7; and 7;_;. The
most important is to obtain an expansion for k-supermonogenic functions applying the integral
operators. Besides, by the expansion, we obtain a Morera type theorem, a Painleve theorem and

a uniqueness theorem for k-supermonogenic functions.
2. Preliminaries

2.1. Superspace
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We study the superspace
R™2" = {(2,2) |2 = (21,..., ) € R™, & = (&1,...,40,) € Aoy},
by introducing
Alg(zi, ;) @ Alg(e;, e;) = Alg(zi, e;25,€;5), it =1,...,m; j=1,...,2n,

where the scalar algebra P = Alg(x;,2;) and the Clifford algebra C = Alg(e;, €;), respectively

satisfy the following relations:
xiw; = xjx;,  4,j €{l,...,m},
J\L‘iﬁ?j :—Z\Ejj?i, 1,] € {1,...,271},

xiﬁz:j:jcjxi, iE{l,...,m},jE{l,...,Q?’L},

and
ejer + exe; = —20;, Jke{l,...,m},
€gj€ar — 2o =0, g ke{l,...,n},
€gj_1625—1 — €ap—1€2—1 =0, j,ke{l,...,n},
égjflégk — égkégj,1 = 6jk:7 7,k € {1, ... ,n},
ejer + exe; =0, je{l,...,m}, ke{l,...,2n}.

Moreover, the elements of the two algebras can commute with each other. When n = 0, we have
that C = Ro,m, with Ry ,, being the standard orthogonal Clifford algebra.

When m =0, P ® C = Agy, ® Way,, where the Grassmann algebra Ay, = Alg(xq,...,29,),
and the Weyl algebra Ws,, = Alg(éq,...,ea,)-

The most important element of the algebra P ® C is the super vector variable:
m 2n
r=z+z, withz = Za:iei, and & = Zijéj.
i=1 j=1

One can calculate that
n m
% = Zi'2jfli2j — Zl‘? = @2 +§27
j=1 i=1

where 22 = = > | 22,

Finally, we define a more general function space as:
C*(Q) ® Aan ®C,

where C*(Q) denotes the space of the k-times continuously differentiable real-valued functions
defined in some domain  C R™. We use the notation C*(Q) = Ck(Q) @ Agp.

m|2n

2.2. Differential operators in superspace

The left super Dirac operator is defined by

(995' = 8£ . —(9£' = 22(&2]‘8@21.71 . —égj_lahj-) — Z eiaxi .
7j=1 i=1
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Similarly, we define the right super Dirac operator by
Oy = — -0z — 0g.

A direct calculation shows that d,(x) = ()0, = m — 2n = M, where M is the so-called
super-dimension. The physical meaning of this super-dimension was discussed in [9].

The square of the super Dirac operator is the super Laplace operator

A:aﬁ-:élz 902413621' Z
j=1

Definition 2.1 A function f(z) € C*(Q),,2,®C is called left k-supermonogenic (k-supermonogenic
in short) in an open set Q C R™ if Ok f(z) = 0.

2.3. Integration in superspace

The integration in superspace is defined by

/Rmm':/Rm dv@)/B:/B/m AV (z

where dV (z) = dxy - - - dzy, is the usual Lebesgue measure in R™, and

/ c= "0y, - Oy
B

used on A?" is the so-called Berezin integration.
2.4. Fundamental solutions

The fundamental solutions for the natural powers of the classical Laplace operator A, are
well-known [13].

We denote by ug; ‘O(Q),l =1,2,..., a sequence of such fundamental solutions, satisfying
im0 0 .
Mg (@) = vyl (@), <1,
0 .
AyP(@) = 6@), =1,

where d(z) is the classical Dirac distribution in R™. Their explicit form depends both on the

dimension m and on [. More specifically, in the case where m is odd we have that

m

2l-m F(i+2-1%) 2n"

m|0 r _ I+1 l 2 _

v, (x) = , = (-1 2 —m)4'l! , T =1/—x22
21 (7) Y1 " ( ) ( ) F(Q — rg) F(m) =

The formulae for m even are more complicated and can be found in [13].

2

In the sequel, we will show the fundamental solutions for the natural powers of the super

Laplace and Dirac operators.

Lemma 2.2 ([8]) The function V;T,Lfn(a:) defined by

n

l+k C(+E-1 _
m2n 1 m|0 2n—21
Vok | 24 (n—1)! 1), 2lJ|r2k($)$

is a fundamental solution for the operator AF.
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m|2n

The lemma means that A*v),'""(2) = §(x), where §(z) = 5@)%(@)2" is the super Dirac
distribution in R™?"
In a similar vein one can obtain the fundamental solution I/;}ZE? (x) for the operator A*9,,

by calculating awu;’,g'ig (2). This leads to

Lemma 2.3 ([8]) The function 1/;',2‘2"(:17) defined by

n—1

1
m\Qn n 4 l+k m|0 2n—21—1
Vapog1 () =T E :2 (n—1— ,k,V2l+2k+2(1’)z -
1=0
n m|0 2n—21
l/
™ — (n— 'k' o2k (2T

is a fundamental solution for the operator A*d,.
The lemma means that 3§k+1V;nEn(x) = V;Zl_?_?( )02+ = §(z), where §(x) is the super

Dirac distribution in R™?",
2.5. Higher order Cauchy-Pompeiu formula in superspace

In complex analysis, a special case of the Cauchy-Pompeiu formula is the Cauchy formula
of holomorphic functions which is deduced from the Grass theorem. Analogously to this, the
Cauchy-Pompeiu formula in superspace is also a consequence of the Stokes formula in superspace
[11]. Inspired by the above-mentioned results, we developed further these ideas to construct the
higher order Cauchy-Pompeiu formulae in superspace [19].

The Clifford analysis version of Stokes formula in R™?" are given in the following lemma.

Lemma 2.4 ([11]) For € Asyp, and f,g € C’l(Q)m‘gn ® C, with Q C R™ a compact oriented

differentiable m-dimensional manifold with smooth boundary 0f) the following holds:

// (1B0.)g + 1B(D.9))dV (x /m/fﬁdongr//fﬁa )gdV (),

Note that with f ﬂ(“)@ we mean the fermionic Dirac operator acting from the left on f5 but
B is not derived. We cannot switch S and 0; from place because of the anticommuting variables.

In the sequel, we will need the following lemma.

Lemma 2.5 ([6]) Let Q be as stated before, and let f € C'(Q) ® Ry . Let B(y, R) be a ball
of radius R and center y contained in ). Further let the functions u;nlo(g —y) be defined as in
Section 2.4. Then the following holds:

lim vz —y) f(z)dV(z) =0, k€N,
R—0 B(E,R) -
m 0, k>1,
lim 74 |O(§ —y)do, f(z) =
R=0JaB(y,R) - —fly), k=1

Now we can show the higher order Cauchy-Pompeiu formulas in superspace which is the

most important lemma in this section, as follows:
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Lemma 2.6 ([19]) Let Q be as stated before and Q a compact oriented differentiable m-
dimensional manifold with smooth boundary 0S). Let f(z) € C*(Q),,)2, ®C and let the functions

m|2n

v; (x — y) be the fundamental solutions for the powers of the super Dirac operator 0,.. Then
k .
L[S0 @ = oot @)+ (<[ e -k @)
oeJB
_ )0 y € R™M\Q. 2.1)

3. Higher order Teodorescu operators in superspace

As a consequence of this higher order Cauchy-Pompeiu formulae in superspace, we shall be
able to define higher order Teodorescu operators in superspace. In other words, the last term
in equality (2.1) for the case y € €2 suggests the following definition of higher order Teodorescu

operators in superspace.

Definition 3.1 Let Q be as stated before. If f(z) € C’i(Q)m‘gn ® C, then we define the operators

Ti f( // Ry fe)dVi(z), i=1,2,..., (3.1)

where v, mi2n "(z — y) are the fundamental solutions for the operators 0%. It means that in the
distributional sense that 8;V?|2n(x —y) = d(x —y), where §(x — y) stands for the super Dirac
distribution in R™?". The operators T; are the so-called higher order Teodorescu operators
in superspace, and regarded as the Cauchy principal value of singular integral operators. For
i = 1, the operator T} is the Teodorescu operator T, which is the right inverses of the super
Dirac operator 9,. It is a meaningful generalization of the Teodorescu operator in the FEuclidean
Clifford analysis which is the right inverse of the Dirac operator 0. Especially we denote f as
Tof.

We now begin with investigating the links between the operators 7; and Cauchy type inte-
gral.

Theorem 3.2 Let () be as stated before and let f(x) € C*(2),/2, ® C. If f(z) is k-supermonogenic,
then for y € Q,

k—

1 .
T,f(y) = (- W“/(m/ VI (@ — y)dogd f(x), i=1,2,.... (3.2)

7=0

Proof Suppose that f(z) € C’“(Q)mpn ® C is k-supermonogenic. We consider a ball I’ =
B(y,R) C Q. By Lemma 2.4 for the case § = 1, we obtain

1
—pyiti / e / VI (2~ y)doad f(z)

Jj= O

k—
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= (—1)"*! / le% y)dog f(z)+
O\I)
z+2 m|2n dalaxf(m) 4ot

H—k m|2" dUgaif(x)

),
8(Q\I‘)/
~/6(Q\F /
/ / Zilfn Y)0,) f(x) + vl (@ fy)(ﬁmf(x))} AV (2)+
O\T
m/n\p/ an|22n Y)0a) f () + V5" (x —y)(aif(x))} dV(z) + -+
Dl 1/Q\F/ Zﬁ:n (x —y)0:)f (= )+Vﬁ,f”( —y)(a’;f(x))] av(z)
:(—1>’/Q\F/ u?|2n(x—y) Fla) + v (@ —y)(@wf(a:))} AV (z)+
Z+1/Q\r/ f’:ﬂfn V(@) + v _y)(aif(x))} AV(z) + -+
Dl l/n\r/ :i‘lfnl ) f (@) + vl o —y)(&‘g’gf(:p))} AV (z)

= (1) /Q\/ A 0 ) f )V ().

On the one side, we have

j4it1 m\?n j
zlzlglo —1) /Q\F / Vs (o~ 0)don02 f()

:11?,1130 (=1 /Q\F/ ’”‘2" =)V (z)

=(=1) v (2 — ) f(2)dV (2) lim M5 — y) f()dV (@),
/(z/ RHO//

Now we calculate the second integral in previous equality.

Case 1 ¢ = 2sis even. From Lemma 2.2, we have

fim [ [ A = nr@ave)

- [ / 24 ”S '),u;’;'f%( — )@ — PP @)V ().

RS0 (n—1)!

Due to the linearity it suffices to prove this formula for f(z) = fi(z)f2(&), where fi(z) €
C*(Q) @ Ro,m and fa(2) € Azy @ Way,. By Lemma 2.5, we obtain

vl (@ — ) fi(2)dV (z) /B (= 12" 2 fod) = 0.

Case 2 i =2s+ 1 is odd. By Lemmas 2.3 and 2.5, it can be similarly proved. Therefore, we

lim// m2n (g ) f(2)dV(z) = 0. (3.3)

R—0

lim
R—0 r

have
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On the other side, we have

hm -1) 7+Z+1/ / m\2n — y)do, 0 f(x)
R%O] o B(O\I) J+2+1 LA

k71
J+z+1 /69/ ;rjrlfﬁl —y)dagaif(x)—

a-u
»—AO

+1+1 m|2n 1
( Il%lino /81‘/ j+z+1 - y)d%a;f(x).

The proof of the second integral in previous equality is similar to the equality (3.3). Thus, we

=0

have

lim/ / ;1'12:1 —y)dod f(z) =0, j=0,1,2,....k—1.
or

R—0
Combining these two sides, we have the conclusion. [J

This gives rise to the following properties of higher order Teodorescu operators in superspace.

Corollary 3.3 Let (2 be as stated before and let f(x) € C*(2) )2, @ C. If f(2) is k-supermonogenic,
then fory € Q, 0,Tif(y) = Ti-1f(y), i = 1,2,... k.

Proof From Theorem 3.2, we have

8, Tif(y )—JZO 1)ititt /m/ d, ;1'121 — y)do, 8 f(z)

—Z H"/ /ayujj;'f” r —y)do, 0 f(x)
o0

7=0

= i—lf(y)' O

Corollary 3.3 implies that T}, f provides a particular solution to the inhomogeneous equation
8§w = f(y), where f(y) is k-supermonogenic.
These above results pave the way for investigating the Almansi type expansion for k-

supermonogenic functions in the sequel.

Theorem 3.4 Let Q be as stated before, and Q be a compact oriented differentiable m-

dimensional manifold with smooth boundary 0. If the function f(y) € C*(Q)2, ® C is k-

supermonogenic, then there exist unique supermonogenic functions fy, ..., fx—1 in the domain
Q such that
fW) = foly) + Tifi(y) + - + Te1 fe-1(y), (3.4)
where
= 7/ / VP — y)dogdl f(x), j=0,... k-1, (3.5)
o0 JB

and the function V{np

"(x —y) is the fundamental solution for the super Dirac operator.
Conversely, if the functions fo,..., fr—1 are supermonogenic, then the sum in (3.4) is a

k-supermonogenic function.
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Proof First, for any y € 1,

Oy fi(y /a . / Ay (1 — y)do, 8 f(x) = 0.

Secondly, from Corollary 3.3, we have

O f(y) =07 [foly) + T fr(y) + -+ + Tee1 fr—1(v)]
=fiW) + Talfj+1(y) + -+ To1-j fo-1(y)]
=1i(y) + TL(0 f (). (3.6)

On the other side, by Lemma 2.6 for the case k = 1, we obtain

/8/ A (@ = y)dos0Lf / / @ = )ort f@)av (@)
/zm/ v (@ = y)don0l f(2) + (05T (v). (3.7)

By comparing (3.6) with (3.7), we have

B -

Conversely, if the functions fy, ..., fx—1 are supermonogenic, then by Corollary 3.3, we have

O (foly) + Tifr(y) + - + Th1fr-1(y)) = 0.

Therefore, we obtain the conclusion. [

As the reader may have noticed, the new issue of this result is that it is valid for the domain
in superspace, without assuming in the star domain. Furthermore, it connects k-supermonogenic
functions with supermonogenic functions, and leads to the properties of k-supermonogenic func-

tions in the next section.

4. Fundamental theorems for k-supermonogenic functions

Lemma 4.1 ([11]) A function f € C°(Q)j2, ® C (with Q being an open subset of R™) is

supermonogenic in ) if and only if

/E)I/Bo‘d%f*/I/B(aafz)de(z) =0, (4.1)

for every interval I C Q and for every a in Agy,.
Applying Lemma 4.1 (i.e., Morera theorem for supermonogenic functions), we get the fol-

lowing Morera type theorem for k-supermonogenic functions.

Theorem 4.2 Let Q be as stated before. A function f € C* () mj2n ® C is k-supermonogenic
if and only if

| [ ednjors-mi@in) - [ [ @opiers - ne plaviy —o,
oI JB I1JB

where j =0,1,....,k—1, I C Q, and o € Ay,.
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In [15], a Painleve theorem and a uniqueness theorem for supermonogenic functions were giv-
en. By Theorem 3.4, we obtain a Painleve theorem and a uniqueness theorem for k-supermonogenic

functions as follows:

Theorem 4.3 Let Q be as stated before and Q' be open in R™~! such that O’ NR™ = Q. If
f(x) € C*(Q)nj2n ® C is k-supermonogenic in Q\ €', then f(z) is k-supermonogenic in .

Theorem 4.4 If a function f is k-supermonogenic in the open connected set 0 C R™ and

vanishes in the open set ¥ C 2, then f is identically zero in Q.
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