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Abstract In this paper, we establish the existence of the minimal L” (p > 1) solution of
backward stochastic differential equations (BSDEs) where the time horizon may be finite or
infinite and the generators have a non-uniformly linear growth with respect to ¢t. The main
idea is to construct a sequence of solutions {(Y™, Z")} which is a Cauchy sequence in S? x MP”
space, and finally we prove {(Y™,Z")} converges to the L” (p > 1) solution of BSDEs.

Keywords BSDEs; finite or infinite time interval; non-uniformly linear growth generators;

Cauchy sequence; L? (p > 1) solutions

MR(2010) Subject Classification 60H10

1. Introduction

We study the following one-demensional nonlinear backward stochastic differential equations
(BSDE:s for short)

T T
Yt:u/ g(s,Ys,Zs)ds—/ Z.-dB,, 0<t<T (1.1)
t t

where T" > 0 is a finite or an infinite constant called the time horizon, £ is a random variable
called the terminal condition, the function g(w,t,y, z) : @ x [0, 7] x R x R — R is progressively
measurable for each (y, 2), called the generator of BSDE (1.1) (g(t, y, z) for short), and (B)e[0,1
is a d-dimensional standard Brownian motion. The solution (Y., Z.) is a pair of adapted processes.
The triple (g, T, &) is called the parameters of BSDEs (1.1).

Since the pioneering paper Pardoux and Peng [1] proved that there exists a unique L2
solution to the multidimensional BSDEs with square integrable parameters under the Lipschitz
assumption on the generator g, much effort has been done in relaxing the Lipschitz hypothesis
on the generator. Here we just introduce some articles which are closely linked to our paper.
Since the generators g are continuous and uniform with respect to ¢t and 0 < T' < oo, we have
obtained a lot of results yet. For instance, while ¢ € L2(Q, Fr, P), Lepeltier [2] first gave the

linear growth condition and showed the existence of the minimal L? solutions to BSDEs (1.1).
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The L? (1 < p < 2) solutions for BSDEs with uniform linear-growth generator was established in
[3] by constructing a Cauchy sequence which converges to the desired solution. For all (p > 1),
when & € LP(Q, Fr, P), Fan and Jiang [4] got the existence of LP solution to BSDE by using the
localization procedure. In particular, Izumi [5] also gave the LP (p > 1) solution by proving the
sequence of solution constructed in [2] is a Cauchy one while p > 2.

On the other hand, as for the non-uniformly linear growth generator, only [6] established
the existence of L? solutions to BSDEs with the time horizon 7 being finite or infinite and
the generators g being non-uniform with ¢. But the LP (p > 1) solutions for BSDEs are still
remaining to be solved so far. Motivated by it, the objective of this paper is to explore the
existence of L? (p > 1) solutions for BSDEs with non-uniformly linear growth generators.

This paper is organized as follows. We introduce some preliminaries and lemmas in Section
2. In Section 3, we obtain the existence theorem for BSDEs with non-uniformly linear growth

generators by constructing an approximation Cauchy sequence, this improves the results in [2-6].

2. Preliminaries and lemmas

Let us first introduce some notations. For what follows, we fix two positive numbers
0<T <ooandp>1 Let (QF,P) be a complete probability space carrying a d-dimensional
standard Brownian motion (B:)>0, and (Fi)¢>0 denote the natural filtration generated by
(Bt)t>0, augmented by P-null sets of F and assume Fp = F. For any positive integer n,
let | - | denote the norm of an Euclid space R™.

For t € [0,T], let LP(Q2, F3, P) denote the set of all F; -measurable random variables £ such
that E[|£]P] < +o00. Let SP(0,T; R) be the set of all continuous and adapted processes (Y;):ec[0,1)
with values in R such that

1/p
Y ler = (E[ sup |Ym) < +o0.
0<t<T

And for each positive integer d, we denote by MP?(0,T; R?) the set of all (F;)-progressively

measurable processes (Z;)c(o,r] With values in R? such that

12l = (E[(/OT |Zt\2dt)p/2D1/p < foo.

Moreover, let S be the set of all nondecreasing continuous functions p(-) from Ry to itself
with p(0) =0 and p(u) > 0 for u > 0.
Obviously, both S? and MP are Banach spaces.

Definition 2.1 A pair of processes (Y3, Zt):eo,1) is called an LP solution to BSDE (1.1), if
(Yi, Zt)repo,r) € SP x MP and satisfies BSDE (1.1).
We list some useful Lemmas, and we always assume that 0 < T < oo and p > 1 in this

article, unless otherwise specified.

Lemma 2.2 ([7]) Let the generator g satisfy the following conditions (A1) and (A2).
T
(A1) E[(fy 1g(s,0,0)|ds)?] < +oo.
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(A2) g is non-uniformly Lipschitz, i.e., there exist two deterministic functions u(-),v(-) :
[0,T] =Ry, with foT(u(t) +v(t)?)dt < +o0 such that dP x dt-a.s., for each y1,ya, 21, 22,
l9(t,y1,21) — g(t, y2, 22)| < u(t)|yr — yo + v(t)|21 — 22]-
Then for each § € LP(Q, Fr, P), BSDE (1.1) has a unique LP solution.

The following priori estimates play a key role in this paper, and it was first brought forward
in [5] by generalizing the conclusion in [3]. It is easy to show that the following Lemma also
holds when 0 < T < 0o, we omit it here.

Lemma 2.3 ([5]) (i) If (Y,Z) is an LP solution to BSDE (1.1), then there exists a positive
constant C,, depending only on p such that

T
VI < GoE[leP+ [ Wl lats.¥e, Zlas],

el
2

1215 < € {B i+ ( Wllgts,¥er Z01ds) F] + 11, ).

(i) If (Y1,Z') and (Y?,Z?) are, respectively, an LP solution to the BSDE (1.1) with
parameters (g*, T, &) and (g2, T,£?), then there exists a positive constant C,, depending only on

p such that

T
o 18, < CB (16 + [ 1Yl fogefs].

162l < C{Bloer + (| valealds) ] + 1avie,

where 5§ = fl - £27 Y =Y - Y27 6Z =27" - Z27 595 = gl(tvi/slazi) - 92(taY527Z52)

3. A General comparison theorem for Solutions of BSDESs

We will use the following assumptions (A3) and (A4):

(A3) g is weakly monotonic in y, i.e., there exists a deterministic function u(-) : [0, 7] — Ry
with foT u(t)dt < 400 and a concave function ¢ € S with fOJr %dx = 400 such that dPxdt-a.s.,
for each y1, o, 2,

sgn(yr — y2) - (9(ty1,2) — 9(t,y2,2)) < ult) - S|y — y2l)-

(A4) g is uniformly continuous in z uniformly with respect to y, i.e., there exists a deter-
ministic function v(-) : [0,7] — R, with fOT v(t)%dt < +o0 and a function p € S of linear growth
such that dP x dt-a.s., for each y, z1, 29,

l9(t,y, 21) — g(t,y, 22)| < v(t) - p(|21 — 2a)-

Here and henceforth, we always assume that 0 < p(z) < ax+b for all x € Ry. Furthermore,
we also assume that fOT v(t)dt < 400 when b # 0.
It can be proved that the following Comparison Theorem holds true for all p > 1.

Theorem 3.1 Let £4,£2 € LP(Q, Fr, P), g' and g2 be two generators of BSDEs, and let (y?!, z!)
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(resp., (y%,2%)) be an LP solution to BSDE with parameters (g%, T,&) (resp., (¢%,T,&%)). If
dP-a.s., & < €2, g' (or g?) satisfies (A3) and (A4) and AP x dt-a.s., g'(t,y?, 22) < ¢*(t,v?, 2?)
(or g*(t,yt, 2t) < g%(t,yt, 21)), then for each t € [0,T], we have dP-a.s., y} < y2.

Remark 3.2 Tt is easy to prove the above Theorem is also true while g! (resp., ¢g?) satisfies
(A2) as the assumption (A2) implies (A3) and (A4).
As Theorem 3.1 is a generalized one of Theorem 2 in [6] from p = 2 to p > 1, it is easy to

be proved, and we omit it here.

4. Existence theorem for BSDEs with non-uniformly linear-growth gen-
erators

In this section we obtain an existence result of the minimal LP solutions to BSDEs with
continuous and non-uniformly linear-growth generators for all p > 1. We will work under the

following assumptions.

(H1) g is non-uniformly linear growth with ¢ in (y, z), i.e., there exist two positive de-
terministic functions u(-),v(:) : [0,7] — Ry with fOT(u(t) +v(t)?)dt < +oo, and an (F;)-
progressively measurable, non-negative stochastic process (f;)¢ecjo,r] with E[( fOT fsds)P] < 400
such that dP x dt-a.s., for each y, 2, |g(¢, y, 2)| < fe +u(t)|y| + v(¢)|z].

(H2) g¢ is continuous in (y, 2), i.e., dP x dt-a.s., (y,z) — ¢(t,y, z) is continuous.

Now let us give the main result of this paper.

Theorem 4.1 Let the assumptions (H1) and (H2) hold for g. For £ € LP(Q), Fr, P), there exists
a minimal L? (p > 1) solution (y.,z.) to BSDE with parameters (g,T,§).

Remark 4.2 Here, let us have a look of Theorem 4.1. First, [6] is an obvious conclusion of this
paper by taking p = 2. Second, in the case of 0 < T < oo and u(t) = v(t) = K, one can get
that the above Theorem 3.1 generalizes the corresponding result in [4] and [5]. Moreover, If we
let f; = K, [2] and [3] are both the deduction of our result. So Theorem 4.1 improves all the
previous results.

We first state some Propositions before proving the Theorem 4.1.

The following proposition was first established in [2] for uniformly linear growth generator,

then [6] developed it into non-uniformly situation.

Proposition 4.3 ([6]) Assume that the generator g satisfies (H1) and (H2). Let g, be the

function defined as follows:

In(t,y,2) == {g(t,a,b) +nu(t)ly — al +nv(t)|z — b[}.

inf
(a,b)eR1+d
Then the sequence of functions g,, is well defined for each n > 1, and it satisfies dP x dt-a.s.,
(i) Linear growth, ie., ¥(y, 2), |gn(t, ¥, 2)| < fe(w) + u(t)[y| + v(t)]2].

(ii) Monotonicity in n, i.e., ¥(y, z), gn(t,y, z) increases in n.
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(iii) Lipschitz condition, i.e., Yy1,ya, 21, 22, we have
l9n (91, 21) = gn(t, Y2, 22)| < nu(t)|yr — y2| + no(t)[z1 — 22|

(iv) Convergence, i.e., if (yn, zn) — (y, 2), then g, (t,yn, 2n) — g(t,y, 2).
Moreover, inspired by [5], if we suppose the generator g satisfies (H1) in the Lemma 2.3,

then a more precisely priori estimates can be obtained for z.

Proposition 4.4 If (Y,Z) is an LP solution to BSDE (1.1), and the assumption (H1) holds for
the generator g too, then there exists a positive constant C' such that

121 < CLL+ VI, + 1Y 12},
where C' is a positive constant and depends on p, E|[|€|P], E[(fOT frdt)P, fOT u(t)dt] and fOT v2(t)dt.
Proof By Lemma 2.3, we have
T p
12180 < Co{B[iel + (| Millats.ve0201as) ] + 1V ). (11)
Since the generator g satisfies the assumption (H1) and the basic inequality
2ab < ea® + 7%, €>0, a,b>0,

we can deduce that

EK/OT IY;Hg(s,n,Zs)\ds) } SE[(/OTYs|(fs+u(s)|Y;|+v(3)|Zs)ds)

< O}:{E[(/Ongusds)g} +E[(/OT e Pu()ds)

B(( / " lizidetspas) 7). (4.2)

Furthermore, for the second term of (4.2), we can get

P P
2 2

)

|+

B[( / ' |Ys|2u<s>ds)§] <Y1 / Tu(s)ds)g. (4.3)

For the third term of (4.2), it follows that
T r T r
3 1 3
E Ya||Zsv(s)ds) | < E VAR Z,?)d
([ miiziosas)] < B[( [ Cvpode) +elz s

< C%D{g—iuyngp(/: q;?(s)ds)% + g%||z||§p}. (4.4)

By the Holder inequality, we can get
T

B[( / TIYslfsds)%] < v (B[( / r.as)])". (4.5)

Thus, combining (4.2)—(4.5), we have

B( [ mallatorve zas)
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T 1 T P
P PN 2 2
<Yz (E /fsds +Ypp/usds +
B (B[( ] ras) )"+ VI ( [ u(s)as)
P T g P
SHYIL ([ Rods)” + iz, (46)
0
By (4.6) and (4.1), taking CpC3es = 3, we can get the desired result

1218 < CEL+ 1Y + YIS

where

Q
I

Q

v
—

S
I
3
+
Q
ow
—~
B2 N
=
VS
S—
S~
P

o,

Va)
N——
N—

wln

+
VS

S—
~
<
—

Va)

S—

(oW

VA
N—

(NS

+

The proof is completed. [
Assume (H1) and (H2) hold. Then for the following BSDEs:

T T
Yr=¢ +/ gn(s, Y, Z)ds — / Z}-dBs, n>1. (4.7)
t t

T T
Y =6+ / (fo+ u()[Y!] + v(s)|Z.))ds — / 7. -dB.. (48)

The Proposition 4.3 and Lemma 2.2 deduce the above BSDE (4.7) has a unique LP solution in
SP x MP for any n > 0, denoted by (Y™, Z"). And BSDE (4.8) also has a unique LP solution
(Y', Z"). By Theorem 3.1, we have dP x dt-a.s., Y;} < Y;* <Y/ <Y/. Thus, there must exist

an (F3)-progressively measurable process (Y3);epo,r] satisfying dP x dt-a.s.,
WD Y = e
Let M = sup,, sup,¢jo, 77 |Y;"|- Then we have
Vo > 1, |V < Vi + |V, dP x dt-as.,
E[ sup |[Y3|"] < E[|M|"] < +oc.
te[0,T)

The following Proposition is very useful in the proof of Theorem 4.1.
Proposition 4.5 {(Y",Z")},>1 is a Cauchy sequence in S? x MP.
Proof For each m,n > 1, t € [0,T], dP-a.s.,

V" =Y P < 20 MR
|Y;m o Y—tn|p71ut S 2p71M‘D71ut,
V" =Y P e < 2T M e (4.9)

Furthermore, by the Holder inequality, we can get

E[/OTMplfsds} < (E[MP])T(E[(/OTdeS)p])‘I’ < 400,
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E[(/OT Mpflusds)%} < E[MP](/OT usds)% < +00,

P

T % T 2o
E[(/ Mp—lvgds) } < E[Mp](/ vﬁds> < +o0. (4.10)
0 0
Then by (4.9), (4.10) and the dominated convergence theorem, let m,n — +oo, it follows that

T
E[/ Y = Y fdt] 0,
0

D

T _p_
E[(/ ;" —Yt"\p’lutdt) "’1} 0,
0

B[( [ e - vptoa) ™

’1} — 0. (4.11)
We first show {Y"},,>1 is a Cauchy sequence in SP. By (ii) in Lemma 2.3 and (H1), we have

bl

T
Y SGE] [ P s 4l (4 V)
0
o(s)(122] + 1 Z2)))ds|
T
<, {2e[ [ - vrpigas)s
0
T
B[y = vrr ) - (v + s+
0

o[/ Sy v 022+ |z as] (112)

Now we estimate the second term of (4.12), by the Holder inequality and (4.11), while m,n — oo,

we have

T
Bl [ =y e v+ v s

p—

< 2(E[MP))% (E[(/OT lym - YS"|P*1u(s)ds) fD "0 (4.13)

The third term of (4.12) also converges to 0, while m,n — co. Actually,

T
B[ =y s+ 127 s

T ym n|2p—2, 2 3 L. minga \ 2
<p[( [ wr—veprreeas) ([ oz izas)]

< (E[(/OTlem —n"pr%z(s)ds)”%})% : (E[(/OTﬂzﬂ + \z;ﬂ|>2ds)ﬂ)?

By (4.11) and the Hoélder inequality, let m,n — oo, we have

p—1

(B( [ = vzprroas) 7)) 7

< (EL:[%PT] Y- Y| (/OT v - Knlp_lﬁ(s)ds)mDT
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< (e[ s =) T (e[( [ i) )
< Ch(BMY)'5 (E[(/T v vptiaeas) ™) T
0

0. (4.14)

(E[(/OT(|Z§| + |Z;"|)2ds)§D% < 4oo. (4.15)

So, the above (4.14) and (4.15) show

Moreover,

T
im B[ [y v tee)(22] + 27)ds] o
m,n— oo 0

Combining (4.11), (4.12), (4.13) and (4.16), we prove that ||[Y™
m,n — co. Thus, {Y"},,>1 is a Cauchy sequence in SP.
By (H1) and the Hoélder inequality, we have

T Pl
B[ v = ¥llom(s v 2 — (s, Y2, ZD)lds) |
0

(4.16)

— Y™k, converges to zero as

SE[(/OTYQmstK?fs +u(5)(‘YSn|+|Yem|)+U(5)(\Z;L|+|Z;”\))d5)%]

T T
<Bl(2 [ W ovrifds e [y - vt ds
0 0
T
| =z + 12 bas) ]
3 TN
<CS(E| sup |Y)"=Y]|? / fsds
p( Le[o,T]‘ | ( 0 )

T
E[ sup |Y" — Y| M %(/ u(s ds —I—
s€[0,T] 0

T % T g
B[ sup vz vy / v¥(s)ds) / (1227 +127P)as) ' ])
s€[0,T] 0 0
3 r p %
<y -viE (B ( [ ras)])
LT 2
[y = yr& e ([ us)
0

vl (][ 1zeas) [ [C1zmeas) ) ([ )

<K-[ym—vn|s,

M\'@

where K is a positive integer. Due to (ii) in Lemma 2.3 and that {Y"},,>1 is Cauchy sequence
we can show that {Z"},,>1 is also a Cauchy one.

Then {(Y",Z")},>1 is a Cauchy sequence in SP x MP.

The proof is completed. [
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We denote Z as the limit of Z™ in MP. Now we can prove Theorem 4.1.

Proof Because {Z"} is a Cauchy sequence in M?, we select a subsequence {Z™*} of {Z"} (For

simplicity, it is still written as {Z™}) satisfying

T 501
E[(/ |Z;L—Zs|2ds) } <=,
0 2n
then
T 5\ % (T b V5] = 1
EK/ sup |27 — Zs| ds) ]gE[ (/ |27 — Z] ds) }g — < o0.
0 nx>1 7;1 0 ;QH
Therefore

B|( /OT:‘;I;Z?WS)Q}

< CP{EK/OT ig[ﬂZ;‘ — Zs|2ds>

< o0. (4.17)

yaa
2

Since ||[Y" = Y|lse — 0,]|Z™ — Z||mr — 0, as n — 400, there exist two subsequences {Y™}
and {Z"} respectively, satisfying
Y" =Y, ae.,a.s.,
7" — Z, a.e., as..
In view of Proposition 4.3 (iv), while n — 400, it is easy to show that
g (6, Y Z0) — g(t, Yy, Zy), aee., as.
Moreover, as

gn (6, Y], Z7) < fi(w) +u(®)]Y"] +0@)| 27 < fi(w) +u(?) sup Y3" [+ o(t) SL;I;IZ?L

and
E[(/OT(ft(w) +ult) sup [V7'| + v(t) ili};|Zf|)dt)p} < +o0,

by the dominated convergence theorem, we have

lim E[(/OT \gn (L, Y, Z0) —g(t,Yt,Zt)|dt>p} —0.

n—oo

By taking limits on n in BSDEs (4.7), we deduce that (Y3, Z;):e[o,7) is a solution of the
BSDE (1.1).

The minimal solution is ensured by Theorem 3.1 (Comparison Theorem).

The Proof of Theorem 4.1 is completed. O]

Acknowledgements The authors thank the referees and the editor for their helpful comments

and suggestions.



126 Gaojie LU, Long JIANG, Depeng LI and et al.

References

1] E. PARDOUX, Shige PENG. Adapted solution of a backward stochastic differential equation. Systems
Control Lett., 1990, 14(1): 55-61.

[2] J. P. LEPELTIER, J. SAN MARTIN. Backward stochastic differential equations with continuous coefficient.
Statist. Probab. Lett., 1997, 32(4): 425-430.

[3] Shaokuan CHEN. LP solutions of one-dimensional backward stochastic differential equations with continuous

coefficients. Stoch. Anal. Appl., 2010, 28(5): 820-841.

Shengjun FAN, Long JIANG. L? (p > 1) solutions for one-dimensional BSDEs with linear-growth generators.

J. Appl. Math. Comput., 2012, 38(1-2): 295-304.

[5] Y. IZUMI. The LP Cauchy sequence for one-dimensional BSDEs with linear growth generators. Statist.

Probab. Lett., 2013, 83(6): 1588-1594.

Shengjun FAN, Long JIANG, Dejian TIAN. One-dimensional BSDEs with finite and infinite time horizons.

Stochastic Process. Appl., 2011, 121(3): 427-440.

[7] Shengjun FAN, Long JIANG. LP solutions of finite and infinite time interval BSDEs with non-Lipschitz
coefficients. Stochastics, 2012, 84(4): 487-506.

[4

6



