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Some Notices on Mina Matrix and Allied Determinant
Identities
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Abstract By means of a special LU factorization of the Mina matrix with the n-th row and
k-th column entry DZ(f%*(x)), we obtain not only a short proof of the Mina determinant
identity but also the inverse of the Mina matrix. Finally, by use of some similar factorizations
built on the Lagrange interpolation formula, two new determinant identities of Mina type are
established.
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1. Introduction

Throughout this paper, we will use D? f(x) to denote the n-th derivative of f(x) with
respect to z, and X = (an,k)?ﬁio (resp., det(X)) the square matrix of order m with the n-th
row and k-th column entry a, x = [X]nk (vesp., the determinant of X).

An old theorem of Mina [1], rediscovered independently fifty years later by Zeitlin [2], claims

that

Theorem 1.1 (Mina determinant identity) Let f(x) be an (m — 1)-times differentiable function.
Then

m—1
det (D2 (f*(2))" Ly = /(@)™ =0/2 I at. (1.1)
=0

This determinant identity was regarded by Poorten [3] as “should be better known”. After-
wards, Wilf [4] generalized this formula to the following

Theorem 1.2 (Generalization of the Mina determinant identity: Wilf [4, Eq.(7)]) For any

sequences {a, }52, there holds
n( ra m—1 m—lg,—i m(m—
det (D (f*™* (@), _ = fla)=izo @D figymtm=D/2 T (a5 —ap). (1.2)
0<i<j<m—1
Up to now, many researchers have made further analysis around these two results, among
them are Poorten [3], Strehl and Wilf [5], Krattenthaler [6,7], Chu [8,9], Zeilberger [10] and
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Zeitlin [2]. A full treatment on determinants of as such and their applications can be found in
the book [11] by Vein and Dale, therein a fairly complete bibliography are given. Especially,
we refer the reader to Krattenthaler’s two remarkable surveys [6,7] on various evaluations of
determinants. Now, let us turn our attention from the Mina determinant to the matrix of the

form

(DR @)y or (DR
which we henceforth call the Mina matrix or a matrix of Mina type respectively (known as the
Wronskian of the functions {f(2)[0 < k& < m} in the literature). We find that some more
problems such as the LU factorization and the inverse of the Mina matrix (subject to f'(x) # 0)
arise quite naturally. These problems seem to have received little attention so far.

The aim of this paper is to attack these problems. Our paper is planned as follows. First,
by the Newton binomial formula, we shall establish an LU factorization of the Mina matrix.
Analogous results in the setting of formal power series, as well as applications to combinatorial
identities, are also discussed. These results are presented in Section 2. Using this LU factor-
ization, in Sections 3 and 4 we shall present not only a short elementary proof of (generalized)
the Mina determinant identity but also the inverse of the Mina matrix, the latter utilizes the
Lagrange inversion formula. In the last section, we shall extend such idea of matrix factorization
to those build up from the Lagrange interpolation formula, thereby to computing determinants
of Mina type. As main consequences, two new determinant identities for arbitrary polynomials

are established.

2. LU factorizations of the Mina matrix

In this section, we shall focus on LU factorizations of the Mina matrix separately by distin-

guishing two settings: the space of differentiable functions and the ring of formal power series.

2.1. LU factorizations for differentiable functions

In what follows, we proceed to establish the following LU (lower and upper triangular

matrix) factorization of the Mina matrix for differentiable functions.

Theorem 2.1 (LU factorization) Let f(x) be an (m — 1)-times differentiable function and A
be the m x m Mina matrix with the (n, k)-entry given by

(Al = D3 (f*(2)). (2.1a)
Then there must exist two matrices B and C with the (n, k)-entries given by
k -n
Blus = DY) = S, ,e [Clus= (1)1 (0) (2.10)

such that

A= BC. (2.1c)
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Proof First, by the Newton binomial formula it follows that
k

P = () ~ @) + 1) =3 (5) 7 @) - i)'

=0

Consequently, we have

D2 (7(x) = D(((F) — F(=) + 1)),
k k , 4
—y(> (§) @0 - 1))

=0

y=z

—Z( )f’“ (D((f(y) — F@))],_,.

which turns out to be, after reformulated in terms of matrix algebra, (2.1c). Thus the theorem
is proved. [J

It is quite clear that the matrix B is lower-triangular and C is upper-triangular. For this
reason, we hereafter call Theorem 2.1 by the LU factorization of the Mina matrix. Two specific

forms of Theorem 2.1, which we shall use later, are worthwhile to state in details.

Corollary 2.2 Let f(y) be infinitely differentiable in a neighborhood of a real or complex

number x. Then
k

D} ()~ F))],, = 21 () oD o), (22

=0

Proof It suffices to see that the inverse of C, denoted by C'~! hereafter, equals

(Co=(B) )

On considering (2.1c) in view of inverse relations, we immediately find that B = AC™1, i.e.,
[B]n,k = [AC_I}n’k, viz.,
k

D} () ~ 1)), = 21 () oD o),

i=0
As claimed. O
Corollary 2.3 Under the same assumption as in Corol]ary 2.2. Then
DY)~ J), =t S [ (23)
Yy ) y=x : ] ZJ' :
>1 j=

i1+ttt i =n
= k!Bn,k(Da:(f)’ Di(f)’ T Dg_k+1(f)) (2'4)

where By, (%1, %2, ...,Tn_k+1) denotes the usual Bell polynomials [12, p.133, Definition].

Proof It follows from the Taylor series of f(y) at y =«

) + ZD;(f(x))M. O
=1

7!
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In particular, when n = k, it is clear that
Corollary 2.4 For all n > 0, there holds

Dy((f(y) = f@)™)],—, = nl(f ()" (2.5)

Yy=x
As an example, we illustrate Theorem 2.1 with the LU factorization of the Mina matrix of

order four.

Example 2.5 With the same notation as above, we have

L f f? f?

0o f 2ff 312 f

0 f// 2(f/)2 + fo// 6f(f/)2 + 3f2f//

0 f@ 6 f"+2ff® 6(f) +18ff f" +3f2f)
1 0 0 0 1 f f2 o

- 0o f 0 0 0 1 2f 3f2

- 0 f 2f")? 0 00 1 3f
0 fO 6" 6(f)> 00 0 1

2.2. Analogues in formal power series

Once dropping the hypothesis that f(x) is (m — 1)-times differentiable and reconsidering all
forgoing conclusions in view of our specific interests in combinatorics, we have to resort to the
theory of formal power series. To be precise, we need the coefficient functional [z"] acting on

the ring C[[z]] of formal power series over the complex field C, defined by
[z"] /% (x) = A(n, k) (2.6)
for any given

frz) = Z A(n, k)a". (2.7)
n=0

In view of this definition, we now reformulate Theorem 2.1 and Corollary 2.2 in the following

succinet form.

Theorem 2.6 Let {A(n,k)}n x>0 be defined by (2.7). Then we have

k

A(n, k) = Z (f) A0,k — ) [2"](f(z) — A(0,1))", (2.8)

=0

or, equivalently,

k
n —i(k . .
i=0
Proof According to the definitions (2.6) and (2.7), we only need to make the replacement
D (f*(@))],_ = ntA(n, k)

in the identities (2.1c) and (2.2). Observe that in this process, the sum on the right side of (2.3)
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becomes i
S T AGH ) =t () — A0, 1),
>1 j=1
i1ttt Fig=n

This completes the proof of the theorem. [

Setting f(z) = e® and (1+2)® in (2.9), respectively, gives rise to the famous Stirling number
of the second kind, i.e., S(n,k), and its polynomial generalization. It means that (2.10) is the
limit of (2.11) as a tends to infinity after dividing both sides of (2.11) by a™.

Corollary 2.7 ([13]) Let S(n,k) be the Stirling numbers of the second kind. Then
k

BIS(n, k) = S (— 1)k (’“) (2.10)
1=0
i(*l)m <IZ> <(Z> = [&"]((L + ) —1)", (2.11)

=0

where, for any complex numbers x and nonnegative integers n, the generalized binomial coefficient
Ty _ (CU )n
n) " nl

(@) =2(x—1)---(z —n+1).

and the usual falling factorial

It should be remarked that the identity (2.11) can be regarded as extensions of both (3.150)
and (3.164) listed in the book [14] by Gould. For instance, by specializing a = —1,1/2,2, we

obtain correspondingly that

Example 2.8 For all integers n > k > 0, the following identities are valid.

fﬁ(—m-i (’;) (;f) = (-1" (Z B 1) , (2.12)

i(_mk—i(? z'/2> _ (_1)n_kkz2k_2” <2n — k) (213)

m—k\ n
g(_l)k_i (I:> (33 - (n ' k;) (2.14)

3. Proofs of the Mina determinant identity

——
N
S

In the course of proving Theorem 2.1, we already come up with a simple proof of the
Mina determinant identity (1.1). It is immediate from (2.1c), by taking determinants det(A) =
det(BC) = det(B) x det(C). In fact, by the same argument as in Theorem 2.1, we can also show
Wilf’s determinant identity (1.2) generalizing the Mina result. Such a proof is sure to be new,
short, and really elementary, for the reason that it is distinct from those by Mina [1], Wilf [5],
Zeitlin [2], and Chu [9)].
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Proof of Theorem 1.2 Without loss of generality, we may assume f(z) # 0. Hence, it is easy
to check that for 0 <n,k <m —1,
fly) — f(=)

D (f*(x)) = Dy (f** (2)(1 + @)

f(y) — f(x))ak‘
f(z)

jﬂ%x)DZ<§i(??(fw}&§@0y)

=0

)™

y=z

— f (2)DI(1 +

y=x

y=x

tnqg

( )f @DL((F) - F@))],

1—1

3 s

(%) i@y - F, (.)

i=0
Note that in the last third equality we have used the fact

|() f(=z)
f(z)
And the last equality results from the fact that

| <1 when y— z.

DZ((f(y)ff(x))Z)| =0 for i>m—1>n.

y=z

As previously, we rewrite (3.1) in the form
A=BxC (3.2)

where Z, B , and C are three m x m matrices of Mina type whose entries are given, respectively,
by

[l = D2 @) [Blak = D) — F@)D)],_,: mk—( )fa" (@)

Since
1

det (C)n reo = det (( )fa’“ "(x ))n; 0 f(x)zzlgl(ai_i)det ((if)):kio

_ fl@)Tis e 10

TRl (m— 1) (a; — ai),

0<i<j<m—1
which, by taking determinants on both sides of (3.2), gives rise to
det (A)m 2 0-det( )nk Ly x det (C) L
a;—i m(m—1)/2
0<i<j<m—1
The theorem is therefore proved. [

By virtue of Theorem 2.6, we may establish an analogous determinant identity in the setting

of formal power series.

Corollary 3.1 (Mina determinant identity for formal power series) Under the same assumptions
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as in Theorem 2.6. Then we have
m—1 R _
)\Ozizo (ai Z))‘T(m 1)/2
112! .. (m — 1)!

det ([z"](f* (I))):;io =

0<i<j<m—1

where Ao = £(0), A1 = [¢]f(z).

Proof Observe that for arbitrary complex numbers a; and f(z) given by the definition (2.7),
it holds

rra = 3 () 0@ - 10
i=0
Applying the coefficient functional [z"] to both sides of this identity, we obtain that
1) = 3 () £ O @) - A1) (3.4)
i=0

where [2"]f!(xz) = A(n,i). Under the known conditions, it is easily found that
FTH0) = A5

. 0, 1i>n;
[)(7) ~ AW, 1)) = { N
T, i=n.
We are thus led to the following matrix factorization
. m—1
(Y it = (10 (@) = A0ty x () )

which in turn, by taking determinants on both sides simultaneously, yields

T  (a—a).

0<i<j<m-—1

m t(a;—i) ym(m—
)\021‘:0 (ai ))\1 ( 1)/2
120 (m — 1!

det ([z"](f** (2)))7" 520 =
The corollary is proved. [

4. Inverse of the Mina matrix

It is evident that the Mina matrix (Dg(fk(x)))?;io is nonsingular if and only if f'(z) # 0.
The goal of this section is to derive the inverse of the Mina matrix from the LU factorization

(2.1¢). To do this, we also need the following

Lemma 4.1 ([15, Def.7 and Thm.6]) For any pair of reciprocal functions f(z), g(x) € L1, viz.,
f(g(z)) = g(f(x)) = x, and finite or infinite integer M > 0, we have

(D)) isnzizo = (DB ) arznzhso (11)

where the notation

D (f(x)) = D3 (f(@))]e=o;
L1 = {f(z)|f(z) is analytic around z = 0, f(0) = 0, f/(0) # 0}.
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Combining Lemma 4.1 with the LU factorization (2.1c) of the Mina matrix, we immediately
obtain that

Theorem 4.2 Let f(z) be an (m — 1)-times differentiable function with f () # 0. Then

(Dg(fk(x))):nlqzn,kzo (4.2)

N ( mif =D <:l> <j - ’1€> fi;(x)D;k(f(;; - f”(x)ﬂy:m)mflzn,kzo'

i=max{n,k}

Proof By making use of (2.1c¢) and noting f’(z) # 0, we easily find that
(o HCO)) (4.3)
k —n -1 n —
—((5)r @) o PG = FDD, )b iz
It is crucial that F(t) € £, by defining F(t) = f(t + ) — f(z) with ¢t = y — 2. So Lemma 4.1 is
applicable. In conclusion, we get

n - 1 n
(D ((f(y) = F@))y=e)rmt 15 n5k50 = Saraiatt (G*(1))]t=0)m—1>n>k>0,
where G(t) is the compositional inverse of F(¢). And then, thanks to the Lagrange inversion
formula [12, p.148, Theorem A], we deduce that

1o _E# L G —
G PE G )0 = D G = )

A direct substitution of these two expressions into the relation (4.3), after a bit of simplification,

)" |¢=0-

gives the complete proof of the theorem. [J

As an illustration, we specialize Theorem 4.2 to the Mina matrix of order four.

Example 4.3 Write a := f/,b:= f",c:= f®). Then

-1
L f f? f?
0 a 2af 3af?
0 b 2a®+2bf 6fa’ + 3bf?
0 ¢ 6ab+2cf 6a®+ 18bfa + 3cf?
1 F(6a*+3a%bf—acf>+3b° f?) 202 4bf3 #3
- 6a® a? T 6a%
0 2a*4+2a%bf—acf?4+3b° f2 —2fa®—3bf> 2
= 2a® 2a4 2a3
0 _a®b—acf+36f ai3bf
2a5 2a4 2a3
0 3b%—ac _ b 1
6a® 2a4 6a3

5. Further discussion: new determinant identities of Mina

Reconsidering all obtained in the preceding sections, we easily find that the LU factorization
of the Mina matrix in Theorem 2.1, built on the Newton binomial formula, is the heart of our
argument. Just as Krattenthaler pointed out in [6], LU factorizations (generally speaking, matrix
factorization) is one of the most important techniques in evaluations of determinants. To the

best of our knowledge, many combinatorial identities containing such matrix factorizations (but
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not necessarily LU) can be used to evaluations of the resulting determinants. For example, using

the well-known Newton formula of finite difference operator A,, i.e.,

n

Z M() (z + k),

=0

Chu [9, Lemma 1] showed that for arbitrary function sequence {f,(z)}

det (A2 (fu(2))m ko = det (fr(z +n)I .

Indeed, it is the Faa di Bruno formula by which Chu in his another paper [8] successfully extended
the Mina determinant identity to the case of higher derivatives of composite functions.

All these suggest that, if we restrict our attention to determinants of Mina type, such matrix
factorizations constructed by combinatorial identities may provide us with great free choices for
determinant evaluations, as displayed by Wimp in [16].

Keeping such idea in mind, we now turn our attention to the Lagrange interpolation formula
and its special case-Melzak’s formula [17]. Recall that the Lagrange interpolation formula may

be stated as follows:

Lemma 5.1 (Lagrange interpolation formula) For arbitrary positive integer m, let b, by, ..., by
be a sequence of distinct complex numbers and f(x) be a polynomial in x of degree at most m.
Then

) = - ) HZLO,S#(QC —bs)
f( ) - Zf(b]) H’;n:O,s;éj(bj - bs) . (51)

Making the substitutions b; — = — i and  — = +y in (5.1) simultaneously, then we recover

Melzak’s formula [17] as follows.

Lemma 5.2 (Melzak’s formula) Let f,(x) be a polynomial in x of degree at most n. Then

>_(=f (Z) fngiikk) =i f ) (5.2)

k—0 (Y +n)nt1

As mentioned above, using these two lemmas we can set up respectively two determinant

identities as follows.

Theorem 5.3 Let fi(z) (0 <k <m) bem+ 1 arbitrary polynomials given by

fk( )—ak mm’”—i—akm 12" 1 + -+ ag1x + ago- (53)
Then
fk(ir) m n!
det (D" (=5r—r—t—— = det (ap, -_— 5.4
ot (PR, ) o = 2t n OH (&= b T o4

Proof As indicated above, we first divide both sides of (5.1) by [~ (z — bs) to get

f(z) - f(b))
17, (x —by) ]Zox b T2 .0 z5(bj — bs) (5.5)
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It is worth noting that (5.5) is valid for all polynomials which are of degree at most m. Applied
to the polynomial fi(z), we obtain

fr () — 1 fr(b;)

H;":O(xfbs)_J <3 — by [Tolgary (b — bs)

(5.6)

Accordingly, take the n-th derivatives on both sides of (5.6) with respect to x. It follows that

n(_ fol@)  \ _§eped fr(b;)
D (H;n:o(l“ - bs)) ;Dm(:ﬂ - bj)ﬂ;n:o,s#(bj b))’ (5.7)

Rewriting this relation in terms of matrix algebra, so we are left with the matrix factorization

(P2 ) e = PR o (e —5)

s=0,s#n

Observe that the determinant of the first matrix on the right, after some appropriate row and
column manipulation, reduces to a Vandermonde determinant while the second one on the right

can now be evaluated in closed form. To be precise, on referring to (5.3) and noting that

(fk(bn))mk:o = (bﬁ)zkzo X (an,k)mk:Ov

we obtain that

dot ( fr(bn) )m det (fix(bn))ip=o  _ (1) det (ank) 5o
H:lovs?é"(b" — ba)/n k=0 H0<2¢J<m(bﬂ bi) H0§i<jSm(bJ‘ —b;)
Finally, we get
n fr(z) m 1 Fu(bn) m
det (D" =—t"t—— — det (D" m det
¢ ( I<H;n:0(x - bb)))n,kzo et w(x - bk))"’k*O wde (H;’;&#n(b - bs)>n,k:0

m

(—1)"n! 12 det (@nk)ii—o
— (b _ bz) > (_1)m(m+ )/ )
H (@ = b))+ OSil;ISm ’ ocicj<m(bi = bi)

m
n!
= det (an )0 [ | =iy
n,k/)n, oot (LL' _ bn)m-i-l

This completes the proof of the theorem. [
In the same line as above, we may establish another different determinant identity with the

help of Lemma 5.2.

Theorem 5.4 Let {f,(z)},>0 be an arbitrary polynomial sequence and each f,(z) be of degree

at most n. Then

n fk(l""y) m—1 _ m(m 1)/2 n'fn x—n

Proof It suffices to take the i-th derivatives on both sides of (5.2) with respect to y. So we see
that for all n,7 > 0, there holds

> (D (Z) fn(z — k)D;(erLk) — DZ(M),

=0 (y + 1)t



Some notices on Mina matriz and allied determinant identities 263

yielding the factorization of the Mina matrix
n m—1 1 _ nlfn(T+Y) e
-1 k (r—k Dk m—1 _ Dk m—1 .
(CoF () tute =) DAt = @R E Dy

Observe that the first matrix on the left is triangular while the determinant of the second matrix

can now be evaluated by

1 - (=D k! S (kR
Dk m—1 _ m—1 — m—1 )
det ( y(y+n))n,k:0 det((y+ )k+1)nk 0 det(iy - k=0 X k[[() Utk

Note that the last determinant on the right is a Vandermonde determinant. This gives the
complete proof of the theorem. [

We conclude our paper with some concrete results worthy of special attention, by specializing
Theorem 5.4 to
ful) = 12", (A x) (“”) (293*2”)/(“”),
n n 2n n

Example 5.5 For any nonnegative integer m and the variable y # 0,—1,...,—m + 1, write
7(m) for (—=1)™(m=1/2 then the following identities are valid.

respectively.

<kunzgy+;bH»$¢ﬂ=7mwi:(yjbm, (5.9)

d<wyfﬁﬁgmgfwwfjiﬁgf, (.10

det (D Qfﬁfbnhfwmﬁfﬂf@ﬁﬁ .11

cmmm%T52Wmu—mmj;fﬁ%, (5.12)

e ) g By o =) m T o 19
In particular, for the Stirling numbers of the second kind S(n, k), we have

det (g(—ni—ksa, NG Zf) )n . nli[l y::;n ly| > 1. (5.14)

It is of interest that the identity (5.14) results from a combination of (5.9) with the generating
function of the Stirling numbers S(n, k) (see [12, p.207, Theorem CJ):

xk
ank T -2 -22) - (1—ka)
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