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Singular Integral Operators on New BMO and Lipschitz
Spaces of Homogeneous Type
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Abstract Let (X,d, u) be a space of homogeneous type, BMO4(X) and Lip 4 (8, X) be the
space of BMO type, lipschitz type associated with an approximation to the identity {A¢}+>o0
and introduced by Duong, Yan and Tang, respectively. Assuming that T is a bounded linear
operator on L?(X), we find the sufficient condition on the kernel of T so that T is bounded from
BMO(X) to BMO 4(X) and from Lip(3, X) to Lip 4, (3, X). As an application, the boundedness
of Calderén-Zygmund operators with nonsmooth kernels on BMO(R™) and Lip(8,R"™) are also
obtained.
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1. Introduction

Let (X,d, i) be the space of homogeneous type, equipped with a metric d and a measure
. Let T be a bounded linear operator on L?(X) with kernel K such that for every f € L°°(X)
with bounded support,

T(f)(x) = /X K (2, 9) (9)du(y)

for p-almost all x ¢ supp f.

In [1], Duong and Yan introduced a class of new spaces-BMO 4 (X )-the space of BMO type
associated with an approximation to the identity {A;}+>0. And Tang [2] defined the correspond-
ing new Lipschitz spaces-Lip 4 (8, X ) associated with an approximation to the identity {A:}+so.

As it is well known, the size condition

D
K= LB )
and regularity condition
D d(z, z)°
u(B(z,d(z,y))) d(z, y)<’
whenever d(z, z) < %d(x, y), are the sufficient condition for the Caldeén-Zygmund operators T' to
be bounded on bounded mean oscillation space BMO(X) and Lipschitz space Lip(8, X) (see [3]).

K (2,y) — K(2,9)| + [K(y,2) — K(y, 2)| <
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Now a natural question is whether T' can be extended to be a bounded operator on BMO 4(X)
and Lip4(8, X). In this paper, we get that if there exists a generalized approximation to the
identity {A;}+>o such that the operators A;T have associated kernels K;(x,y) and there exist
positive constants ¢ and C' such that
1 te/m

u(B(z,d(z,y))) d(z, y)°
when d(x,y) > ct'/™, then when T(1) = 0, T is bounded operator from BMO(X) to BMO 4(X)
and from Lip(8, X) to Lip 4 (8, X).

Let A = A, =Y, 9? /8,2 be the classic Laplace operator in the spatial variable 2 =
(x1,...,2,) € R*. When A = A or A = VA, as pointed in [1,2], BMO4(R") coincides with
BMO(R™) and Lip 4 (8, R"™) coincides with Lip(5,R™), with equivalent norms. By Proposition 2

in [4], we know that the following regularity condition of Calderén-Zygmund operators

|Kt(z,y) — K(z,y)| < C forally e X and ¢ >0 (1.1)

|z — 2|

K(z,y— K(z,y)| < C——"1_
|K (2, y — K(2,9))] P

1
when |z — z| < §|x—y| (1.2)

is stronger than the condition (1.1). As a corollary, we get that Calderén-Zygmund operators
are bounded on BMO(R™) and Lip(5,R™).

On the other hand, to study the mapping properties for the commutator of Calderén, Duong,
Grafakos and Yan et al.[5,6] defined a class of singular integral operators via the generalized
approximation to the identity, which are called singular integral operator with nonsmooth kernel.
Duong, Grafakos, Yan et al. [5] replaced the condition (1.2) by weaker regularity conditions on
the kernel K. The weaker regularity conditions are as follows:

Assume that there exist operators {B;};~o with kernels b;(x,y). Let

Kt(o)(x, y) = K(z,y)bi(x, z)dz.
R®

We assume that the kernels Kt(o)(z,y) satisfy the following estimates, there exist a function
¢ € C(R) with supp ¢ C [—1,1] and constants € € (0,1/n) and D such that

Do(G7)  Awne/m

K (2,y) — KV (2, y)| <

|x_y|n |x_y|n+ne’
and
Atné/m
0 0
|Kt( )(xhy) - Kt( )(m/ay” < |IE y‘n+n€a

whenever 2|z — 2/| < tV/™ < Lz —y|.

As a corollary, we also get the boundedness of singular integral operators with nonsmooth
kernels on BMO(R™) and Lip(8, R"™).

The paper is organized as follows. In Section 2, we give some necessary notion and lemmas
about BMO(X), Lip(3, X), BMO4(X) and Lip 4(8, X). In Section 3, we state our main results
that T is bounded from BMO(X) to BMO4(X) and from Lip(8, X) to Lip4(8,X) and give
their proof. As an application, we get the boundedness of Calderén-Zygmund operators with
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nonsmooth kernels 7" on BMO(R™) and Lip(3,R") in Section 4. And we also give a proof which

is different from that in Section 3.

Throughout the article, C' always denotes a positive constant that may vary from line to
line but remains independent of the main variables. We use B(xz,r) = {y € X : d(z,y) < r} to
denote a ball centered at x with radius . For a ball B C X and A > 0, we use AB to denote the
ball concentric with B whose radius is A times of B’s and fp = u(B)™! [ f(x)du(x) denotes
the integral value mean of f. As usual, u(E) denotes the y—measure of a measurable set E in
X and xg denotes the characteristic function of E. For p > 1, we denote by p’ = p/(p — 1) the

dual exponent of p.

2. Preliminaries

Let us first recall several definitions.

2.1. BMO(X) and Lip(8, X) of homogeneous type

A function d defined from X x X to [0,00) is a quasi-measure if it satisfies the following:
(i) d(z,y) >0for all z,y € X, d(z,y) = 0 if and only if z = y.
(ii) d(z,y) =d(y,z) for all z,y € X.

(iii) There exists a constant C' € [1,00) such that d(z,y) < C(d(z,z2) + d(z,y)), for all
z,y,z € X.

Definition 2.1 ([7, Chapter 3]) A space of homogeneous type (X,d,u) is a set X together
with a quasi-metric d and a nonnegative Borel measure p on X for all the associated with balls
satisfying the doubling property pu(B(z,2r)) < Cu(B(z,r)) < oo for all z € X and all r > 0,

and the constant C' > 1 independent of x and r.

Note that the doubling property implies the following strong homogeneity property,
w(B(z, Ar)) < CXN*'u(B(z,r)) (2.1)

for some ¢,n > 0 uniformly for all z € X, where n denotes the homogeneous dimension of

homogeneous space X. There also exist constant C' and N € [0, n] such that

d(z,y)

p(B(e,)) < C1+ 55

)Y u(B(y, ) (2.2)

uniformly for all z,y € X and r > 0. The property (2.2) with N = n is a direct consequence of
triangle inequality of the metric d and the strong homogeneity property. In the cases of Euclidean

spaces R™ and Lie groups of polynomial growth, N can be chosen to be 0.

Remark 2.2 ([8]) Let X = R", d(z,y) = (X0, a; —y;[2) "

(X,d, ) is just the classic Euclidean space.

and p be the Lebesgue measure,

Definition 2.3 ([9]) We say a locally integral function f is a BMO function on X, if there exists
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some constant C' such that for any ball B, such that

/ (@) — faldu(z) < C < oo. (2.3)

We denote || f||smo(x) = 1nf{C (2.3) holds}. Two equivalent norms of || f||gmo(x) are given by
that

1 1/p
fllesioce) =sup (s [ 17(0) = Fopdute))

and ) /g
fllevioce) =sup inf (s [ 17(@) = effdu(e)

for any p,q € [1,00).

Definition 2.4 ([10]) Let 8 € (0,1/n). We say a locally integral function f is a Lip(8, X)

function on X, if there exists some constant C' such that for any ball B, such that

[f(z) = f(y)l
d(x,y)P
We denote || fl|Lip(s,x) = inf{C : (2.4) holds}. Two equivalent norms of | f||Lip(,x) are given by

1 1 » 1/p
||f||Lip(5,X) = Sl};p W(@/B |f(z) — [l du(x))

<0< . (2.4)

and
_ inf 1 aq 1a
|7 lins,x) = sup inf (s [ 17(2) = elfdt))
for any p,q € [1,00).

Lemma 2.5 ([11]) If f € BMO(X) and k > 1, then there exists a positive constant C' indepen-
dent of f, B,k such that, | fp — frp| < C(1 +logk)||fllsmo(x)

2.2. BMO4(X) and Lip4 (8, X) of homogeneous type

Before introducing the new spaces of homogeneous type BMO 4(X) and Lip 4 (8, X) which
are defined in [1] and [2], we first work with a class of integral operators {A;}+~0, which play the
role of the approximation to the identity [4]. We always assume that the operators A; are given

by kernels a;(z,y) in the sense that

Af(x) = /X ar(a.9) f (0)du(y).

for all f € Upe(1,00)LP(X) and @ € X, and the kernels a;(w,y) satisfy the following conditions

|at(ac,y)\ < ht(xay)v (25)
for all z,y € X, where h;(x,y) is a function satisfying
1 d(x,y)™

ht(xay) = /L(B(l‘,tl/m))g( 1 )7 (26)

in which m is a positive fixed constant and ¢ is a positive, bounded, decreasing function satisfying

lim 7"t p(r™) = 0, (2.7)

T—00
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for some € > 0,7 > 0 and v > 0.

In order to define the BMO 4 (X )-the spaces of BMO type associated with an “approximation
to the identity” {A:}+>0, Duong and Yan [1] introduced the a class function of type (zo,«). Let
¢ and 7y be the constants in (2.6) and a € (0,¢€). A function f € L{ (X) is said to be a function

of type (zg, «) centered at x¢ € X if f satisfies
/ |f(2)]
x (1 +d(zo, )7+ u(B(wo, 1 + d(xo, x)))
We denote by Mg, a) the collection of all functions of type (2o, ). The norm of f in M xo,a)
is defined by

dp(x) < C < 0. (2.8)

£l M sy .0y = nF{C > 0: (2.8) holds}.

One denotes

M=) U Mua-

zoeX a:0<a<e

Definition 2.6 ([1]) Lety = 2N in (2.5), where N is the power appearing in property (2.2). For
feM, wesay f is in BMO 4(X), the spaces of functions of bounded mean oscillation associated
with a generalized approximation to the identity {A:}:~0, if there exists some constant C' such

that for any ball B with radius rp,
1
— r)— A o)|du(z) < C, 2.9
5 L 1@ = A (@)ldn(o) < (29)

where tp = . We denote || f||gmo, (x) = inf{C : (2.9) holds}.
Later, Tang [2] defined the Lip4(8, X)-the spaces of Lipschitz type associated with an

“approximation to the identity” {A;}¢~o as follows.

Definition 2.7 ([2]) Let v = 2N + (n+ N)3 in (2.5), where 8 € (0,1/n) and N is the power
appearing in property (2.2). For f € M, we say f is in Lip4(8, X), the spaces of functions
of Lipschitz type associated with a generalized approximation to the identity {A;}¢~o, if there

exists some constant C' such that for any ball B with radius rg,
1
[ @) = A (@)t < (2.10)
where tp = . We denote || f||Lip , (3,x) = inf{C : (2.10) holds}.

Remark 2.8 ([1]) Let A=A, =37, 82/896% be the classic Laplace operator in the spatial
variable z = (x1,...,%,) € R". When A = A or A = VA, BMO4(R") coincides with BMO(R"),
with equivalent norms.

With the similar methods in [1], we can also get that when A = A or A = VA, Lip 4 (8, R")

coincides with Lip(8, R™), with equivalent norms.

Lemma 2.9 ([1]) For each p € [1,00] and t > 0, there is a constant C' > 0 such that A, f(z) <
CM(f)(x) for all f € LP(X), p-a.e., where M (f) is Hardy-Littlewood maximal function.

2.3. Singular integral operators of homogeneous type
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We first recall the definition of the Calderén-Zygmund operators [7]. Let (X, d, ) be a space
of homogeneous type. Let C7(X), 7 > 0, be the spaces of all continuous functions on X with
compact support such that || f||cr(x) = sup,., % < 00. Then we define the homogeneous
Holder space C7(X) as the closure for the C7(X) norm of functions in C?(X) where 7 < 6. Let
(C7(X))" be dual space of C7(X). A continuous linear operator T : C7(X) — (C7(X))’, is said

to be a singular integral operator if T is associated to a kernel K such that

(T(f).g) = /X /X K (2,) f(1)g(2)du(y)du(z)
for all f and g € CJ(X) with supp(f) Nsupp(g) = @.

Definition 2.10 ([7]) We say an operator T is a Calderén-Zygmund singular operator CZO(D, €)
with kernel K if

(1) T is bounded linear operator on L*(X) with a kernel K.

(2) There exist some constant D > 0 and € € (0,1/n] such that the kernel K satisfies the

size condition
D

K@l = S paw

and regularity condition

D d(z, z)°

|K(l‘,y) - K(Z’y” + |K(y7x) - K(yvz)| < /J(B(:E,d(l’,y))) d(x,y)f’

(2.11)

whenever d(z, z) < 3d(z,y).

In this paper, we will consider following singular integral operators.

Definition 2.11 ([1,4]) Let (X,d,u) be a space of homogeneous type. The singular integral
operators are defined in the following way:

(i) T is bounded linear operator on L*(X) with kernel K.

(ii) There exists a generalized approximation to the identity {A:}iso satisfying (2.5) and
(2.6) such that the operators AT have associated kernels K.;(x,y) and there exists positive
constant C' such that

e/m
1 t
B (2.12)

K ly) = Kalw )l = O e Sy dtw. g

where € € (0,1/n).

Following Proposition 2 of [4], we construct a;(x,y) with the following properties
ai(z,y) =0, when |z —y| > Ct}/™ (2.13)
and

/ as(a,y)dp(z) = 1 (2.14)
X

for all y € X and t > 0. This can be achieved by choosing

ag\T 1/m\(T ).
t\T,Y (B(y’tl/m))XB(y,t /m)
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Let B; be approximations to the identity which are represented by kernels b:(x,y) satisfying
(2.6), (2.13) and (2.14). Following Proposition 2 in [4], we know that the condition (2.12) is
weaker than the condition (2.11).

3. Boundedness of singular integral operators on space of homogeneous
type
Our main results are stated as follows.

Theorem 3.1 Assume that T is an operator with kernel K as in Definition 2.11 and T'(1) = 0.
Then one has T is a bounded operator from BMO(X) to BMO 4(X).

Theorem 3.2 Assume that T is an operator with kernel K as in Definition 2.11, 8 € (0,€) and
T(1) = 0. Then one has T is a bounded operator from Lip(8, X) to Lip4(8, X).

Remark 3.3 Let T* be the adjoint operator of T which is defined by (T'(b), g) = (b,T*(g)). Let
';0( y={feCl(X ) S5 J( = 0}. Then the condition 7'(1) = 0 should be understood
as that there exists g € C7 5(X ) such that

0= /X /X K (z,4)9(9)dn(y)du(z).

First, we give the proof of Theorem 3.1.

Proof of Theorem 3.1 It suffices to prove that for any ball B = B(yo,75),

/ T(f)(@) — Auy (T(F))(@)|du(z) < C|lf o). (3.1)

where tp = 1%
The condition T'(1) = 0 implies that

0=M\T(1) / K(z,y)Mdu(y),
then we have

= [ K iwant) = [ K- [ Keprd)
/ K(z,y)( = A)du(y).

Let B* =5B(yo,7) and f — A= (f = X)° + (f = A)>® := (f = Nxp~ + (f = M)x(B+)e- Then
T(f)(z) — Ay (T(f))(x) can be divided into three parts as follows:
T(f) (@) = A (T(f)) () =T(f = M)(@) = A (T(f — ) ()
=T((f = N)")(x) Ats( ((f = NN) @)+
(T = A T)((f (2)
=J1(z) + Jo(x) + Jg(ac),

where \ := fp,.
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Employing the assumption that the 7" is bounded on L?(X), we get
1

@ / 1 (@)]du(z)

2 1/2 1 0
/ IT((f—N\°) ()| d,u(x)> ngH(f*A) 2 ()
= CW“(B )21 fllBmoz(x) < Cllfllemox)-

In terms of Ja(z), by the assumption that 7' is bounded on L?(X) and Lemma 2.9, we have

/ |J2 () |dp(

s(m [ (s =) @) anta)

1
< 27l T = Ml < Cllfllmvoc.

By z € B(yo,r) and y € (B*)¢, we know d(,2) < £d(y, ) and d(y, ) ~ d(y,yo). Then an
application of assumption (ii) in Definition 2.11 leads to

(T = A T)((f — ) ()]
< / K () — KXz, 9)||(f(5) — N [du(y)
X

1 cts)°
< B_|f Ndu(y).
s B 7 )~ 00
By applying Lemma 2.5, we get

/ ! CL3™ | 1) — Aduy)
x5 (B, d(zo, ) d(yo, )<’ Y Y
o 1 Ct;/m

- ia /5j+1B\5J‘B w(B(z,d(yo, y))) d(yo, y)* ‘f — Janldu(y)

1 1
= ; 5G-De 1(51 B) /5j+13(|f(y) - f5i+lB| + ’f5j+lB - f5B|)d,u(y)
1
= C; W(”MBMO(X) + (1 + 7)) fllBmox))

< C| fllemocx) Z SG=De < Cll fllBmo(x)
j=1

The inequality above leads to us that

ﬁ/;h(mdu(x) < C|fllmmox)

Combining the estimate above for Ji(x), Jo(x) and J3(x), we know

/ T(f) (@) — Ay (T(1)) () du(z)
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1 1 1
< o [ In@iane) + - [ neiane) + s [ @i

< Ol fllBmo(x)s

which completes the proof of Theorem 3.1. [

Now we turn our attention to the proof of Theorem 3.2.

Proof of Theorem 3.2 By the condition T'(1) = 0 we have

:/XK(“/) /Kw y) — A)dpu(y).

Let B = B(yo,r) be any ball and B* = 5B(yo,r). Then T(f)(z) — A, (T(f))(z) can be

divided into three parts as follows:

T(f)(z) = A (T())(z) =T(f = M) (@) = Aty (T(f = V) (2)
=T((f = 2)°) (@) — A, ( ((f =) @)+
(T = A T)((f = X)®)(2)

=P (z) + Fa(z) + Fs(x )

B

where \ := fp,.
By the assumption that T is bounded on L?(X) and Lemma 2.9, we have

7/ |Fi(z) + Fo(x)|du(x)
St QI =20+ M =2 ) )
W(B)P (ﬁ/}3 (M(T((f - /\)O))(w))2du(w))l/2

1 1
< WHT(U =) lzzx) < Wll(f =N £2x)
< CllfllLipes,x)-

By T € B(yOar)a z € B* = 5B and y € (B*)c, we know d(y7z) < C(d(y7y0) + d(yﬂaz)) <
2Cd(y,yo). Then by the definition of Lischitz space Lip(8, X) we have

(T = A, T)((f = N)®) ()|

1 cts™ -
< C/X\B* w(B(z,d(yo,v))) d(yo, )€ |f(y) — Aldu(y)
1 Cte/m
= C/X\B* N(B(x,d(ym ) yo, 5B / |f Z)|dﬂ(z)dﬂ(y)
. 1 ™ y
< O fllLipes,x) /X\B* w(B(z,d(xo,v))) d(yo,y)¢ 5B / d(y, 2)Pdp(z)du(y)

< Ol [ ! C" )
= 2@ | (B, d(ye, ))) dyo, y)= P
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<C d
%Zw WELMW%MM

< Crllfllipes.x)-

The inequality above leads to

wB (
Combining the estimate above for Fy(z), Fa(x) and F3(x), we know

e [ TU)@) = ey (T @)

= W/ Pz >+Fz<x)\du(ar>+W/B\Fg(xndu(x)
< C||fHLip([3,X)~

7 | B @) < C—gssr a0 < Ol uintoo-

A

This completes the proof of Theorem 3.2. [

4. An application for singular operators with nonsmooth kernel
When A = A or A =+/A, by Remark 2.8, we get following classic result.

Corollary 4.1 Assume that T is a Calderén-Zygmund operator CZO(D,¢).

(i) If T(1) =0, then T is a bounded operator from BMO(R"™) to BMO(R™).

(ii) IfT(1) =0 and B € (0,¢€), then T' is a bounded operator from Lip(8,R™) to Lip(8, R™).

We should point out that the condition (2.11) can be replaced by weaker regularity condi-
tions on the kernel K. To study the mapping properties for the commutator of Calderon, Duong,
Grafakos and Yan et al. [5,6] introduced a class of singular integral operators via the generalized
approximation to the identity, which are called singular integral operators with nonsmooth ker-
nel. Duong, Grafakos, Yan et al. [5] replaced the condition (2.11) by weaker regularity conditions
on the kernel K given by following Assumptions 4.2 and 4.3.

Assumption 4.2 Assume that there exist operators { By}~ with kernels b;(x,y) that satisfy

conditions (2.5) and (2.6) with constants m, n and v = 0. Let

K (@) = | K(zyhb(e,z)dz. (4.1)
]Rn

We assume that the kernels Kt(o)(x, y) satisfy that there exist a function ¢ € C(R) with supp ¢ C

[—1,1] and constants € € (0,1/n) and D such that

Do(gr) D/

lz —yl» |z -yt

K (x,y) — K (¢, y)| <

(4.2)
whenever 2|z — 2/| < tV/™ < 1|z —y|, and

Assumption 4.3 Assume that there exist operators {By};~o with kernels by (x,y) that satisfy
conditions (2.5) and (2.6) with constants m, n, v = 0 and there exist kernels Kt(o)(:z:, y) such that
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(4.1) holds. Also assume that there exist positive constants A and e such that

Dtne/m
0 0
|Kf( )(z,y) *Kt( )(x’,y)| < Tz — gt

whenever 2|z — z'| < tY/™ < Lz —y|.

Our result of the singular integral operators with nonsmooth kernels is stated as follows.

Theorem 4.4 Assume that T is bounded linear operator on L*(R™) with kernel K satisfying
Assumptions (4.2) and (4.3).
(i) If T(1) =0, then T is a bounded operator from BMO(R"™) to BMO(R™).
(ii)) If T(1) = 0 and 8 € (0,¢€), then T is a bounded operator from Lip(3, R™) to Lip(5,R™).
We will give a proof which is different from those of Theorems 3.1 and 3.2.

Proof of Theorem 4.4 Let B = B(yo,rp), B* = 5B(yo,7p) and A\ = mp~(f). Then the

condition that T'(1) is a constant implies that

0 = AT(1)(z) — AT(1)(2) = / (K(z,y) — K(2,9)) My.

n

Let ¢ = [ K(yo,y)(f(y) — /\)Oody. Then T'(f)(z) — ¢ can be divided into two parts as follows:
T(f)(e) -~ c= [ K@p)(f0) - Ny~ [ Klonn)(7) -3 dy
b's X
= 7((F =N )+ [ (G = K o) (F) = 2y
By Hélder inequality and the assumption that T is bounded on L?(R"), we deduce
1 1
5 | i@ < (g [ i - v @)

< 1
= |B|/2

1/2

1(f =Xl z2@ny < Cllf llBmon)-
Similarly, we can get

1
5 [ [Bi@lde < Ol lupgaze

In order to estimate the term Hs(z), we claim that

|Hy ()] < /
R7\ B*

If (4.4) holds, then similarly to the estimate for Js(z) and F5(z) in Section 3, we get

/
At
Yo — y|n+ne

[(£(y) = A)|dy. (4.4)

1
H /B Ha(2)|dz < C fllmmon).

and

1
(B[ /B |Ha(x)|dz < O fllLips,rn)-
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Next, we only need to verify (4.4). Ha(x) can be written as

|H2(x)|§/ |K (2, y) — K(yo,9)|| f(y) — A|dy
R”\B*
§/ |K (z,y) — K (,9)|| f(y) — A|dy+
R\ B*
/ K (2, y) — K{ (yo. v)|| £ (y) — Aldy+
RH\B*
/ | K7 (90, ) — K (y0,9)|| f(y) — A|dy.
R\ B*

Let t = (2rg)™. By = € B(yo,rp) and y € (B*)¢, we know 2|z — yo| < 2rp = tl/m § 1y — vl

and |y — z| ~ |y — yo|. By the condition supp¢ C [—1,1], we know that ¢(Z . uly = 0 and
o( 'ii’ff‘) = 0. Then applying Assumptions 4.2 and 4.3 gives
A¢(‘I*y|) Atng/m Atne/m
0 1/m
K (2,y) — K" (2,y)] < e < .
|z —yl lz =y o —
Ag(lerul) Atne/m Agr/™
K(yo.y) — K" (yo,)| < L <
| t ‘ |y0 _ y|n |y0 _ yln—i-ne |y0 _ y|n+n€
and )
Atnﬁ m
0
|Kt (l’,y)*K Yo, Y | >~ W

Combining the three inequalities above, we get (4.4). O
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