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Abstract In the paper, firstly, based on new non-tensor-product-typed partially inverse
divided differences algorithms in a recursive form, scattered data interpolating schemes are
constructed via bivariate continued fractions with odd and even nodes, respectively. And e-
quivalent identities are also obtained between interpolated functions and bivariate continued
fractions. Secondly, by means of three-term recurrence relations for continued fractions, the
characterization theorem is presented to study on the degrees of the numerators and denom-
inators of the interpolating continued fractions. Thirdly, some numerical examples show it
feasible for the novel recursive schemes. Meanwhile, compared with the degrees of the numera-
tors and denominators of bivariate Thiele-typed interpolating continued fractions, those of the
new bivariate interpolating continued fractions are much low, respectively, due to the reduc-
tion of redundant interpolating nodes. Finally, the operation count for the rational function
interpolation is smaller than that for radial basis function interpolation.

Keywords Scattered data interpolation; bivariate continued fraction; three-term recurrence
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1. Introduction

Scattered data interpolation via bivariate continued fractions belongs to multivariate ap-
proximation, which is nowadays an increasingly active research area [1]. The field is both fasci-
nating and intellectually stimulating since a lot of classical univariate theory cannot be straight-
forwardly generalized to the multivariate one. As a result, new tools have had to be, and must
continue to be developed, such as radial basis functions [2], multivariate splines based on the
Conformality of Smoothing Cofactor Method [3] that is applied for the construction of spline
quasi-interpolation [4-7], rational approximation [8-10], etc.

To be mentioned, besides these new developments are the results on continued fraction

interpolation and expansion. Cuyt and Verdonk constructed branched Thiele continued fractions
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rational interpolation in [11,12]. By introducing blending differences which look partially like
multivariate divided differences and partially like multivariate inverse ones, Tan constructed
the schemes for blending rational interpolation in Newton-Thiele type [13] and Thiele-Newton
type [14]. Moreover, without the restriction of interpolation over rectangular domain, Wang
and Qian have determined three-term recurrence relations for branched continued fractions, and
constructed the modified branched continued fractions interpolation over pyramid-typed grids in
R? with the algorithm of partial inverse differences in tensor-product-like manner in [15]. Also,
they have presented a novel continued fractions interpolation scheme over arbitrary ortho-triples

[16] by using a new symmetrical algorithm of partial inverse differences in R2.

To the best of our knowledge, however, there are few papers before the present on surveying
scattered data interpolation via bivariate continued fractions. Hence, by considering the arbitrary
distribution of the interpolating nodes, we are interested in the construction of non-tensor-

product-typed bivariate continued fraction interpolating scheme.

A brief outline of this article is as follows. In Section 2, by considering two types of scat-
tered data distribution, we investigate new non-tensor-product-typed partial divided differences
algorithms in a recursive form, and construct scattered data interpolation based on bivariate
continued fractions with odd and even nodes, respectively. Also we obtain an equivalent iden-
tity between the interpolated function and the bivariate continued fraction. Then in Section
3, by the well-known three-term recurrence relations for continued fractions, we investigate the
characterization theorem to disclose the degrees of the numerators and denominators of the
interpolating continued fractions. Then, in Section 4, we compute the explicit representation
of the interpolating continued fractions with some numerical examples, and plot the figures of
these rational interpolating functions and the corresponding error functions. Numerical exam-
ples show it valid for the recursive scheme. We also compare the degrees of the numerators and
denominators of bivariate Thiele-typed interpolating continued fractions with those of the new
bivariate interpolating continued fractions, respectively. Finally, section 5 makes an analysis of
the complexity of the bivariate continued fraction interpolation and the well-known radial basis

function interpolation.
2. Bivariate recursive continued fraction interpolating algorithm

We shall propose a new recursive algorithm for bivariate inverse divided difference in the
form of non-tensor product. Based upon the algorithm, we shall work out the interpolating
coefficients of continued fractions recursively, and then complete the construction of scattered

data interpolating schemes in the case of odd and even nodes, respectively.

Firstly, suppose that the 2n+1 distinct points are contained in the node collection Ilg, 41 =
{(z0,y0), (x1,Y1)s-- -, (T2n,Y2n)}. And we choose the interpolating nodes to guarantee the s-
mooth computation in the paper, for instance, x; # x;, y; # y;, for ¢ # j, which means that

the interpolating nodes do not lie in the horizontal or vertical line. Then we shall consider the
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bivariate continued fraction as

r—x - T—T — r—T
R2n+1(x,y) =cp + | 001 | + v |y0)( o ) | + y |y1)( o 2) |+
L (y - yzn—g)(I - $2n—2) | i (y - y2n—2)(x - $2n—1) |
| Con—1 | Con
— r—z0 | on—2 (Y —yi)(x —Tiy1) |
= — + K" . 2.1
co + o + K2, | . (2.1)

Secondly, we shall define the representation of the bivariate continued fraction Ra,12(x,y)

by comparing with Ra,41(x,y), where the 2n + 2 distinct points are contained in the node
collection Iz, 12 = {(0,%0), (T1,41), - - -, (T2nt1, Y2nt1)}, Where x; # x5, y; # yj, for i # j.

- n— T — Tan
Ronya(x,y) = Rong1(x,y) + ( — y2n-0)( 2n) ‘7 (2.2)
‘ Con+1

where Ropy1(z,y) is defined as in (2.1).

Now we shall illustrate that the bivariate polynomials Ro,+1 in (2.1) and Ra,42 in (2.2)
can be put into application in scattered data interpolation over the node collection Ils, 1 and
115,42, respectively. So we shall make some preparation for it by developing new non-tensor-
product-type algorithms of bivariate partially inverse divided differences. To save space, the
bivariate partially inverse divided difference ¢[zo,...,Zx; Yo, .- -, Yx], 1.e., 0. may be used to
denote ¢lxo, z1,. .., Tr—1,Zk; Yo, Y1, - - -, Yk—1, Yk|, and additional letters may be written explicitly
only when the subscripts are not consecutive. And we denote the vertical coordinates at the
interpolating nodes P;(x;,y;) by f(zi,y;) = fi for i =0,1,...,2n,2n+1, where f(z,y) is defined
as the interpolated function.

Definition 2.1 For arbitrary node form Ily, o, where x; # x;, y; # y;, for i # j, we define the

following bivariate non-tensor-product-typed partially inverse divided differences.

¢ = Blwi; yil = fi, i=0,1,...,2n,2n + 1. (2.3)
T —T
bo1 = P[0, 715 Yo, y1] = - °. (2.4)
Ji—fo
(y2 — yo)(z2 — x1)
= ¢[xo, T1, 725 Yo, Y1, Y2] = ) 25
do12 = 9le0, 1,225 0,41, 3] P[0, 25 Yo,y2] — dlro, 15 Yo, y1] (25)
where ¢[xg, z1; Yo, y1] is defined as (2.4), and
To— T
bo2 = B[x0, 23 Yo, y2] = fz — fg'
(y3 - yl)(x3 - .’I:Q) (26)

¢0.,.3E¢.’EQ7...,(L‘3; Yo,---,Y3] = )
[ ] ¢[l‘0,9€1,$3; y07y1ay3] *¢[~’C07I17$2; y07y17y2]

where ¢[xq, T1,T2; Yo,Y1,Y2] is defined as (2.5), and
(Y3 — yo)(z3 — 21)
To,3; Yo, Y3 — P[0, T1; Yo, 1]’

L3 — Zo

fa—fo

G013 = Oro, 1,235 Yo, Y1, Y3] = a

b03 = O[To, T35 Yo,Yy3] =
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¢0~->4 = ¢[$0, sy T45 Yoy e ey y4]
(Y4 — y2) (x4 — 73)

p— Pl 2~7
Plzo, 21, T2, Tas Yo, Y1, Y2, Ya] — OlTo, ..., T3] Yo, - - -, Y3 @7
where ¢[xo, ...,Z3; Yo,.-.,Ys] is defined as (2.6), and
bo124 = O[T0, T1, T2, T45 Yo, Y1, Y2, Y4l
_ (Ys — y1) (w4 — x2)
¢[$0,$17$4§ y07y17y4] - qS[xO,xth; y07y17y2]’
— T4 — T
G014 = Plwo, T1, a3 Yo, Y1, Ya] = (v = yo)(za — 1) ,
¢[$0,JU4; y07y4] —¢[170,551; yanl]
Ty — 0
o4 = Q|T0, T4 Yo, Y4 = .
| ] fa—fo
(;SO“- 2n = ¢[.’L’0, ooy Lons Yo, - 7y2n]
_ (an - y2n—2)(x2n - 37271—1) (2 8)
PlTo, - - s Tan—2, T2n} Y0,---sY2n—2,Y2n] — G0, -+, T2an—15 Yos-- - Y2n—1]
where
®0-.. 2n—2,2n = O[T0s .- Tan—2,Tan; Yo,-- > Y2n—2, Y2n)
_ (yzn - yzn—S)(Izn - Izn—z)
Qb[(EO, sy L2n—3,T2n5 Yo,-- -, y2n737y2n] - ¢[$0, oy T2n—25 Yo, - - 71/277,72]’
002,20 = O[To, ..., Ta, Tan; Yos- -5 Y4, Yon]
— (y2n - y3)(x2n - £C4)
¢[$0,...,x37l’2n; yOa"'ay?nan] —(b[l‘(),...,le; yOa"'7y4]7
$0.-.3.2n = O[T0, .., T3, T2n} Yo, -, Y3, Yon]
_ (y2n - yz)(UCQn - $3)
¢[x07x171‘23 T2n; Yo,Y1, y27y2n] - QS[xO) <. X35 Yo, - -, 93]7
do12,2n = O[T0, 1, T2, Tan; Yo, Y1, Y2, Y2n)
_ (y2n — 1) (@20 — T2)
Plzo, 1, Tan; Yo, Y1, Y2n) — O[To, T1, T2 Yo, Y1,Y2)
- Top —
¢01,2n = ¢[$0,I17I2n; yanhan] = (y2n yO)( 2n 1) )
Gx0, T2an; Yo, Y2n) — G0, T15 Yo, V1]
Top — &
®0,2n = O[T0, Tan; Yo, Yon] = 2 0
f2n - fO
Up to
G0 2n+1 = O[T0s - s L2413 Yos - -5 Y2nt1)
_ (y2n+1 - y277,—1)(x2n+1 - zzn) (2 9)

Alxo, -, Tan—1,T2n413 Y0s - -1 Y2n—1:Y2n+1] — Q[Tos .- T2ns Yo, - - -, Y2n)
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where ¢[xq, ..., Zan; Yo,---,Ya2n] is defined as (2.8), and

0 2n—1,2n+1 = P[T0, - -+ s Tan—1,T2n+1; Y0s- - Y2n—1, Y2n+1]
_ (Y2n41 — Yon—2)(Tant1 — T2n—1)
COlros - Tan—2, Tong1i Yoo - - - Yon—2: Y2nt1] — O[T0, - - Tan—13 Yos-- -5 Y2n—1]’
)
0042041 = O[T0s -+, Tay L2415 Y0y« -5 Y, Y2n+1)
_ (Y2n+1 — ¥3)(Tant1 — Ta)
P05 T3, Tong 1] Yoo - - -5 Y3 Yant1] — BlTo, - -, Ta5 Yo, .-, Ya)
03,2041 = O[T0s - -, T3, Tan+1; Y0, - - > Y3, Yon+t1)
_ (Y2n+1 — ¥2) (T2n+1 — T3)
B oo, T1, T2, Tant1; Yo, Y1,Y2, Y2nt1] — GlTo, ..., T35 Yo, ..., Ys]’

$012,2n+1 = X0, T1, T2, Tant15 Y0, Y1, Y25 Y2n+1)
(92n+1 - y1)($2n+1 - $2)
¢[$07$17$2n+1; yanlvyZnJrl] - ¢[$0,$1,$23 yo,yhyQ]7

¢01,2n+1 = ¢[$0,$17I2n+1; yo,y17y2n+1]
(Y2n+1 — Y0)(T2n+1 — 1)
Blzo, Tan+1; Yo, Y2nt+1] — OlTo, T1; Yo, v1]’

. Ton4+1 — X0
@0,2n+1 = ¢[$079€2n+1; y07y2n+1] = = :
Jont1 — Jfo

Let us summarize the results in Definition 2.1 into the corresponding algorithms for the
computation of the partially inverse divided differences with odd and even interpolating nodes,

respectively, which are also shown in Table 1.

Algorithm 2.1
1. Initialization: ¢; = f(x;,y;), wherei=0,1,...,2n.
2. Recursive case: By means of Definition 2.1, calculate
¢O,i (’L = 1,2,.‘.,2n) — ¢01,i (Z = 2,,2n) — (2501211' (’L = 3,72n)

— Qo123 (i =4,...,2n) = -+ = Po... 2n—2, (i = 2n — 1,2n)
3. Result: ¢q... 2n

Algorithm 2.2
1. Initialization: ¢; = f(x;,y;), where i =0,1,...,2n+ 1.
2. Recursive case: By means of Definition 2.1, calculate
¢07i<i: 1,2,,2n—|—1) —)(f)01)2(222,72’n+1) — ¢0127i(i:3,...,2n+1)
— ¢0123,i (Z = 4, ceey 2n + 1) — s = ¢0 2n—1,i (Z = 2’[’L, 2n + 1)

3. Result: ¢O~~~,2n+1
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o | ¢1 | P2 b3 G4 ¢s5 P2n Gant1
bo1 | P02 | o3 bo4 Gos | - bo2n | ®02n+1
bo12 | Po13 | Po1a | Po1s | v+ | Porzn | Poi2n+1
Go123 | o124 | Poizs | v | Po12.2n | Po12.2n+1
Go1.-4 | 01235 | **+ | Po123.2n | P01232n+1
@05 | 0 | Poa2n | Po..42n41
0. 2n | 0. 2n—1,2n+1
®o-.. 2n41

Table 1 Recursive computation of bivariate non-tensor-product-typed partially inverse divided

differences

Remark 2.2 In the case of threes of the interpolating nodes lying in the horizontal or vertical
lines, the bivariate interpolating continued fractions have been considered over the orthor-triples
in [16].

Now we shall establish bivariate continued fraction interpolation over the node collection
15,41 and g, 49, respectively, and computation of the interpolating coefficients of them is based

upon Algorithms 2.1 and 2.2.

Theorem 2.3 (i) For each (x;,y;) € Ila,41, the bivariate interpolating continued fraction
Ron+1(z,y) defined in (2.1) satisfies

R2n+1(xi7yi) = f(xi, yi) = f’i7 i=0,1,...,2n, (210)

where the interpolating coefficients

ci = Plxo, .., xi5 Yo,---,Yi), 1=0,1,...,2n. (2.11)

(ii) The bivariate interpolating continued fraction Rayy2(x,y) in the form of (2.2) interpo-
lates over scattered data Ily, 4o, that is, fori=0,1,...,2n+ 1,

Ronya(@i, ui) = (@i, 9:) = fi (2.12)

where the interpolating coefficients
ci = Plxo, ., Zi; Yo,---,Yi), 1=0,1,...,2n+ 1. (2.13)

Proof We shall perform the proof of Theorem 2.3 for n by induction.
For n =1, I, = {(z0,%0), (¥1,91)}, Ra(z,y) = co + “"*, which satisfies Ro(zi,y:) = fi,
1 =0,1. Thus, it follows that

1 — X0
co = fo, c1 = —F—F = P[xo, 15 Yo, y1]-

Ji—fo
Moreover, for n = 2, I = {(z;,y;),7 = 0,1, 2},
z—xo | (y—yo)l@—z1) |

R3(z,y) = co + +
| @ I
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By considering the interpolation at the node (x2,y2), we can obtain from the above formula
RB (l’, y)7
Y2 —Yo)T2 — 21 T2 — Xo
c1+ ( )( ) = E¢[$O,$2§ yanQ},
Co J2 = fo
ey — (y2 — yo) (w2 — 71)

= @|To, T1,T2; s Y1, Y2l
¢[$o,$2; yo,y2] —¢[$0,5€1; y07y1] ¢[ 012 Y0, 8 y2]
FOI' n= 3? H4 = {(%JJ;)J = 07 17273}7

Ry(z y):CO+JC—$o |+(y_y0)($—x1) |+(y—y1)(;g_gg2) |
, | C1 | Co |

c3
By substituting the interpolating node (x3,ys3) into R4(z,y), we have
3 — Yo) (T3 — 21 3 — Y1)(X3 — X2 T3 — Tg
C1 + (y Y )( )| + (y Y )( )| = = ¢[$0,l‘3; ZUO»?JB],
| e | e f3 = fo
eyt (y3 —y1) (3 —@2) (Y3 — yo) (3 — 71)
c3 Blwo, 235 Yo,y3] — ¢z, T1; Yo, 1]
= ¢[x0,$1,$3; y07y17y3]
— T3 — T
e = . (ys — y1)(x3 2) :
¢[$0,$1,.’I}37 y07y172U3] - ¢[.’IIQ,ZL‘1,$2, yO;yhyQ]
E¢[$0,...7$3; y07"'7y3]-
FOI'TL:4, H5 = {(m17y2)77’20734}3
Y—Y2){T —T3
Ro(,y) = Ra(w,y) + L0200 = 78) |
(-
By substituting the interpolating node (z4,y4) into Rs(z,y), we have
— Ty — T — Ty — T — Ty — T
o+ (Ya |yo)(c4 1)] N (Ya |y1)( 4 — x2)] N (ya — y2) (w4 — 23)|
2

C3 I C4
- g4 — T

= = ¢[xo, 245 Yo, Yal,

ey (ya — y1) (x4 — x2)] n (ya — y2) (x4 — x3)|
| e | s

_ (Y4 — yo) (w4 — 21)
Plwo, 245 Yo,ya] — ¢lxo, T1; Yo, 1]
- (ya —y2)(wa —x3) _ (Ys — y1) (w4 — x2)

4 Blwo, 21,745 Yo, Y1, Ya] — P[0, T1,T2; Yo, Y1, 2]
¢[$0,$1,$2,9€4; yO,ylayQayél]

T, 1,45 Yo, Y1, Y

_ (ya — y2) (w4 — 3)
=>C4 =
¢[$0,1’17$2,$4; fl/0>y173/27y4] - ¢[$07 - X35 Yo, -, yS]
E¢[$0,...,$4; y07"‘7y4]~

Hence, we show it valid for the case of n = 1,2,3,4,5 in Theorem 2.3.

Furthermore, we assume the results hold for IT;, ¢« = 1,...,2n. To be more precise, we

denote the corresponding interpolating coeflicients by c;s in Algorithm 2.1 and 2.2. Then on the
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one hand, it follows in the case of i = 2n + 1,

r—T —yi)(x — x5
R2n+1(x,y) =co+ 7O| 4 K?;l(;? (y yz)( H—l) |
| C1 | Cit2

By considering the interpolation at the node (zay, Y2, ), we have from Ra,41(z,y)

o+ (y2n — yo)(@2n —21) | Tt (y2n — Yon—2)(@2n — T2n-1) |
| C2 | Con
Ton — X0
- 7 = P%o,T2n; Yo,Y2
— Plx0; T2n; Yo, Yan]
=y + (y2n - yl)(x2n - $2) | N (yzn - y2n72)(x2n - xanl) \
| e | con

(Y2n — Yo)(T2n — 21)
B Blro, T2n; Yo, Y2n] — BlTo, 15 Yo, Y1
(Won —y2)(@an —x3) | | (Y20 = Yon—2)(F2n = T2n—1) |
| | con
(y2n — y1) (w2 — x2)
dlzo, 21, X203 Yo, Y1, Y2n] — B0, T1, T25 Yo, Y1, Y2]
= ¢[x0, 71,22, T2n; Yo, Y1, Y2, Y2n]

(Y2n — y3) (T2 — 74) |

] = ¢[x0, T1, Tani Yo, Y1, Y2n)

=c3 +

(y2n - y2n72)(x2n - $2n71) \

=cy + +oot
(e | con
N (Y2n — y2) (@2 — 23)
Blwo, 21, T2, Tan; Yo, Y1, Y2, Y2n] — é[Tos - -+, T35 Yo, -, Y3]
= @[To, -+, T3, T2n; Yo, - - -5 Y3s Y2n)
-...
O (y2n — Y2n—2)(T2n — T2n—1) |
| Con
_ (Y2n — Y2n—3)(T2n — T2n—2)
BlTo, -5 Tan—3, Tan; Y05 -+ Y2n—3,Y2n] — O[T0s - - T2n—2; Yo, Y2n—2]
= ¢[20,. .., Tan—2,T2n} Y0, --»Y2n—2, Y2n]
=Con
_ (Y2n — Yan—2)(Tan — Tan-1)
Blzo, -, Tan—2,T2n; Yo+ Y2n—2,Y2n)] — G[T0s - - s T2n—15 Yo, Y2n—1]
= dlro, .-, Tan; Yo,---,Y2n)-

On the other hand, we deduce for ¢ = 2n + 2 similarly that
—z0 |

(y—yi)(x —xit1) |
| a '

| Ci+2

X _
Ronga(x,y) = co + + K75t

By considering the interpolation at the node (225,41, Y2n+ ), We obtain from Ra,42(x,y)

o+ (y2n+1 - yo)($2n+1 - 3U1) | Foeee gt (y2n+1 - y2n—1)(332n+1 - $2n) |
| C2 | Con+41
Tan4+1 — To
= 7}”2”11 7 = ¢[$0,$2n+1; y0792n+1]
n
=y + (y2n+1 - yl)($2n+1 - Iz) | b (y2n+1 - y2n—1)(~’02n+1 - l’Qn) |

| c3 | Con+1
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(Y2n+1 — yo) (T2n+1 — 1)
 Olwos Tant1; Yo, Yant1] — BlTo, 215 Yo, Y1
(y2n+1 — ¥2)(T2nt1 — x3) | IS (Y2n+1 — Y2n—1)(T2n+1 — 20) |

| C4 | Con+1
(y2nt1 — y1) (T2n41 — T2)
Blro, T1, Tan+1; Yo, Y1, Yant1] — dlTo, T1, T2; Yo, Y1, Y2]
= ¢[wo, T1, T2, T2n115 Y0, Y1, Y2, Y2n+1]

] Egb[anzlaxQn-'rl; y07y17y27l+1]

=c3 +

ey 4 Wentt = Y3)@onr —2a) | (enin — Yon 1) (@2nt1 — T2n) |
| Cs | Con+1
_ (y2n+1 — y2)(T2nt1 — 23)
P[0, T1, T2, Tant1; Yo, Y15 Y2, Y2nt1] — A[To, -, T35 Yo, - -, Y3]
= @[To, -+ -, T3, T2n5 Yo, - - - Y35 Y2n)]
:> « e
=g + (Y2n+1 — Y2n—1) (@2n+1 — T2s) |
| Con+1
_ (Y2n+1 — Yon—2)(T2nt1 — T2n—1)
BlTo, - - s T2n—2, Tant1; Yos- -+ Y2n—2,Y2nt1] — O[T0s -+, T2n—15 Yo, -+, Y2n—1]
= 9[20, -+ Toan—1,T2n415 Y05+ -5 Y2n—1, Y2n+1)
=Cont1
_ (Y2n+1 — Y2n—1) (T2n+1 — T2n)
T, - T2m—1, L2415 Y05+ - > Y2n—1,Y2nt1] — A[Tos -+, Tani Yo,- - Yon)
= 9[20, -+, Tang1; Yos- - Yoni1l-

As a result, we show it valid for (2.10) up to (2.13) by induction. O

Since we establish the bivariate continued fraction interpolation, we shall make a further
study on the equivalent identities between the interpolated functions and the interpolating con-
tinued fractions. Before dealing with it, we shall define some bivariate non-tensor-product-typed

inverse divided differences with respect to x and y by means of Definition 2.1.

Definition 2.4 For arbitrary node form s, 4o, where x; # x;, y; # y;, for ¢ # j, and x # x;,
y # y;, we define some bivariate non-tensor-product-typed inverse divided differences with re-
spect to x and y.

(1)

. - Tr — X
d)[anza y07y} - f(iC,y)—fo

(2)
(y — yo)(x — x1)
To, %5 Yo, y] — Oz, T1; Yo, Y1)’

¢lro, w1, 75 Yo, Y1,y =
[ ] al

(3)

(y —y1)(x — x2)
d)[xvalvx; yo,yl,y] _¢[~T0,$1»$2; yo,ylayﬂ7

dlxo, 1, T2, Yo, Y1, Y2, Y] =
(4)

Plzo, .. T3, %5 Yo, .-+, Y3, Y]
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(y — y2)(x — 23)
¢[.’I]07f1}1,$2,$; y07y1792>y] _¢[$07...,!I)3; y07"'ay3],

(5)
¢[$0,...,£L’4,£L’; y07"'7y4ay]
_ (y —ys)(x — z4)
(25[1’0,...7.’1737.')3; y07"'7y3ay]_d)['r()?"'axﬁl; yOa"'7y4]’
(2n)
(ZS[an"'vanfl,x; y07"'7y2n*13y]
_ (y - yzn—z)(l’ - Izn—l)
P20, .- Tan—2,%; Yo,---,Yan—2,Y] — B0, -+ Tan—1; Yo,-- -, Y2n—1]
(2n+1)
¢[$0,...,$2n,1'; yOa"'vanvy}
_ (y*yzn—l)(l’*xzn)
¢[$0,---,$2n717$; Z/o,---;y2n717y] _¢[5€0a---7$2n; yo,---7y2n}7

Up to (2n+2)

¢[x07"'7x2n+1ax; yO?"'ay2n+1,y]
_ (Y — yon)(x — T2041)
¢[$0, vy 205 L5 Yoy -- -5 Y2n, l/] - d)[x()? ooy 241y Yo, .- >y2n+1]

Theorem 2.5 By letting the interpolating nodes (z;,v;), i = 0,1,2,...,2n, and using Definition
2.4, we have the equivalent identity

-z | onoW—y) (@ —2it1) | | (Y —yon_1)(® —T2n) |
T,y) = co+ ———— + K" + , 2.14
f@y) 0 | a1 =0 | Ci+2 | Con+1(z,y) ( )

where the interpolating coefficients satisfy
ci = Plxo, ..., xi5 Yo,---,Yi], 1=0,1,...,2n.
And we calculate the function capy1(x,y) in the last term

62n+1(m7y) = ¢[$07 oy Ton, Ty Yoy e ,y2n,y]' (215)

Theorem 2.6 Given the interpolating nodes (x;,y;), 4 = 0,1,2,...,2n, we obtain the equivalent
identity by means of Definition 2.4

r — X
Flayy) = oo + =20

+ K2 Y= y)@ —zivn) | | (Y = yon)(@ = Tonsa) |’ (2.16)
c1 | Cit2 | Con+2(7,Y)
where the interpolating coefficients satisfy
ci = @lxo, .- x5 Yo,---,Yi), 1=0,1,...,2n+1,
and the function copny2(x,y) in the last term satisfies

02n+2(m7y) = ¢[{E0, sy T2n41,T5 Yo, .- 7y2’ﬂ+17y]' (217)

3. Characterization theorem
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In this section, one may see that the three-term recurrence relations for the bivariate con-
tinued fraction Rao,y1(2,y) and Ranio(z,y) play a vital role on determining the degrees of the
numerator and the denominator, respectively. This will be done with sufficient preparation for
them.

Denote by Psp+1(z,y) and Qay,+1(x, y) the numerator and the denominator of Ray,11(, y) as
defined in (2.1), respectively, the degrees of which are denoted by degPs,,+1 and degQay,+1, respec-
tively. And we say the rational function Ra,11(x,y) is of type (degPsy+1)/(degQay41). Similarly,
we denote by Poy1o(2,y) and Qop12(x,y) the numerator and the denominator of Ra,12(z,y) as
defined in (2.2), respectively, with degrees being denoted by degPs, 2 and degQan 42, respec-
tively. And we say the rational function Raon42(z,y) is of type (degPay+2)/(degQant2)-

Lemma 3.1 ([9]) For the continued fraction

aq ‘ a9 | a;
b coe=bo+ KZ2{—, 3.1
0+| b1+|b2+ O+ Z_lbi ( )
and its nth convergent
a; P

R,=by+ KM, —~ =2, 3.2
0 + =1 bZ Qn ( )

the three-term recurrence relations for the continued fraction are valid, i.e.,
Pn = bnpn—l + anpn—Q; Qn = ann—l + anQn—Qv (33)

Whel"ef)_li].7 P():bo, Q_1:O, Qoil,n:].,z,....

Lemma 3.2 ([9]) Let
— Ti—1 Pn(x)

bi © Qulx)
Then degP,,(z) = [(n+1)/2],degQ,(z) = [n/2]. In other words, the continued fraction R, (z) is
of type [(n+ 1)/2]/[n/2], where [n/2] means the entire part of n/2.

Besides these, throughout the paper we let Py, ,,(z,y) and P41, (2,y) denote the bivariate

R (2) = bo(x) + K}y =

tensor-product-type polynomial spaces
P, =span{l,z,...,z"} ®{1, Y,...,y"}
Pny1n =span{l,x,..., 2"} ®{1,y7 oyt

respectively.
Now by directly calculating, we can obtain the three-term recurrence relations for the bi-
variate continued fraction Ra,41(2,y) and Ran42(x,y), respectively. And then we establish the

corresponding algorithms for computing them.

Theorem 3.3 By letting
P2n+l (.’B, y)
Q2n+1 ($, y)

as defined in (2.1), we obtain the three-term recurrence relations

Ropny1(w,y) =

Poyy1(z,y) = conPon(x,y) + (Y — Yon—2) (& — T2pn—1)Pan—1(z,y),
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Qon+1(2,y) = c2nQ2n (2, y) + (¥ — Y2n—2)( — T2—1)Q2n—1(, y), (3.5)
where n =1,2,..., and
Pr=cy, Qi=1, Py=coc; +x—1x0, Q2 =c1. (3.6)
Theorem 3.4 Suppose
P2n+2(xa y)
Ronio(z,y) = 220 Y) 3.7
2 +2( y) Q2n+2(x; y) ( )
as defined in (2.2), then for n = 0,1,2, ..., the three-term recurrence relations
Popyo(2,y) = cont1Pont1(2,y) + (y — Y2n—1)(T — 22n) Pan(z,9),
Qant2(2,y) = cont1Q2nt1(2,y) + (¥ — Y2n—1)(x — T2,)Q2n (2, y), (3.8)
where
Po=1, Pi=cy, Qo=0, Q1=1, y—y1=1 (3.9)

Algorithm 3.1 Let 2n+1 interpolating nodes (z;,y;) and the corresponding vertical coordinate
fili =0,1,...,2n) be given.

1. Initialization: For i =0,1,...,2n, calculate the interpolating coefficients

¢i = lxo, .- i Y0, -5 Vi)
2. Recursive case:
Fork=1,2,...,n
Fy=1; Qo=0;
Pr=co; Q1 =1
Py = cop—1Pok—1 + (Y — Y2r-3) (¥ — T2p—2) Pog—2;
Qa2r = c2r-1Q2k—1 + (Y — y2r—3)(* — Tap—2)Qar—2;
Popi1 = cor Pok + (Y — yok—2) (7 — Tap—1) Pog—1;
Qak+1 = 2k Q2k + (Y — Yar—2)(T — Tag—1)Q2r—1;

end

3. ReSult: P2n+1(x,y), Q2n+1(x,y) — R2n+1(x’y) — M

T Qanta(zy)”

Algorithm 3.2 Let 2n+2 interpolating nodes (x;,y;) and the corresponding vertical coordinate
fi(i =0,1,...,2n+ 1) be given.

1. Initialization: For i =0,1,...,2n + 1, calculate the interpolating coefficients

C; :¢[x07"'7xi;y03"'7yi]'

2. Recursive case:
Fork=1,2,...,n

Py =cy; Q1=1;



Recursive schemes for scattered data interpolation via bivariate continued fractions 595

Py =coc1 +w —1w0; Q2 = cy;

Popy1 = cor Por + (y — yar—2)(* — Tap—1) Pog—1;

Qar+1 = c2kQ2k + (Y — Y2k—2) (T — T2p—1)Q2k—1;

Popro = copy1Pokt1 + (Y — yar—1) (7 — w2r) Pay;

Qak+2 = cak+1Q2k+1 + (Y — Y2r—1) (T — Tak) Qak;
end

Paya(z,
3. Result: P2n+2(x,y), Q2n+2(-73,y) — R2n+2($,y) = L(y)

Q2n+2($7 y) '
Based upon the three-term recurrence relations for the bivariate continued fraction Rop11(,y)

in Theorem 3.3 and Rgyi2(z,y) in Theorem 3.4, respectively, the degrees of the numerators
Py,i1(x,y), Popta(z,y) and the denominators Qaoni1(2,y), Q2n42(z,y) can be determined,
which is called the characterization theorem.

Theorem 3.5 (i) The bivariate continued fraction Ran41(x,y) is of type (2n)/(2n), and
Popyi(2,y) € Pop, Qontr(z,y) €Pppy n=0,1,2,....
(ii) The bivariate continued fraction Roy,y2(x,y) is of type (2n 4+ 1)/(2n), and
Popio(z,y) € Py, Qonyo(z,y) €Ppyy, n=0,1,2,....

Proof The proof of Theorem 3.5 is performed for n by induction.
For n = 0, with direct calculation, the continued fraction Rs(x,y) over two interpolating

nodes is of type 1/0, and
Py(z,y) € span{l,z} ®{1} =Py, Q2(z,y) € span{l} ®{1} =Py .

Moreover, for n = 1, the continued fraction Rs(z,y) over three interpolating nodes is of
type 2/2, and

Ps(z,y) € span{l, z} ®{1,y} =P1, Qs(z,y) €span{l,x} ®{1,y} =Pi1.
For n = 2, the continued fraction R4(z,y) over four interpolating nodes is of type 3/2, and
P4(.’E, y) S Span{lu z, x?} ®{17 y} = P2,17 Q4((E, y) S Span{17 (E} ®{17 y} = IED1,1-

Furthermore, by assuming that the conclusion holds for the interpolating continued fraction
Ron—1(z,y) over Iy, 1 and Ry, (x, y) over Iy, respectively, we shall show it valid for Ro,11(2,y)

over Ilo, 1.
degPopy1(z,y) = max{con Pon (7, y), (¥ — Y2n—2)(* — 22n—1)Pon—1(x,y)}
=max{2n —1,2n — 2+ 2} = 2n,

degQont1(z,y) = max{conQan(z,y), (¥ — yon—2)( — 2on—1)Q2n-1(z,y)}
=max{2n — 2,2n — 2+ 2} = 2n,

and

P2n—1(137y) € Pn—l,n—la PZn(x7y) S Pn,n = P2n+1($ay) € ]P)n,vu
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Q2n-1(2,y) €EPr_1n—1, Qan(2,y) EPr1n—1 = Qany1(2,y) € Py

Meanwhile, by using the above conclusion, we also prove the result for Ra,io(x,y) over

Moy yo.
degP2n+2($7 y) = maX{CQn-‘rlP?n-‘rl(xa y)) (y - an—l)(x - xQn)PQTL(x7 y)}
=max{2n,2n — 14+ 2} =2n+1,
degQ2n+2($» y) = maX{C2n+1Q2n+1(xa y), (y - yzn—l)(ﬂv - ffzn)an(iU, y)}
= max{2n,2n — 2 + 2} = 2n,
and

P2n+1 (%y) € Pn,n; PZn(m7y) S IP)n,nfl = P2n+2($7y) S IP)n+1,n7

Q2n+1 (%y) S an; QQn(x; il/) S IP)n—l,n—l = Q2n+2(3€,y) S IP)n,n-
Thus, the proof of Theorem 3.5 is completed. [J
Remark 3.6 For the sake of illustration, we list the number of the interpolating nodes, the

type of the bivariate continued fractions, the bivariate polynomial spaces which the numerators

and the denominators are contained in. All the results are shown in Table 2.

Scattered data II,, | Type of R,(z,y) | Polynomial Space for P, | Space for @,

11, 1/0 P1o Po,o
I, 2/2 P14 Py
i 3/2 Py, Py
115 4/4 Py 2 P22
ITs 5/4 P30 Py o

19,1 2n—2)/2n—2) | Ppo1naa Pp_1n-1
Iy, 2n—-1)/2n—2) | Pppa Pr1n-1

| DY (2n)/(2n) Pun Ppn

|| D (2n+1)/(2n) Prtin Ppnon

Table 2 The characterization of bivariate interpolating continued fractions over II;’s

Remark 3.7 Bivariate Thiele-typed continued fraction interpolating scheme Ry, ,i(z,y) =
P 27l+1(55a y)

Q2n+1(xa y)
0,...,2n}, where z; # x;, y; # y;, for i # j. Based upon Lemma 3.2, it follows that

shall be constructed over the tensor-product-typed mesh Ilp, 41 = {(xi,y5),4,7 =

ﬁ2n+1(xa y) S Pn,+1,n+17 Q~2n+1(gja y) S ]P)n,nv n= 07 ]-7 2a e

Obviously, the degree of Py, 11 (x,y) is higher than that of Py, (x,y) in Theorem 3.5 (i).

Remark 3.8 One can also construct the bivariate Thiele-typed interpolating continued fraction
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= Pn ) 1 ..
Ropio(z,y) = ~2+2(1:y)) over o190 = {(xi,y;),1,7 =0,...,2n + 1}, where

2n+2($»y
152n+2($a Y) € Priinyt, Q2n+2(93,y) €Pri1 1, n=0,1,2,....

Consequently, the degrees of Py, yo(z,y) and Qa, a(z,y) are higher than those of Py, y2(z,y)
and Qan42(z,y) in Theorem 3.5 (ii), respectively.

4. Numerical examples

By means of Algorithms 2.1, 2.2, 3.1 and 3.2, some bivariate continued fraction interpolations
are determined over scattered data with some numerical examples in the section. On the one
hand, we work out the representation of the numerators and the denominators. On the other
hand, we will plot the figures of continued fractions and the corresponding error functions.

For the sake of illustration, we make some preparation with some denotations for the numer-
ical examples. Denote the scattered data collection by 1 = {(zo,¥0), (z1,¥1),- -, (Tk, Y)},
where k = 2,3,4,5, and x; # z;, y; # y;, for ¢ # j. Then by (2.1) and (2.2), we obtain the

explicit representation of the interpolating continued fractions as follows

_Bwy) o r—xo | (y—yo)lw—a) |
B oy~ T e T a -y
:P4(=T,y)
R4(I7y) _Q4(w,y)
g+ 95|—930 . (y—|310)($ —w) | (y—|y1)($ ) |7 (4.2)
C1 (6] C3
) =5
:CO+I*3€0 |Jr(y*yo)(95*I1)|+(?J*y1)(95*$2)|Jr
| | e | e
o)), 43)
e =55
S ek O PO €l 10 [ G AV N et 0 G2 N I
| | e | e
(y —y2)(z — x3) | T (y —y3)(z — 24) | (4.4)
- e '

Example 4.1 Suppose interpolating nodes Py(—7,—9.5), P;(—5,—4), P,(—3,-2), P3(0.2,—1),
Py(4,2), P5(7.8,8), and the corresponding node collection Iy 11,k = 2,3,4,5 are given as shown
in Figure 1.1. We also give the corresponding vertical coordinates, i.e., VCs, f; at P;(x;,v;),
i = 0,...,5 in Table 3. Then we calculate the six interpolating coefficients ¢;’s in Table 4
by using Algorithms 2.1 and 2.2. Moreover, we determine the explicit representation of the
interpolating continued fractions over I 1, k = 2, 3,4, 5 as the following, respectively. Actually,

we obtain R3(z,y) and Rs(x,y) by using Algorithm 3.1, and Ry4(x,y) and Rg(x,y) by means
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of Algorithm 3.2. Finally, we plot the figures of the interpolating rational functions R;(z,y),
i = 3,4,5,6 in Figure 1.2 to 1.5, respectively. To be mentioned, we provide the programming
procedure of calculating the interpolating coefficients, and testing the interpolating property of

the rational function Rg(x,y) at the interpolating nodes, and plotting Figure 1.5 in the appendix.

VCs fo f1 fo f3 fa f5
Values | —0.058745 | 0.018686 | —0.124112 | 0.835460 | —0.217184 | —0.088092

Table 3 The vertical coordinates (VCs) f;’s in Example 4.1

co c1 Co C3 Cyq Cs
—0.058745 | 25.829193 | —0.172369 | —4.148767 | —0.363684 | 158.478514

Table 4 The coefficients of R;(x,y),i = 2,3,4,5, in Example 4.1

Scattered data
10 T

Figure 1.1 Scattered data Il

Qa(z,y)’
—0. O58745I2y2 —1.2116242° y — 2. 915635z — 0. 281978my —

7.326952xy — 20.620862z + 0.058745y% — 5.560469y — 28.069457,
Qs(z,y) =2%y* + 11.52%y + 19.022 + 4.8xy* + 42.863022xy + 59.05501 7z —

1.0y% — 31.246360y — 64.990789,
P5(IB, y)
Q5(ma y>7

(.7;‘, ) — 0.730450x — 0.293727y — 0.058745xy — 3.735443,
Qs(x,) =zy + 5.0y + 9.5z + 43.047846,

Ps(z,y)
x,Y
Bs(@,y) = Qs(z,y)’
Py(x,y) =36.961088x + 17.666570y + 8.726376xy + 22 y+ 4. 022 + 81. 289351,
(3;‘, ) =63.903487x + 56.743745y + 21.680426xy + 131.354841,

Py(z,y
Ru(z,y) =209

)=

Ps(x,y

R5(I7y) =
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3.155002z3y2 + 15.77500923y 4+ 12.620007x> — 14.4609382%y% —

Pﬁ(xvy)

524.76816702%y — 1391.685375x2 — 195.377658xy? — 3927.845914xy—
10520.412261x — 193.579579y> — 4029.058999y — 15060.600628,

568.401784x2y? + 6020.017403z2y + 9701.6156192%+

Qe(z,y)

2305.419482zy” + 20944.892838zy + 29135.4708862 — 1216.106476y> —

17996.985482y — 34153.093667,

Pﬁ(xay)

Rﬁ(wv y)

Q6(x7y) .

R, (xY) [=7,-4]x[-10,-6]

R ,(xY),[7,-41{~10,-5]

D

-9

0.6
0.4

Figure 1.3 Part of the interpolating continued

Figure 1.2 Part of the interpolating continued

over Il4

fraction R4(z,y)

x,y) over Il3

(

fraction Rj3

Re(xy)281-18]
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Figure 1.5 Part of the interpolating continued

Figure 1.4 Part of the interpolating continued

fraction Re(x,y) over Ilg

fraction Rs(x,y) over II5

Example 4.2 Considering the scattered data Py(—0.9,0.2), P;(—0.4,0.6), P»(0.2,0.8), P5(0.8,

0.4), P4(0.6,—0.4), P5(—0.6,—0.8), we denote by Il;+1, kK = 2,3,4,5 the corresponding node
collection as shown in Figure 2.1. By means of the given vertical coordinates z;’s at P;’s in Table

5, we calculate the six interpolating coefficients ¢;’s in Table 6. Consequently, we work out the

representation of the bivariate interpolating continued fractions R;(z,y)’s as the following. In

fact, we compute Rs(z,y) and Rs(z,y) by Algorithm 3.1, and Ry(z,y) and Rg(z,y) by means

of Algorithm 3.2. And then we plot the corresponding figures in Figure 2.2 to 2.5, respectively.



600

Jiang QIAN, Fan WANG, Zhuojia FU and et al.

VCs fo f1 fa f3 fa f5
Values | 1.576055 | 1.311592 | 1.432173 | 1.531926 | 1.311592 | 1.718282

Table 5 The vertical coordinates (VCs) f;’s in Example 4.2

co c1 C2 C3 C4 C5
1.576055 | —1.890620 | —0.062559 | —2.142556 | 0.717394 | —2.705955

Table 6 The coefficients of R;(z,y)’s in Example 4.2

Scattered data
T

I
0.5 1

X o

Figure 2.1 Scattered data Ilg

—0.630442y — 0.377770z + 1.576055zy + 0.004022,

—zy + 0.4y — 0.2z + 0.038276,
Pg(l', y)

(z,y)
(z,y)
(.9) Qs3(2,y)’
Py(z,y) =2.1772272 — 0.934770y — 5.656508zy + 2%y — 0.6000002% — 0.258183,
(%, y)
(z,y)
(z,9)

P4(33,y)

 Qa(z,y)’

3.247370zy + 1.316940x — 0.504338y> — 0.270346y — 0.182645,
Qs(z,y) =2%y* — 1.02%y + 0.162% — 0.400000xy* — 2.375101xy + 0.9625822—

0.320000y% — 0.118180y — 0.197094,
Ps(z,y

Rafan) =g,

Ps(x,y) =2.30972023y2 — 2.30972023y + 0.554333x3 — 24.301130x2y>+
17.3982282%y — 1.5427392% + 9.620051xy> + 14.410494xy —
6.785431x + 4.447545y2 + 1.529287y + 0.998413,

Qe(z,y) = — 15.5655102%y? + 13.586028x%y — 2.4439292% + 6.983185xy>+

101717792y — 4.8644092 4 2.663673y* 4 0.901214y + 1.060614,
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R6(z7y) :%

R,(x¥),[-0.5,0.2]x[0.2,0.8] R,(x¥),[-0.4,0.4]x[0.2,0.8]
S
SR
S
SSEREERSER <
"““‘:““““““ cssSeess >
s SESESSEEES 16 e
SIS, ety
S ESRSSSISIISRSIIINIIRIRT T S TS TSRS SUTSaasssseeiess
o s SEEESsSSTSES=ss—=
: SIS SSESIIIIIIRS SISSSSS N SsssSsssss
SISSISIIIIIIIT > 1.4 O RS S RS SRR SRS SRS RE SR SRR SRR SoRsne
QSISIXIISITITSN, . S e S SR SRS S SO NS IR SESTSRRe R SRReetoon. |
13 SIS RS SRIR SIS SR SIS R SR ERERERER,
- SR T N e
PISRIIIIRR s s

XK

02

Y 0.2 X Y 02 -04 X
Figure 2.2 Part of the interpolating continued Figure 2.3 Part of the interpolating continued
fraction Rs(x,y) over II3 fraction R3(z,y) over Iy
Rs(x.y),[*OA,O]X[*DA.O.E] Re(x,y),[fl,o]x[fD.Z.O.S]

Figure 2.4 Part of the interpolating continued Figure 2.5 Part of the interpolating continued

fraction Ry(z,y) over Il fraction R3(z,y) over Ilg

Example 4.3 Cousider 33 points (z;,y;, %), i = 0,1,...,32, where
20 .. . . 2 2
x; = —10+ ﬁ(z—i— 1), yi=sin(i + 1) -2y, 2; =y; +siny/2? +y? i=0,1,...,32.
Then we plot these interpolating nodes in Figure 3.1, and obtain the representation of the rational

interpolating function as

r — X
Ropy1(z,y) =co + | 0|

+ (y —yo)(z —21) | T (y —y1)(z —x2) |

1 | C2 | Cc3

(Y — yao) (= — w30) | N (Y —ys0)(@ —z31) |

\ C31 | C32




602

For the sake of illustration and convenience, we list the coordinates of the 33 interpolating
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33 interpolating nodes

10

-8

Figure 3.1 Scattered data Il33

nodes in Tables 7, 8 and 9, respectively.

10

oy T To xs T4 Ts Ze
—9.3939 | —8.7879 | —8.1818 | —7.5758 | —6.9697 | —6.3636 | —5.7576
L7 s L9 T10 T11 T12 T13
—5.1515 | —4.5455 | —3.9394 | —3.3333 | —2.7273 | —2.1212 | —1.5152
T14 T15 T16 Ti7 T18 T19 T20
—0.9091 | —0.3030 | 0.3030 0.9091 1.5152 | 2.1212 2.7273
T21 T22 23 T24 T25 T26 To7
3.3333 3.9394 4.5455 5.1515 5.7576 | 6.3636 6.9697
Tog Z29 30 T31 Z32
7.5758 8.1818 8.7879 9.3939 10.0000
Table 7 The 33 z;’s in Example 4.3
Yo Y1 Y2 Y3 Ya Ys Yo
—7.9047 | =7.9908 | —1.1546 | 5.7334 | 6.6834 | 1.7781 —3.7827
Y7 Ys Y9 Y10 Y11 Y12 Y13
—5.0967 | —1.8733 | 2.1431 3.3333 | 1.4634 | —0.8913 | —1.5009
Y14 Y15 Y16 Y17 Y18 Y19 Y20
—0.5912 | 0.0872 | —0.2913 | —0.6827 | 0.2271 | 1.9366 2.2818
Y21 Y22 Y23 Y24 Y25 Y26 Yar
—0.0295 | —3.3336 | —4.1163 | —0.6818 | 4.3905 | 6.0860 1.8881
Y28 Y29 Y30 Y31 Y32
—5.0275 | —8.0839 | —3.5506 | 5.1801 | 9.9991

Table 8 The 33 y;’s in Example 4.3




Table 9 The 33 z;’s in Example 4.3

Co C1 C2 C3 Cq C5 Ce
—8.1898 0.0625 16.7667 —0.4023 24.1140 0.3717 | —52.5315
C7 C8 Co C10 11 C12 C13
—0.8585 | 13.8632 5.3770 —3.2423 —1.7277 7.0914 4.8380
C14 C15 C16 C17 C18 C19 €20
—0.1681 | —6.8490 | —0.4013 —3.3552 0.2729 4.4127 | —23.0042
€21 C22 €23 C24 C25 C26 Cot
—0.1554 | 26.3680 | 321.7954 —0.0150 —360.5940 | 0.4162 8.5241
€28 €29 €30 C31 €32
—0.4977 | 168.3309 | 0.0034 —151.2422 4.4141
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20 21 29 23 24 25 26
—8.1898 | —8.6263 | —0.2371 | 5.6575 6.4539 | 2.0966 —3.2132
z7 28 29 210 211 212 213
—4.2755 | —2.8525 | 1.1689 2.3333 1.5099 | —0.1461 | —0.6547
214 215 216 Z17 218 219 220
0.2929 0.3974 0.1168 0.2246 1.2263 | 2.2027 1.8792
221 222 223 224 225 226 227
—0.2202 | —4.2348 | —4.2666 | —1.5669 | 5.2082 | 6.6665 2.6944
298 229 230 231 232
—4.7011 | —8.9585 | —3.6039 | 4.2158 | 10.9991

And we also list the 33 interpolating coefficients in Table 10, which are calculated by means
of Algorithm 2.1.

Table 10 The 33 interpolating coefficients in Example 4.3

5. Complexity of the bivariate rational function interpolation

Now that we have learned the “how” of the bivariate non-tensor-product-typed continued
fraction interpolation, here are a few words about “why.” Since classic method for scattered
data interpolation involves radial basis functions, we shall make analysis of the complexity of the
rational interpolation and that of radial basis function interpolation.

As we know, every natural cubic spline s(x) has a representation of the form [17]

N
s(x) =) ;e — ;) +p(2), ¢ €R,

j=1

(5.1)

where ¢(r) = r3,r > 0, and p(x) € P1(R), i.e., a univariate polynomial with degree one.
From the first result on radial basis functions, the resulting interpolation is up to a low-

degree polynomial a linear combination of shifts of a radial function ® = ¢(| - |). Consequently,
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experts have generalized the idea to construct scattered data interpolation of the form over the

interpolating nodes II = {xg, ..., xx} C R?
N
s(x) = Y- gl = xyll2) +p(). x = (2,9).3 = (2;.9) € B, (5:2)
=0

where ¢ : [0,+0c0] — R is a univariate fixed function and p(x) € P,,_1(R?), i.e., a bivariate
polynomial with degree m — 1. And the additional conditions on the coefficients satisfy

N
Zajq(xj) =0, Vg(x)eP,,_1(R?). (5.3)
j=0
In the particular case, one only considers the interpolation problems without the addition-
al conditions (5.3), which boils down to the question whether the matrix Ay = (&(||xx —
X;|l2))o<k,j<n is nonsingular. Astonishingly, there exist nonsingular matrix Ay in the case
of the Gaussians ¢(r) = e~ (o > 0), the inverse multiquadric ¢(r) = 1/v/c® + r2, and the
multiquadric ¢(r) = vc2 + 72 (¢ > 0).

Hence, we can obtain the «;’s by solving the system of the linear equations.
N
s(xk) = Y a;o(xk — x5ll2), k=0,1,...,N. (5.4)
j=0

One can make a total count of operations for the elimination step of Gaussian elimination
[18]. The elimination of each entry in the matrix Ay requires the operations of addition-
s/substractions, multiplications, and divisions, which are 2(N + 1)3 + $(N + 1) — (N + 1),
i.e., O(N?3). Then, because of the triangular shape of the nonzero coefficients of the equations,
one can start at the bottom and work your way up to the top equation. Counting operations of
solving the system of the linear equations (5.4) yields (N + 1)2.

To be mentioned, however, the approximate number of operations with the rational inter-
polation presented in the paper is O(N?), which is smaller than that with radial basis function
interpolation. Actually, we shall make an analysis of the operation count from two aspects.

On the one hand, based on IIyy1 = {xo,...,Xyx}, the computation of the bivariate non-
tensor-product-typed partially inverse divided difference ¢yg... x will require %N 24 %N (N>1)
operations, including additions/substractions, multiplications, and divisions.

In fact, we can prove it by induction. By Definition 2.1, Algorithms 2.1 and 2.2, for ¢q1, the
numbers of the operations of additions/substractions, multiplications, and divisions are 2,0,1,
respectively. Then for ¢g12, the numbers of them are 2 x 2+ 3, 1, 2+ 1, respectively. Moreover,
for ¢p123, the numbers of them are 2 x3+3x2+3,2+1, 3+ 2+ 1, respectively. Furthermore,
for ¢g...4, they are 2 x 443 x3+3x2+3,3+2+ 1,4+ 3+ 2+ 1, respectively. Hence, by
induction, for ¢q... n, they are

3 1
2N+3(N—1)—|—3(N—2)—|—-~-+3><2+3><1:§N2+§N,

(N—1)+(N—2)—|—-~-+2+1:%N(N—l),
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1
N+(N-1)+---+2+1= §N(N+1),

respectively, which is totaled up as 2N2 4+ 1N (N > 1).

On the other hand, similarly, for the rational interpolating function Ry 1 (z,y) over Iy =
{x0,...,Xn}, the numbers of operations of calculating Py1(z,y) and Qn1(x,y) are 3(N—1)+2
and 3(N — 1) + 1 based on Algorithms 3.1 and 3.2, respectively.

Consequently, we approximate a total count of operations for the computation of Ry 1 (x,y)

as O(N?), which is smaller than that of radial basis function interpolation as O(N?).

Appendix: Programming procedure of calculating the results in Table 3, 4 and
plotting Figure 1.5
cle
(i) To give the vertical coordinates f;’s in Table 3
x=[-7,-5,-3,0.2,4,7.8];
y=[-9.5,-4,-2,-1,2.8];
for i=1:6
f(i)=sin(sqrt(x(1))A2+y(1)A2))/sqrt(x(1) A24+y (1) A2);

end
f=vpa(f)
(ii) To calculate the coefficients in Table 4
for i=1:5
phil (i)=(x(i+1)-x(1))/(f(i+1)-£(1));
end
phil;
for i=1:4
phi2(i)=(y(i+2)-y(1))*(x(i+2)-x(2))/ (phil (i+1)-phil(1));
end
phi2;
for i=1:3
phi3(1)=(y(i+3)-y(2))*(x(i+3)-x(3))/ (phi2(i+1)-phi2(1));
end
phi3;
for i=1:2
phid (i)=(y(i+4)-y(3))*(x(i+4)-x(4))/ (phi3(i+1)-phi3(1));
end

phi4;

Phis=(y(6)-¥(4))*(x(6)-x(5))/ (phid(2)-phid(1));
¢=[f(1).phil(1),phi2(1),phi3(1),phi4(1),phi);
c=vpa(c)

(iii) To Simplify the representation of the bivariate interpolating continued fraction Rg(z,y)
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Syms u v
fi5=c(5)+(v-y(4))*(u-x(5))/c(6);
ffd=c(4)+(v-y(3))*(u-x(4))/H5;
ff3=c(3)+(v-y(2))*(u-x(3)) /14;
fi2=c(2)+(v-y(1))*(u-x(2))/H3;
ffl=c(1)+(u-x(1))/2;
simplify(ff1);
(iv) To test the interpolating property of the rational function Rg(x,y) at the interpolating
nodes
for i=1:6

P6(1)=3.155002*x (1) A3*y (1) A2+ 15.775009%x (i) A3*y (1) +-12.620007¥x (1) A3-14.460938*x (1) A2*y (i) A2-
524.7681670%x(i) A2*y(i)-1391.685375%x(1) A2-195.377658*x (i) *y (1) A2-3927.845914%x (i) ¥y (i)-

10520.412261%x(i)-193.579579%y (1) A2-4029.058999*y (i)-15060.600628;
Q6(1)=568.401784*x(i) A2*y (i) A2+6020.017403*x(1) A2*y (i) +-9701.615619%x (1) A2+..
2305.419482%x (i) ¥y (1) A2+20944.892838*x (i) ¥y (i) +29135.470886*x(i)-1216. 106476y (i) A2-

17996.985482*y(1)-34153.093667;
R6(1)=P6(i)/Q6(1);
error6(i)=f(i)-R6(i);
end
R6=vpa(R6)
error6
(v) To plot the figure of R¢(x,y), [2,8] x [—1,8] as shown in Fig. 1.5
[s,t]=meshgrid(2:0.2:8,-1:0.2:8);
polynomialP6=3.155002%s.A3.%t.A2+15.775009*s.A3.%t+12.620007*s.A3-14.460938*s.A2.%t. A2-

524.7681670*s.A2.%t-1391.685375%s.A2-195.377658*s.*t.A2-3927.845914*s. %¢-...
10520.412261%s-193.579579*t.A2-4029.058999*t-15060.600628;
polynomial Q6=568.401784*s.A2.%t.A2+6020.017403%s.A2.%t+9701.615619*s.A2+...

2305.419482%s.*t.A24-20944.892838%s.*t+29135.470886*s-1216.1064 76 *t. A2-...
17996.985482*t-34153.093667;
CFR6=polynomialP6. /polynomialQ6;
mesh(s,t,CFR6)
title(Re(x,y), [2, 8] x [-1,8])

hold on
axis([2,8,-1,8])
wlabel ("X
ylabel("Y’)
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zlabel(’Z’)
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