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Abstract In this paper, we consider Carlson type inequalities and discuss their possible
improvement. First, we obtain two different types of generalizations of discrete Carlson’s
inequality by using the Holder inequality and the method of real analysis, then we combine
the obtained results with a summation formula of infinite series and some Mathieu type
inequalities to establish some improvements of discrete Carlson’s inequality and some Carlson
type inequalities which are equivalent to the Mathieu type inequalities. Finally, we prove
an integral inequality that enables us to deduce an improvement of the Nagy-Hardy-Carlson
inequality.
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1. Introduction

Suppose that a,, > 0 (n € Z*) and 0 < Y. 7, na, < oo, Carlson [1] proved the following
famous inequality
o0 4 o0 o0
(Zan) SWZZaiZnQafL. (1.1)
n=1 n=1 n=1

Afterwards, Landau [2] obtained a strengthened form of (1.1) as follows:

(i “")4 < gaii(” - %)Qa?y (1.2)

n=1
Making use of an integral inequality, Nagy [3] proved an improvement of (1.1), which reads

(ian)Q—F (i(—l)"an)2 Sﬂ[gaign%if. (1.3)

Since (1.1) and its integral version, as well as their generalizations and improvements, turn
out to have applications in various branches of mathematics, such as fourier analysis, interpola-
tion theory, harmonic analysis, etc. [4,5], many authors have paid a warm attention to them. For
instances, Barza et al. obtained a multiplicative inequality for inner product and deduced some

improvements of inequalities of Carlson type on the basis of the results obtained in [6]; Kuang et
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al. presented an extension and improvement of (1.1) by using the Euler-Maclaurin summation
formula in [7]; Leo et al. established some new inequalities of Carlson type for finite sums in [8].
For more improvements and generalizations of Carlson’s inequality, we can refer to [2,9] and the
references therein.

In order to extend and improve discrete Carlson’s inequality, the Holder inequality and some
real analysis techniques are employed to establish two different types of variations of (1.1) and
an integral inequality. Moreover, combining the obtained results with the summation formula of

infinite series 7> some new improvements of (1.1), (1.2) and (1.3) are constructed.

n=-—o0 W’
Meanwhile, utilizing the obtained results and some inequalities of Matheiu type [10,11], some

new Carlson type inequalities, which are equivalent to Mathieu type inequalities, are also derived.

2. Some preliminary lemmas
In this section, we state the following lemmas, which are useful in the proofs of our results.

Lemma 2.1 ([12]) Ifz € R and t € R*, then

i t B (1 —e4m) (2.1)
(n+x)2+1t2 1 —2e-27tcos2mx + e~ 4mt’ '

n=—oo

Lemma 2.2 ([10]) Let x € R\ {0}. Then

i n 1 (2.2)

(n? +22)? " 22+ 3

Lemma 2.3 Lett € Rt. Then

(oo}
= 2.3
2 e —1p 2 s < (2.3)
Proof If t? > }, setting x = 4/t? — & in (2.2) yields (2.3); if £* < £, then
> 2n > 2= 1 1
— < - < =) —<6<—.0 (2.4)
1 n2 =
I TRPTar R R o RN
Lemma 2.4 ([11]) If u,t € R", then
= 2n 1
Z (n2—|—t2)l‘+1 < ‘th,u' (2~5)

1

—3, respectively, will readily yield the following lemma.

In Lemma 2.1, taking x =0 or z =

Lemma 2.5 Lett € Rt. Then

— 1  me41 1
;nutz*%ezm_f@ (26)

and

= T et —1
Z +t2 = 2t 6271'15 + 1 (27)

n:l
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Lemma 2.6 Ift € R, then

oo

1 2
ORI
— n24+t2 = 2(rt+1)

Proof From (2.6), it follows that

o0

5 1 Te™4+1 1w 2 1

Taylor expansion of e* yields e* > 1+ x + "”—22 for x > 0. Therefore we have

e*™ — 1 > 27t + 2732
From (2.9) and (2.10), by simple computation, we can get (2.8). O

Lemma 2.7 Ift,0 € R satisfy 0 <t <, then

- 1 1228
ngl (n—3)*+1 = 2(mte2™ + 1)
Proof From(2.7), it follows that
Z _ et — 1 1(1 B L)
2 4 ¢2 ot e27t +1 2% o2mtt1

n:l

By mean-value theorem, we have
A 1 = 27te®™, €€ (0,1).

Therefore, we have

e¥™ < 14 2mte®™, if 0 <t <.

From (2.12) and (2.14), by simple calculation, we can get (2.11). O

Making use of the differential method, we have the following lemma.

Lemma 2.8 If A, B,a,b € R satisfy A,B,a >0 and b > 0, then

. S . S
— n2+t2  2te2mt —1 22 Zt( + et —1 7t

. A2+ B /B A2+ B 2VA%0? 4+ a?AB — 24b
min { } = - )
at + atog+ b a?

\/W
where to = A2b%4+a?AB Ab

3. Main results

In this section we give our main results.

63

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Theorem 3.1 Let a,b € R satisfy a > 0 and b > 0. Let {a,},{a(n)},{8(n)} be non-negative

sequences such that > > a(n)a? < oo and 0 < Y, B(n)a? < co. And suppose that

- 1 1 ey a(n)ag
> o)+ BVE = atgp e (0’ ¥, 5@)@] '

n=1
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Then

a2

°° « o n — 1 an oo—1 na%
OB () S50, Blm)ad — A, 0 S0, Bl

Proof Lett e (0, %17%] By Cauchy-Schwarz inequality, we have
n=1

o) 1 2
(o) = (oot 00 i)
2.7

[ ol Z } at+b (32)
Combining (2.15) with (3.2) yields that
— \2_ Y B(n)al + 300, a(n)ay, Doy (n)az
() m{ Tt ’“(O’ m]}

_ 2/ B PR P S o) o, Bl — 0 Bad

a2

It follows from (3.3) that

(a2 ( niojl an)2 + 2bn§):1 5(n)ai) ’ < 4b? ( nio:l B(n)ai)Q + 4a® i a(n)a? nio:l B(n)aZ.  (3.4)

A direct calculation in (3.4) leads to (3.1). O
Setting a(n) = n?, (n) = 1, combining Theorem 3.1 with (2.8), the following corollaries

can be obtained naturally.

Corollary 3.2 Let a, > 0, n € N such that ZOO: n%a? < co. Then

(ian) <7T2Z Z” (ZfM) Za (3.5)

n=1 n=1 n=1
Similarly, taking a(n) = (n — 3)%,8(n) = 1, gathering Theorem 3.1 with (2.11), we also

have the following corollary.

Corollary 3.3 Let a, >0, n € N with >_°  n*a2 < co. Then

oo

(Cm) = Dk St = g =2 (Y)Y, (36)

n=1 n=1 n=1

where § = W

n=1

Theorem 3.4 Suppose that a,b € R and a > b > 0. Let {a(n)},{8(n)} be non-negative
sequences with >, W < oo fort > 0. Set C = (-%)%(%52)". Then the inequality

(ian) Sc(i @ZH)G (Zﬁ azﬂ) (3.7)

a+1

-

a+ a+1
holds for all non-negative sequences {a, } with0 < 3>~ | a(n)an® < ocand0< > >, B(n)a,"
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oo if and only if the inequality

- 1 1
> < = (3.8)
a b
= (a(n) + B(n)t2)*
holds for t > 0.
Proof Suppose that (3.8) holds for ¢t > 0. In view of Holder inequality, we have
0o B o) - o
> a0 =Y an(aln) + B 7 (aln) + Bn)t) "7
n=1 n=1
< (f: art (an) + B(m)e) ™ (fj 1 )
=l 2 (a(m) 1 )
s a+1 e at1\ o5
< (Z a(n)a,® +t2 Zﬂ(n)an” ) o 5
n=1 n=1 Lo+t
0o 1 [ at1y 22
= (r¥ S amer + 7Y sman ) = 0 (59)
n=1 n=1
By using the differential method, we get
. a o a—b. b [~ a1\ 577/ atiy 7
min{ f(¢) :t>0}:(a7b)a+1( 2 )QH(;Q(H)UM ) (;B(n)an' ) . (3.10)
Combining (3.9) with (3.10) yields
> . 1 > atl Z;l{ > atl a$1
S an <min{f(t) > 0} = 07 (Y aman )T (3 pmant ) (3.11)
n=1 n=1 n=1

Obviously, (3.7) follows from (3.11).

Conversely, suppose that (3.7) holds for all non-negative real sequences {a,} with 0 <
> aln) a;TH <ooand 0 < > 7, B(n)a,%1 < o0o. Set a, = W, n € N, where
t € RT. Simple calculation shows that

atl a(n) 1
Aman” = Ty T Bm@) < (aln) 1 ) (3.12)
and
Bn)ans = Bl ! (3.13)

(a(n) + B2 = B(a(n) + Bn)R)"

atl at1
It is easy to see that a,, = W, n € Nsatisfies Y7 | a(n)a,® <ooand ).~ B(n)an”

< co. Substituting a,, = W into (3.7) yields

e 1 a+1 > a(n) a—b , 2 B(n) b
<Z(a(n)+ﬁ(n)t2)“> <C(,§(a(n)+ﬁ(n)t2)“+1> (Z(a(n)+ﬁ(n)t2)“+1)'

n=1

In Young inequality

xAylfk §>\$+(1—)\)y for 1}>O, y>07 O<>\< 1, (315)
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setting A = “;b7 r=3 W and y =43, W gives
@ eb @b = a(n) el B(n)t? 0
= (,21( o) | (S G s
. 3.16
<2 G R (3.16)
y (3.14) and (3.16), we have
= 1 S N 1 a
(X corramer) = w2 Gwrv smee) 3.17)
It fOHOWS fl“om (317) that Zn 1 W S 152% D

Setting a(n) = " 2n S B(n) = E’ =2, b=1in Theorem 3.4 and using (2.3), we get the

following results.

Corollary 3.5 Let a,, > 0 with Z —1 n2an < 00. Then

oo 5 1 5

nl <2 — fL 3 an . 3.18

(e ) Z ot 3ot~ g (3.18)

Similarly, taking a(n) = —n B(n)= —2L+,a=p+1,b=pin Theorem 3.4 and
(2nu) T (2np) HFHL

using (2.5), the following corollaries can be obtained naturally.

Corollary 3.6 Leta, >0,u>0 with) - n yrty a,’{“ < 00. Then

e pt2 °© pE2\ p
(Zan) SK( n T a““)(Zn u+1a“+1) , (3.19)
n=1

where K = (“TH)““.

1
2

Theorem 3.7 Let f : [a,b] — R be a function whose derivative f’(x) is continuous on the closed
interval [a,b] and fbf (x)dz = 0. Then

b
@+ £or < [ e [ora - o@ e e [ Pee 6

Proof We need only consider the case fa (f'(z))*dz > 0. Since fab f(z)dx = 0, it follows that
there exists ¢ € (a,b) such that f(c) = 0. Consequently, for all ¢ € R, one can find that

/ F(2)(f(x) + )de = —f2 / F(@)(f (@) + t)de = @ L Fb) (321)

It follows from (3.21) that

b
[f2(a) + £2(b) +2(f(a) + F(0))H] < 2/ (@) (f (z) +t)|da. (3.22)

By (3.22) and Cauchy-Schwarz inequality, we have

b b
(f*(a) + f2(b) + 2(f(a) + f(b))t)* < 4/ (f'(m))zdx/ [f () +]*dz
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b b b
_4 / F2(2)dz / (F(2))2dz + 4(b — @) / (F(2))2da (3.23)

By (3.23), we get
b
[407@) + 1022 =40 =) [ (7' @)+ dlf0) + 1O @) + 0+
(@) + £20) /f2 dx/ 7))z <0 (3:24)

It follows from (3.24) and properties of quadratic function that
b
b=1601(@) + FOPL@) + PO = 16[(7@ + S0 ~ (b a) [ (7/@)dr] x
@+ 202 -1 [ P [ wre] <o (325)

A direct calculation in (3.25) leads to (3.20). O

The following corollary of Theorem 3.7 is an improvement of (1.3).

Corollary 3.8 Let a, > 0 with Y -~ n?a? < co. Then

oo

(ian)2+ (i(_l)nan)2§ [W2§ai;n2ai—8(iagn) i } . (3.26)

n= n=1

[N

Proof By setting f(z) =Y .., a, cos(nz), a =0, b =« in Theorem 3.7, we have

= ian, i "y, /Tr f(x)de =0 (3.27)
n=1 n=1 0
and
/0 A (x)de = 5;ai’ /0 (f'(z))dz = o) ;nzai. (3.28)

From (3.20), (3.27) and (3.28), we have (3.26). O

4. Concluding remarks

Remark 4.1 The comparison between (3.5) and (3.6) is as follows. Both (3.5) and (3.6) are
improvements of Carlson’s inequality (1.1). It is easy to observe that neither the right side of

the inequality (3.5) nor the right side of the inequality (3.6) is uniformly better than the other.

1, n=1,
A, =
" 0, n>1.

It is clear that real sequence {a,} satisfies >.>2  n?a? < co. Then the right hand side of (3.5)

For example, let

and (3.6) becomes

2 oo

WQiaii(n—%)%i— _2”5<§:an> Za e ",

n=1 n=1 n=1 =
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and

respectively. Therefore

On the other aspect, for every real number o > 1, taking a positive integer n, such that
In*(ng +2) > 20" 2, and setting

1
0, = GEDRTGED S T,
=

0, n > Ng,

it is evident that real sequence {a,} satisfies -, n?a? < co. Simple computation shows that

2

alir{1+(1 - 672#5)(i an) = 00, (4.1)

n=1

and

; g n—i—l)?lnmn—l—l g n + 1) In*( n—|—1)

P / N dr -+ (4.2)
2%(2) )i (z+1)*(z+1) 2mn*2 2’ '
From (4.1) and (4.2) it is easy to verify that

WQiaiinQai — 2(ian)2iai
n=1 n=1 n=1 n=1
WQTiaii(n— %)zai - _2”6(§: >2§:an, (4.3)

if « is sufficiently close to 1 and « > 1.

Remark 4.2 The superiority of the corresponding constants in (3.18) and (3.19) is as follows.
Theorem 3.4 implies that the inequalities (3.18) and (3.19) are respectively equivalent to (2.3)
and (2.5). Accordingly, it is easy to verify that the constant factor 2 on the right hand side
of (3.18) and the constant factor K = (“‘H )+ on the right hand side of (3.19) are sharp,

respectively.
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